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Alignment-Free Comparison of TOPS
Strings
David Gilbert, Francesc Rosselló, Gabriel Valiente
and Mallika Veeramalai

abstract. TOPS diagrams are concise descriptions of the struc-
tural topology of proteins, and their comparison usually relies on a
structural alignment of the corresponding vertex ordered and vertex
and edge labelled graphs. Such an approach involves checking for
the existence of subgraph isomorphisms, which is an NP complete
problem even for this kind of graphs. Therefore, although there exist
several algorithms for the alignment-based comparison of TOPS dia-
grams that are fast in practice, they have an exponential worst case
complexity. Moreover, the alignment-based comparison of TOPS dia-
grams assumes conservation of contiguity between homologous TOPS
diagram segments.

In this paper, we explore the alignment-free comparison of TOPS
diagrams. We consider on the one hand similarity and dissimilarity
measures based on subword composition of the sequences of secondary
structure elements, thus neglecting contact map information, and
on the other hand the Universal Similarity Metric from Kolmogorov
complexity theory. Effectiveness of these alignment-free methods for
TOPS diagrams comparison is assessed by cluster validation tech-
niques.

1 Motivation

The number of known structures in the Protein Data Bank (PDB) [20] is
increasing rapidly every year, with the PDB currently holding over 34,000
structures, as a result of efforts by the structural genomics consortium [3, 17]
to populate protein fold space using high-throughput experimental technolo-
gies. This highlights the importance of the need for fast and reliable protein
structure comparison methods, which can provide a better understanding
of the structural and functional relationships between protein families.

There are, on the one hand, several methods that use detailed 3D struc-
tures for comparison, including SSAP [31, 37], STAMP [34], and DALI [15].
On the other hand, there are various methods that use more abstract topo-
logical descriptions of protein structure for comparison, like for instance
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VAST [27, 28], GRATH [13, 14], and TOPS [10, 41], as well as earlier
approaches to find maximal common sequences of secondary structure el-
ements in a pair of proteins [18]. Most of these methods model a protein
structure as a sequence of secondary structure elements (SSEs), that is, of
α-helices and β-strands, together with relationships like spatial neighbor-
hood within the fold and approximate orientation, neglecting details of the
structure like the lengths or the detailed structures of the SSEs themselves.

In this paper we focus on the comparison of TOPS diagrams, one of the
most popular protein structure topological descriptions: see Section 2. We
first recall the usual alignment-based comparison, which relies on the de-
tection of least general common patterns [41]. Unfortunately, this method
involves the detection of subgraph isomorphisms for vertex ordered and ver-
tex and edge labelled graphs, which is an NP-complete problem. Moreover,
the alignments preserve the order of the secondary structure elements in the
protein structure, which means that this approach cannot detect similarity
of structures when inter-domain motions occur.

Then we generalize to TOPS diagrams several alignment-free comparison
methods that have been successfully used in the comparison of biological
sequences and protein structures, and we assess and discuss their range
of validity. A first group of methods rely on the comparison of subword
frequency vectors of SSE sequences. The basic idea of this group of methods
is that, the more similar two TOPS diagrams are, the greater is the similarity
of their subword compositions. A second group of methods is based on data
compression. The basic idea of this group of methods is that, the more
similar two TOPS diagrams are, the more effective their joint compression
is than their independent compression.

2 TOPS diagrams and TOPS patterns

TOPS diagrams [9, 12, 43, 44] provide a simple way to describe the struc-
tural topology of proteins, that is, their sequence of SSEs together with
some information about the grouping of β-strands in β-sheets and about
the orientation of SSEs.

In TOPS diagrams (for example the diagram for protein domain 2bopA0
in Figure 1), strands are represented by triangles and helices by circles,
connected in a sequence from the amino (N) terminus to the carboxy (C)
terminus. Secondary structure elements are considered to have a direction
of ‘up’ (out of the plane of the diagram) or ‘down’ (into the plane of the
diagram), implied in the way the connecting lines to the symbols are drawn:
connections drawn to the edge of a symbol imply connection to the base and
those drawn to the centre imply connection to the top, and the direction
is that taken by the protein chain from N to C terminus. The direction
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Figure 1. TOPS diagram for 2bopA0

information is duplicated for strands: upward pointing triangles have the
direction ‘up’ and downward pointing ones the direction ‘down’. The exis-
tence of hydrogen bond ladders between a pair of strands is indicated by a
single H-bond in the TOPS representation, labelled as being parallel or anti-
parallel, according to the relative directions of the two strands that it joins.
In addition, TOPS diagrams also represent the chiralities of connections be-
tween two parallel strands within the same sheet and connections between
long parallel helices. A more detailed description of TOPS diagrams can be
found in [12].

A TOPS diagram can be more formally seen as a triple (S, H,C) where
S = S1 . . . Sk is a sequence of length k of secondary structure elements,
called a TOPS string, and H and C are relations over the SSEs, called
respectively H-bonds and chiralities. In this description, an H-bond refers
to a ladder of individual hydrogen bonds between adjacent strands in a
sheet. We will refer to the length of a diagram as the length of the sequence
S.

In our formalism, an SSE is represented by an H or an E, standing for
helix and strand, respectively. But, since each SSE in a TOPS diagram is
associated with a direction up or down, we must associate a direction with
each one of these letters. This yields the alphabet {h, H, e, E}, where E
stands for ‘up’ strand, e for ‘down’ strand, H for ‘up’ helix and h for ‘down’
helix.

Both H-bonds and chiralities are symmetric relations (non-directed arcs
in the graph). H-bonds only occur between pairs of strands, and each H-
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bond is associated with a relative direction δ ∈ {P,A}, indicating whether
the bond is between parallel (P ) or anti-parallel (A) strands. Chiralities
only occur between pairs of SSEs of the same type, and they are associated
with handedness χ ∈ {L,R} (left and right respectively). We denote an H-
bond relationship between two SSEs Si and Sj in a TOPS string by (i, δ, j)
and a chirality relationship by (i, χ, j).

The formal definition of a TOPS diagram is then a triple D = (S, Hd, Cd)
where, given Σ = {h, H, e,E},

• S = (S1, . . . , Sk), with Si ∈ Σ, for every i;

• Hd = {(i, δ, j) | Si, Sj ∈ {e,E}, δ = P if Si = Sj , δ = A if Si 6= Sj};

• Cd = {(i, χ, j) | Si, Sj ∈ {h, H} or Si, Sj ∈ {e,E}, χ ∈ {R,L}}.

As an example, consider the TOPS diagram for 2bopA0 in Figure 1; we
can ‘stretch out’ this diagram to give it a linear form, as shown in Figure 2,
and represent it formally as 2bopA0 = (S, H,C), where

• S = (E, h, h,E, E, e, H, e);

• H = {(1, A, 6), (1, A, 8), (4, A, 6), (5, A, 6)};

• C = {(1, R, 4), (6, R, 8)}.

N C

1 2 3 4 5 6 7 8

A
A

A

A

R R

Figure 2. Linearised TOPS diagram for 2bopA0

We shall write such a TOPS diagram in a more compact form as follows:

2bopA0 NEhhEEeHeC 1:4R 1:6A 1:8A 4:6A 5:6A 6:8R

In this compact form, new letters are used to specify when an H-bond and
a chirality occur between the same pair of SSEs: namely,
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• A pair i:j A and i:j L is replaced by a single i:j W;

• A pair i:j P and i:j L is replaced by a single i:j X;

• A pair i:j A and i:j R is replaced by a single i:j Y;

• A pair i:j P and i:j R is replaced by a single i:j Z.

A TOPS pattern (or motif) is similar to a TOPS diagram, but is a gen-
eralisation which describes several diagrams conforming to some common
topological characteristics. This generalisation is achieved by specifying the
insertion of SSEs (and any associated H-bond and chiralities) into the se-
quence of secondary structure elements; indeed, a diagram is just a pattern
where no inserts are permitted. The length of an insert is constrained to be
within the range of the lengths of the sequences that can be inserted. So,
the inserts are similar to wild cards with length constraints. We extend the
definition of TOPS patterns given in [12] to permit such wild cards before
the beginning and after the end of the sequence of SSEs.

More formally, a TOPS pattern is a triple (T,H,C) where T (referred to
as a T -pattern) is a sequence

(n0,m0) − V1 − (n1,m1) − V2 − · · · − (nk−1,mk−1) − Vk − (nk,mk)

comprising secondary structure elements indicated by Vi, and between each
pair of consecutive SSEs an insert description, as well as insert descriptions
(n0,m0) before V1 and (nk,mk) after Vk. Each insert description is a pair
(n, m) where n stands for the minimum and m for the maximum number of
SSEs which can be inserted at that position. The range of n and m is from
zero to the largest number N of SSEs in any TOPS diagram (currently,
around 60). H is a set of H-bonds and C a set of chiralities, just as in
the diagrams. The SSEs in a T-pattern are also associated with an ‘up’
or ‘down’ direction and represented by letters in {h, H, e,E}, as in TOPS
diagrams.

So, the formal definition of a TOPS pattern is a structure P = (T,Hp, Cp)
where, given Σ = {h, H, e,E},

• T = (n0,m0)−V1−(n1,m1)−V2− . . .−(nk−1,mk−1)−Vk−(nk,mk),
with Vi ∈ Σ and ni 6 mi, for every i;

• Hp = {(i, δ, j) | Vi, Vj ∈ {E, e}, δ = P if Vi = Vj , δ = A if Vi 6= Vj};

• Cp = {(i, χ, j) | Vi, Vj ∈ {h, H} or Vi, Vj ∈ {e,E}, χ ∈ {R,L}}.

For example, a TOPS pattern that describes plaits, of which 2bopA0 is
an instance, is given by Plait = (T,H,C), where
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• T = (0, N)−E1 − (0, N)− h2 − (0, N)−E3 − (0, N)− e4 − (0, N)−
H5 − (0, N) − e6 − (0, N);

• H = {(1, A, 4), (1, A, 6), (3, A, 4)};

• C = {(1, R, 3), (1, R, 6)}.

We can write this in a more compact form as follows:

Plait N*E*h*E*e*H*e*C 1:3R 1:4A 1:6A 3:4A 4:6R

Figures 3 and 4 illustrate this in non-linear and linear form, respectively.
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Figure 3. TOPS diagram for the plait motif
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Figure 4. Linearised TOPS diagram for the plait motif
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3 Alignment-based comparison

D. Gilbert and collaborators have designed a method to compare the similar-
ity between two TOPS diagrams. This method is the basis of a topological
level structure comparison system initially reported in [10] and since im-
proved and updated as an on-line service [38], and linked to a sophisticated
protein topology database [29].

Their method works by performing a structural alignment of the SSEs of
the diagrams. In order to perform the alignment, they use a least general
common pattern generated by a pattern discovery technique which they
have designed. This in turn makes heavy use of their pattern matching
method for TOPS diagrams: an efficient version is reported in [41], which
is much more efficient than the initial algorithm described in [12]. The
basis of the algorithm is based on repeatedly extending a pattern, and then
attempting to match the pattern into all the examples in the input set. The
procedure starts from the minimal, that is, empty, pattern.

Their algorithm discovers patterns of H-bonds and chiralities based on
the properties of sheets for TOPS diagrams; it also derives the associated
sequences of SSEs and insert sizes. Briefly, the algorithm attempts to dis-
cover a new sheet by finding, common to all the target set of diagrams—in
the case of pairwise comparison just two diagrams, a (fresh) pair of strands,
sharing an H-bond with a particular direction. Then it attempts to extend
the sheet by repeatedly inserting a fresh strand which is H-bonded to one
of the existing strands in the (current) sheet. The algorithm then finds all
further H-bonds between all the members of the current sheet. The entire
process is repeated until no more sheets can be discovered; any chirality
arcs between the H-bonds in the pattern are then discovered by a similar
process. The numbers of inserts between each strand in the pattern are
then computed for all the patterns in the learning set, and the minimum
and maximum size of the gaps in the corresponding insert positions in the
pattern are thus found, and combined with the SSE sequence to give the
T-pattern. The result is the least general common TOPS pattern charac-
terising the target set of protein descriptions.

The distance measure M between two diagrams D1 and D2 is given by the
normalised sum of the edit distances [22] of all the blocks plus a contribution
from the extra (when compared with the pattern) H-bonds and chiralities
in the diagrams. The distance between identical diagrams is zero; the larger
the distance, the more dissimilar are the two diagrams.

Now, given TOPS diagrams D1 = (S1,H1, C1) and D2 = (S2,H2, C2),
and a least general common pattern Patt = (T,H,C) of them, we can
make a structural alignment of D1 and D2 by matching T with S1 and
S2. If length(T ) = n, then there are n + 1 insert positions in the pattern,
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Figure 5. Making an alignment

corresponding to n + 1 blocks of unaligned SSEs in S1 and S2. An example
is illustrated in Figure 5.

Once this alignment has been produced, a distance measure between
D1 and D2 can be defined by means of the normalised sum of the edit
distances of the TOPS strings S1 and S2 with respect to this alignment, plus
a contribution from the extra (when compared with the pattern) H-bonds
and chiralities in the diagrams [10]. The distance between identical diagrams
is zero; the larger the distance, the more dissimilar the two diagrams are.

More recently, another distance dTOPS(D1, D2) between D1 and D2 was
proposed [11] (cf. also [8]) that simply measures how similar the least general
common pattern is to the input TOPS diagrams. It is defined by

dTOPS(D1, D2) = 1 − |Patt |
max(|D1|, |D2|)

,

where |Patt | is the size of the pattern as given by the total number of SSEs
and arcs that it contains, |D1| is the size of diagram D1, and |D2| is the size
of diagram D2. This measure varies from 0 (best) to 1 (worst).

EXAMPLE 1 Consider the compact TOPS diagrams of domains 1qraA0,
4enl01, and 6xia00,

1qraA0 NEheEhEhhEhEhC 1:4P 1:6P 3:4A 4:6R 6:9Z 9:11Z
4enl01 NEeehEhHhehEeHheHeHehHeHeHEHhC 1:26P 2:24P

3:5A 5:9A 6:8L 9:12R 9:15P 11:12A 15:17Z
17:19Z 19:22Z 22:24Z
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6xia00 NhehHehHehHeEHheehHehHeHeHHHhhhhC 2:5Z 2:24P
5:8Z 8:11Z 11:15Z 12:16A 15:19Z 19:22R 22:24Z

Their numbers in the SCOP classification of protein domains [30] are, re-
spectively, c.37.1.8, c.1.11.1, and c.1.15.3. All three of them are alpha-beta
proteins, but 4enl01 and 6xia00 are tim barrels.

A least general common TOPS pattern of each pair of these diagrams is
given by the following table:

proteins pattern
1hlb00 1jhgA0 NhH*hH*hHC 3:5R
1hlb00 5mbn00 Nh*hhhhH*hHC 5:7R
1jhgA0 5mbn00 Nh*hH*hHC 3:5R

This yields the distance values

dTOPS(1hlb00, 1jhgA0) = 1 − 7
11

≈ 0.3637

dTOPS(1hlb00, 5mbn00) = 1 − 9
11

≈ 0.1819

dTOPS(1jhgA0, 5mbn00) = 1 − 6
10

≈ 0.4.

As it can be seen, the smallest value corresponds to the pair of goblins.

4 Alignment-free comparison

During the last twenty years, several alignment-free techniques for the com-
parison of strings have been developed [42]. A first group of such techniques
is based on the comparison of word frequencies. Roughly speaking, every
string x of length n over an alphabet A can be decomposed into n − L + 1
overlapping L-length words, and mapped to a vector

cx
L = (cx

L,1, c
x
L,2, . . . , c

x
L,KL

) ∈ NKL

of length KL = |A|L, where each cx
L,i is the number of occurrences in x of

the ith (with respect to some fixed order on AL) L-length word.
Since similar strings share word composition to some extent, the dif-

ference between two strings x and y can be quantified by means of some
metric or some correlation index on the vectors cx

L and cy
L. Similarity and

dissimilarity measures used for this purpose include the squared Euclidean
distance

dE
L (x, y) =

KL∑
i=1

(cx
L,i − cy

L,i)
2,
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the squared Mahalanobis distance

dM
L (x, y) = (cx

L − cy
L)S−1(cx

L − cy
L)t

(where S stands for the covariance matrix of L-tuple occurrences), the angle
between the vectors of frequencies,

dcos
L = arccos


KL∑
i=1

cx
L,ic

y
L,i√

KL∑
i=1

(cx
L,i)2 ·

√
KL∑
i=1

(cy
L,i)2

 ,

and the linear correlation coefficient

LCCL(x, y) =
KL

KL∑
i=1

cx
L,ic

y
L,i −

(KL∑
i=1

cx
L,i

)(KL∑
i=1

cy
L,i

)
√

KL

KL∑
i=1

(cx
L,i)2 −

(KL∑
i=1

cx
L,i

)2

√
KL

KL∑
i=1

(cy
L,i)2 −

(KL∑
i=1

cy
L,i

)2
.

Notice that dE
L , dM

L and dcos
L measure similarity, and therefore the largest

the value they yield, the more different the strings’ compositions are. On
the other hand, LCCL measures similarity, and hence it goes the other way
round: it gives values between −1 (worst) and 1 (best).

To compare TOPS diagrams using this kind of techniques, we simply
consider their TOPS strings and compare them as words over {H,h,E,e}, thus
neglecting the information on H-bonds and chiralities. When computing
vectors of subword occurrences, we shall consider the subwords ordered
alphabetically with respect to

H < h < E < e.

For instance, we shall consider all length 2 words over this alphabet ordered
as

HH, Hh, HE, He, hH, hh, hE, he, EH, Eh, EE, Ee, eH, eh, eE, ee.

EXAMPLE 2 The protein domain 1qraA0 has TOPS string (after removing
from its compact TOPS diagram the contact map and the initial N and the
final C in the sequence of SSEs)

EheEhEhhEhEh
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This word has length n = 12 and it can be decomposed into n − L + 1 = 11
overlapping words of length L = 2,

Eh he eE Eh hE Eh hh hE Eh hE Eh

Therefore, the vector of numbers of length 2 word occurrences in this string
is

c1qraA0
2 = (0, 0, 0, 0, 0, 1, 3, 1, 0, 5, 0, 0, 0, 0, 1, 0).

In a similar way, protein domains 4enl01 and 6xia00 have vectors of
length 2 word occurrences

c4enl01
2 = (0, 3, 1, 4, 2, 0, 2, 2, 1, 1, 0, 2, 5, 3, 0, 1),

c6xia00
2 = (2, 2, 0, 6, 5, 3, 0, 2, 1, 0, 0, 0, 2, 5, 1, 1).

Their pairwise distances are as follows.

(1qraA0, 4enl01) (1qraA0, 6xia00) (4enl01, 6xia00)
dE
2 90 139 51

dM,all
2 49.8526 66.569 58.3037

dM,wr
2 36.8002 52.009 45.1329
dcos
2 1.3279 1.4783 0.7255

LCC2 -0.276 -0.4439 0.4164

In all cases, the most similar pair is the pair of tim barrels (4enl01, 6xia00),
and the most different pair is (1qraA0, 6xia00).

The reader will notice that we have given two (squared) Mahalanobis dis-
tances in the last table, dM,all

2 and dM,wr
2 . They differ in the covariance ma-

trix of numbers of length 2 words occurrences: the matrix used in dM,all
2 has

been computed from the set of vectors of length 2 words occurrence numbers
of TOPS strings of all TOPS diagrams contained in the TOPS database,
while dM,wr

2 has been computed from the set of vectors of length 2 words oc-
currence numbers of all pairwise different TOPS strings of TOPS diagrams
contained in the TOPS database.

As another alternative to string comparison methods based on align-
ment, several metrics based on Kolmogorov complexity have been proposed
recently in the literature [1, 2, 16, 23, 24, 40]. Roughly speaking, the con-
ditional Kolmogorov complexity K(x|y) of two strings x and y is the length
of the shortest binary program P that computes x with input y [19]. Thus,
K(x|y) represents the minimal amount of information required to gener-
ate x by any effective computation when y is furnished as an input to the
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computation. The Kolmogorov complexity K(x) of a string x is defined as
K(x|λ), where λ stands for the empty string. Given a string x, let x∗ de-
note the shortest binary program that produces x on an empty input; if
there are more than one shortest program, x∗ is the first one in alphabetic
order. The Kolmogorov complexity K(x, y) of a pair of objects x and y is
the length of the shortest binary program that produces x and y and a way
to tell them apart. More formal definitions of all these concepts and their
main properties can be found in the textbook [26].

The most outstanding metric based on Kolmogorov complexity is the
Universal Similarity Metric (actually, it only satisfies the axioms of metrics
up to a certain additive precision) proposed in [24],

d(x, y) =
max{K(x|y∗),K(y|x∗)}

max{K(x),K(y)}
,

which refines any other computable similarity metric, like for instance ef-
fective versions of Hamming distance, Euclidean distance, edit distances or
alignment distances [24, Thm. VI.2]. This Universal Similarity Metric has
been used successfully for instance to compute phylogenetic trees based on
whole mitochondrial genomes [24, 6], to cluster SARS virus [6], to com-
pare protein structures [21, 32], to reconstruct phylogenies from metabolic
pathways [33], to classify languages [24], musical pieces [7, 6, 25], and im-
ages [36], to detect plagiarism in student assignments [4], and to cluster
Russian literature [6].

Actually, since Kolmogorov complexities are non-computable in the Tur-
ing sense, the Universal Similarity Metric was not used in these applica-
tions as it stands, but approximations of it. The basis of these approx-
imations is that K(x) is intuitively the minimal amount of information
required to generate x, that is, the shortest length of a compressed bi-
nary version of x, and therefore it is approximated by the length C(x)
of a compression of x. Furthermore, since K(x, y) = K(xy) up to addi-
tive logarithmic precision [24], K(x, y) can be approximated by the length
C(xy) of a compression of the concatenation of x and y. Finally, and since
K(x, y) = K(x)+K(y|x∗) = K(y)+K(x|y∗), again up to constant additive
precision [26], the conditional complexity K(x|y∗) can be approximated
by C(xy) − C(y), and K(y|x∗) can be approximated by C(yx) − C(x).
This leads to the following approximation of the Universal Similarity Met-
ric [21, 32], which is the one we use in this paper:

d(x, y) ≈ max{C(xy) − C(x), C(yx) − C(y)}
max{C(x), C(y)}

.
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EXAMPLE 3 Consider again the protein chains 6xia00, 4enl01, and 1qraA0,
whose TOPS strings are, respectively,

NhehHehHehHeEHheehHehHeHeHHHhhhhC

NEeehEhHhehEeHheHeHehHeHeHEHhC

NEheEhEhhEhEhC

Using the Perl interface Compress::Zlib to the ‘zlib’ compression library
to compress these strings, we obtain the following lengths (in bytes) of com-
pressed TOPS strings,

C(6xia00) = 39 C(6xia00 4enl01) = 58 C(1qraA0 6xia00) = 51
C(4enl01) = 43 C(4enl01 6xia00) = 58 C(4enl01 1qraA0) = 54

C(1qraA0) = 31 C(6xia00 1qraA0) = 51 C(1qraA0 4enl01) = 53

from where
d(6xia00, 4enl01) ≈ 0.4419,
d(6xia00, 1qraA0) ≈ 0.5129,
d(4enl01, 1qraA0) ≈ 0.5116.

This is consistent with the fact that proteins 6xia00 and 4enl01 are both tim
barrels, while 1qraA0 belongs to a different family, alpha-beta: the distance
between 6xia00 and 4enl01 is lesser than the distance between any of them
and 1qraA0.

When using the Universal Similarity Metric to compare protein chains,
we have also considered representations where the contact map in the TOPS
string is replaced by its adjacency matrix. So, for instance, we have also
represented the protein chain 6xia00 by

NhehHehHehHeEHheehHehHeHeHHHhhhhC

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 Z 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 P 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 Z 0 0 0 0 0 Z 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 Z 0 0 0 0 0 Z 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 Z 0 0 0 0 0 0 Z 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 A 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 Z 0 0 0 0 0 0 0 Z 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 A 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 Z 0 0 0 0 0 0 R 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 R 0 0 0 0 Z 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 P 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Z 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

and applied the compression algorithm to such a string.

5 Results

In order to assess the alignment-free comparison of TOPS strings, we have
performed a series of experiments upon a subset of 36 protein domains drawn
from PDB entries of five families (globin, alpha-beta, tim-barrel, all-alpha,
all-beta), introduced in [5] and further studied in [21]. These proteins are:

globin 1eca00, 5mbn00, 1hlb00, 1hlm00, 1babA0, 1babB0, 1ithA0, 1mba00,
2hbg00, 2lhb00, 3sdhA0, 1ash00, 1flp00, 1myt00, 1lh200, 2vhbA0,
2vhb00.

alpha-beta 1aa900, 1gnp00, 6q21A0, 1ct9A1, 1qraA0, 5p2100.

tim barrel 6xia00, 2mnr01, 1chrA1, 4enl01.

beta 1cd800, 1ci5A0, 1qa9A0, 1cdb00, 1neu00, 1qfoA0, 1hnf01.

alpha 1cnpA0, 1jhgA0.

Protein chain 2vhb00 appears twice, as 2vhb00 and 2vhbA0, in order to test
whether the two chains are detected by alignment-free comparison methods
to be identical (and thus clustered together) or not. These proteins chains
have TOPS strings ranging from 5 to 31 SSEs. The compact TOPS diagrams
for the 36 protein chains are reproduced in Figure 6.

We have performed an all-against-all comparison using several alignment-
free comparison methods and, in each case, we have clustered the resulting
distance matrix using the Perl Bio::Tree::DistanceFactory implementa-
tion of the unweighted pair group method with arithmetic mean (UPGMA).
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Since the gold standard for this dataset is available, we have chosen to as-
sess the all-against-all comparison results using the F -measure [39], which
combines precision and recall. The F -measure is defined as

F (C) =
∑
t∈T

Nt

N
max
Ck∈C

2PtkRtk

(Ptk + Rtk)
,

where Ntk is the number of elements of class t within cluster Ck, precision
is defined as Ptk = Ntk/Nk, and recall is defined as Rtk = Ntk/Nt.

As a reference, let us point out that the F -measure of the clustering
of the Chew-Kedem dataset obtained from the alignment-based similarity
measure dTOPS defined in Section 3 is 0.9552.

We have performed an all-against-all comparison for words of length L,
with 1 6 L 6 5, using the squared Euclidean distance d2

L, the Mahalanobis
distances dM,all

L and dM,wr
L (see Example 2), the angle distance dcos

L , and the
linear correlation coefficient LCCL. We have then clustered each resulting
distance matrix. The values of F -measure we have obtained are given in
the following table:

L d2
L dM,wr

L dM,all
L dcos

L LCCL

1 0.9216 0.9216 0.9216 0.8556 0.5982
2 0.9031 0.8577 0.8618 0.8687 0.5513
3 0.9031 0.8086 0.8254 0.8490 0.5235
4 0.8132 0.7682 0.7728 0.6708 0.5261
5 0.7830 0.6467 0.6520 0.6672 0.5363

As can be seen in Figure 7, the clustering of the Chew-Kedem dataset
obtained using the squared Euclidean distance d2

L with L = 2, although
not perfect, shows some biologically meaningful clusters. For instance, all
beta proteins are clustered together, all but one alpha-beta proteins are also
clustered together, and there is a cluster of all globbins together with two
alpha proteins.

We have also performed an all-against-all comparison using the approx-
imation of Kolmogorov complexity for two representations derived from
TOPS diagrams, namely the TOPS string together with the contact map,
and the adjacency graph of the TOPS diagram. The value of F -measure we
have obtained in these cases are as follows.

representation F -measure
string 0.5294
adjacency matrix 0.6094
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6 Discussion

The alignment-free comparison of TOPS strings represents an interesting
alternative to previous alignment-based methods. All-against-all compari-
son of TOPS strings using word frequencies yields clustering results that are
close to those obtained using more detailed descriptions of protein structure.
For instance, the clustering results obtained using words of length 2 and 3
have an F -measure of 0.9031, while the clustering results obtained in [21] by
compressing a complete description of protein structure instead of a topo-
logical description only, have an F -measure of 0.9274, and the F -measure
ranges between 0 and 1, the latter for a perfect clustering.

The fact that all-against-all comparison of TOPS strings using an approx-
imation of Kolmogorov complexity yields worse clustering results than when
using word frequencies, can be explained by TOPS strings being a compact
representation of protein topological structure, which are thus hard to com-
press any further. As a matter of fact, the F -measure of 0.5294 obtained
when compressing TOPS strings raises to 0.5768 when no compression at all
is performed and the TOPS strings themselves is taken as an approximation
of their Kolmogorov complexity.

Future work includes the refinement of the comparison of TOPS dia-
grams based on subword counts in two directions: on the one hand, the
use of SVD to filter noise for large values of L, and on the other hand its
extension to full TOPS strings, by taking into account H-bonds and chi-
ralities possibly through the adjacency matrix they define. As far as the
work on compression-based comparison of TOPS diagrams, it is necessary
to search for more efficient compression algorithms that better approxi-
mate Kolmogorov complexities. Finally, we plan to extend the results of
alignment-free comparison of TOPS strings to a larger dataset, such as the
one proposed in [35].
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protein chain TOPS string
1aa900 NEheEhEhEhEhC 1:4P 1:6P 3:4A 4:6R 6:8Z 8:10Z
1ash00 NhHhhhHhHC 5:7R 6:8R
1babA0 NhhHhHhHC
1babB0 NhHhhhhhHC
1cd800 NEeEeEeEheEEC 1:2A 2:7A 3:4A 3:9A 4:5A 6:7A 9:10A 9:11A
1cdb00 NEEeeEC 1:5P 2:3A 2:4A 4:5A
1chrA1 NEEhEhEhhEhEhEhEhHEeHC 1:19A 2:4Z 4:6Z 6:9Z 9:11Z 11:13Z

13:15Z 18:19A
1ci5A0 NeEeEeHEeEeC 1:10P 2:8A 3:4A 3:9A 4:5A 7:8A 9:10A
1cnpA0 NhHHhhHC
1ct9A1 NhhHeHeHeHhehhHHehhhHhhHHHhC 4:6Z 4:11P 6:8Z 8:11R

11:16Z
1eca00 NhHhhHhHhC 5:7R 6:8R
1flp00 NhHhHHhHhC 2:5L 5:7R 6:8R
1gnp00 NEheEhEhhEhEhC 1:4P 1:6P 3:4A 4:6R 6:9Z 9:11Z
1hlb00 NhHhhhhHHhHC 6:9R
1hlm00 NhHhHhHC 1:3R 3:5R 4:6R
1hnf01 NeEehEHeEeHEeC 1:12P 2:9A 3:5A 3:11A 5:7A 8:9A 11:12A
1ithA0 NhHhhhHHhHC 5:8R
1jhgA0 NhHhHhHC 1:3R 3:5R
1lh200 NhHhHhHhC 2:4L 4:6R
1mba00 NhHhhhHhHC 5:7R 6:8R
1myt00 NhhhHHHhHhC 6:8R
1neu00 NEEeeEeEehEheEC 1:4A 2:13P 3:10A 5:6A 5:12A 6:7A 8:10A

12:13A
1qa9A0 NeEeEeEeEeC 1:9P 2:7A 3:4A 3:8A 4:5A 6:7A 8:9A
1qfoA0 NEEeeEeHehEheEEC 1:4A 2:14P 3:10A 5:6A 5:12A 6:8R 8:10A

12:13A 12:14A
1qraA0 NEheEhEhhEhEhC 1:4P 1:6P 3:4A 4:6R 6:9Z 9:11Z
2hbg00 NhHhhHhHC 1:4R 4:6R 5:7R
2lhb00 NhHhhhhHhHC 6:8 R7:9R
2mnr01 NEhEhEhEhEhEhhEHEeHC 1:3Z 1:14P 1:17A 3:5Z 5:7Z 7:9Z

9:11Z 11:14R 14:16R 16:17A
2vhb00 NhHhHhHhC 5:7R
2vhbA0 NhHhHhHhC 5:7R
3sdhA0 NhhHhHHhHhC 3:6L 6:8R 7:9R
4enl01 NEeehEhHhehEeHheHeHehHeHeHEHhC 1:26P 2:24P 3:5A 5:9A

6:8L 9:12R 9:15P 11:12A 15:17Z 17:19Z 19:22Z 22:24Z
5mbn00 NhhhhhHhhHC 5:7R
5p2100 NEheEhEhhEhEhC 1:4P 1:6P 3:4A 4:6R 6:9Z 9:11Z
6q21A0 NEheEEhEhEhC 1:4P 1:5P 3:4A 5:7Z 7:9Z
6xia00 NhehHehHehHeEHheehHehHeHeHHHhhhhC 2:5Z 2:24P 5:8Z 8:11Z

11:15Z 12:16A 15:19Z 19:22R 22:24Z

Figure 6. TOPS strings for the 36 protein chains in the Chew-Kedem
dataset.
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1myt00

1cnpA0

1ithA0

1mba00

1ash00

2lhb00

1hlb00

1flp00

1lh200

2vhbA0

2vhb00

3sdhA0

1eca00

1jhgA0

1hlm00

2hbg00

1babA0

5mbn00

1babB0

4enl01

1ct9A1

6xia00

1cdb00

1hnf01

1qa9A0

1ci5A0

1qfoA0

1neu00

1cd800

6q21A0

1aa900

5p2100

1qraA0

1gnp00

2mnr01

1chrA1

Figure 7. Clustering of the Chew-Kedem dataset based on the squared
Euclidean distance d2

L, for L = 2.


