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When reducing boundary-value problems to integral
equations for media with linear determining equations
(an anisotropic elastic medium, an aging medium) one
must have a fundamental solution giving the fields of the
displacements and stresses for an unbounded medium
being deformed by a concentrated single force, In an
isotropic medium such a solution is given by a Kelvin—
Somigliana matrix and is written in explicit form, For
arbifrary anisotropy in an elastic medium the fundamental
solution constructed in Ref. 1 is reduced to an integral
over the contour of a unit circle oriented in space in a
special way.z‘“ Analogous solutions for hereditary elas-
ticity without aging® are given in the isotropic case in
Ref. 6 and in the anisotmpic case in ‘Refsi 7 and 8 In the -

Let xk, k=1,2,3, be Cartesian coordinahes. I_et us
consider 2 amsotropxc, homogeneo reditary—elastic,
agmgmedmmmwhmb the stresses oy and,the deformatxons
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€ are connected by the equation® R '

oy(f) = [c‘ljkjl e;:l] . ,
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Cijkl = Cilm * cl[‘kl .

Here t is _the time, c{.kl(t) is the tensor of the instantaneous
elastic moduli, and ’ijkl is an integral operator of the

. - _ .
Lkt €] @) = 'J; Cijrt(t, ) €pa(r) dr.
The operator cjjkl satisfies the symmetry conditions

ci]kl = c]lkl cm = cklli

Let the ‘time dependence of the components of the
force applied at the origin of coordmates be determined
by functions fl(t) The solution being sought satisfies the
equilibrium equanon

oy (% f) = -5(X)f(®),. o 2)
where b(x) is a delta function. Substxtuting (1) into (2)

and using ey = (u;; +uy,)/2 , WE arrive at the Lamé equa~
tions for the displacements:

leqir ] (. 8) = -8 f(D). (3)
We introduce the direct and inverse Fourier trans-

formations in the usual way, denoting the transforms
and the parameters of the transformation by a tilde:
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dV = dx,dx;dx,, dV = d%d%,; d%,. @)
Applying a Fourier transformation to the left- and
right-hand sides of Eq. (3), we obtain
57 g Bl @ D =@D™PHO. e

*We shall consider media for which the instantaneous
elastic moduli are such that the energy of. elas
tion is a’ positlve-defmlte quadratic form of

A 6 (~ f) = c‘l}kl (f) x, %

18 invertxble, and hence there always exists a m tr'x

Y& n- such that

C 1("' DT (X, 1) = dgp,

where 6 k is the Kronecker symbol. Multlplymg (5) by
(€Y7, , we obtain :

g + T @ =@"Yqi fiam 3~ ' .8

Here the operator &Y (¥) has the form

HE) = CVaE 1 FFcl. g -;1(7)
Thus, the problem of constructing the fundamentalv
solution in transforms redices to the inversion of the
operator [8,, +¢'ld . To accomplish this inversion, we
represent the vector % in the form % =77, where %=1,
while 0 = T <=, Since @M;! X 0 is auniform functwn
of & of degree —2, we have »
(7,0 T2,

EHLE H=ENg

and on the basis of (7) we obtain
r

ki = I ¢

] ENLAT, 1) Ty (e ) (X, 1) dr. (8)

Below we shall consider operators ¢jjki such that the
functions ol; li aTe continuous on the segment 0=t=T,

while cll ik is a compact Volterra operator in the spa.ce

of vector functions continuous on this segment, In partxc—
ular, the kernels of the operators °§kz can have the form
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cipa(8, 7Y = el (6, T (- 1)%,

where the functions ¢ (t 7). are continuous for 0 =T=
t= T, while ¢ < 1. lexen, since @ =1, while the matrix
@Y% @ 1 is bounded, it is easy to show that THL@1) is
also.a compact Volterra operator, and hence (see Ref. 11,
for example) the solution of Eq. (6) can be represented
in the form of a Neumann series converging uniformly
with respect to fiffor 0 =t=T:

B (&, 0 = m~P @ AIE T,

)

= @ ¢ & @ i s,

where d(n) is the n-th power of the operabor ek X 1 e.,

and if we” denote the ke
by d(n) then

4 ') f:l(n. -
f d§) (n. r. r)(’é')}:(n, r)f,(r)dr

To obtain uk(x t) we perform an inverse Founer

‘transformation of the series (9), in analogy with what is -

done inRef. 21n %h"‘?;]')“ence of heredity, -We introduce
the solid~angle . element d& in the space of transforms.
Then dV = d&, i‘zdr .with where dé=-dgdp, , While @ .
and § are the angles in the spherical coordinate system.
We reckon the angle 8 from the x directlon. Then
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oo After mtegr.&tlgn over.f. from 0 to R ~1t is convement

to represent (4) in the form
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from (10) we obta.ln :
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To obtain the stresses corresponding to this displace-
ment fleld, we reduce (11) to a form convenlent for cal-
culating the partlal derivatlves ug I(x, t):

ﬁuk(x.r)"—-! dwf u (7,9, n&F LV

1 1 7 (az)
e L a0 8F) dS = [ B (. 1) a(——‘-’-—'—'i)m
Ixl 5 Izl 5 “\ixl v
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Differentiation of (12) with respect to x7 yields

VBT X P uglx, ) =—x f oy (7, 1)5( rnr)dé}
x
(13)

o Tl

~

w

+ [ (T8 ( )[Tlllxl-x,xanalx[ 1dé.
Here &' is the derivative of the delta function with respect
to its argument. Integrating (13) over ¥ with allowance
for the definition of the delta function and its derivatives,!?

and for the relation

Mm _ Fm
v lv=0 Ix!’ . -

~ we obtain

‘x‘ 2
' l3 -8 k(O w.

- Xpy 20 o
"'_l'—x—‘;' { uk,m(or 9, t)’l( d

" To. calculate ukm = 3l (0, DITim- We set X= s Jin
Eq. (5), after which we differentiate it with respect to
Then L

We substﬂnte (14) into (1), after which we reduce the ‘
expressions for the displacements and stresses to a form,
convenient for programmed realization:
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tegral is calculated along a unit circle lyiug in the plane
II(x). The fundamental solutions for media with difference
kernels, presented in Refs, 7 and 8, are a particular case
of (15) and (16). Examples of the numerlcal realization

of the algorithm for calculating the fundamental solution

in the absence of heredity in media with rectilinear a.ni-
gotropy are given in Refs. 4, 13, and 14,
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