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34.1 Introduction

The mixed (Dirichlet-Neumann) boundary value problem for the steady-state
Stokes system of PDEs for an incompressible viscous fluid with variable vis-
cosity coefficient is reduced to a system of direct segregated Boundary-Domain
Integral Equations (BDIEs). Mapping properties of the potential type integral
operators appearing in these equations are presented in appropriate Sobolev
spaces. We also prove the equivalence between the original BVP and the cor-
responding BDIE system.

Let 2 = 27 C R? be a bounded connected domain with boundary 02 =
S, which is a closed and simply connected infinitely differentiable manifold
of dimension 2, and 2 = 2 U S. The exterior of the domain {2 is denoted
as 2= = R?\ 2. Moreover, let S = Sp U Sy where both Sy and Sp are
non-empty disjointed and simply connected open manifolds of S.

Let v be the velocity vector field; p the pressure scalar field and p € C>°(12)
be the variable kinematic viscosity of the fluid such that p(x) > ¢ > 0.

For a compressible fluid the stress tensor operator, o;;, for an arbitrary
couple (v, p) is defined as

v (x) n 0vj(x)
8in 8x1

7i(0,0)(@) = ~3lp(a) + ) - Joudive).

and the Stokes operator is defined as

Ay(0,9)@) = 3-(0,7)(2)

K2

0 ovj  Ov; 2 . dp . .
= — *(51' d — a3 s J ]-7 27 )
83:1- (,u(:c) <6$L + 8.1‘]' 3 J 1VU>> 8xj e { 3}
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where 53 is Kronecker symbol. Here and henceforth we assume the Einstein
summation in repeated indices from 1 to 3. We also denote the Stokes operator
as A= {'Aj}?:l'

For an incompressible fluid diveo = 0, which reduces the stress tensor
operator and the Stokes operator, respectively, to

oo, )@) = ~5lp(e) + o) () 252 ),

| 0 ov; ~ Ov; _ Op
Ao (@) = o (uta) (524 57 )) - 72

In what follows H*®(£2) = H5(2), H*(0£2) = H5(012) are the Bessel po-
tential spaces, where s € R is an arbitrary real number (see, e.g., [LiMaT73],
[McLO00]). We recall that H® coincide with the Sobolev—Slobodetski spaces
Ws for any non-negative s. We denote by H*(£2) the subspace of H*(R3),
H*(2) = {g : g € H*R®), suppg C $2}; similarly, H*(S,) = {g €
H*(S), supp g C S1} is the Sobolev space of functions having support
in S5 € S = 002. We will also use the notation like H*(£2) = [H*(£2)]"
for the n—dimensional counterparts of all the aforementioned spaces. Let
H}, (2) ={v e H?() : divo = 0} be the divergence-free Sobolev space.

We will also make use of the following spaces, (cf. e.g. [Co88] [CMN09])

H0(02; A) = {(v,p) € H'(2) x Lz(£2) : A(v,p) € Lo(2)},
HY2 (2 A) = {(v,p) € H},\ (2) x Ly(2) : A(v,p) € La(2)},

endowed with the same norm, ||(v,p)\|H(1i£(Q;L) = ||(v, p)llar.0(2;L), Where

=

2
w2 oy = (1010 o + 19130y + MA@ D))

For sufficiently smooth functions v and p in 2%, we can write the classical
traction operators on the boundary S as

T (v, p)(x) == yE 035 (v, p) () nj (), (34.1)

where n;(x) denote components of the unit outward normal vector n(x) to
the boundary S of the domain 2 and % are the trace operators from inside
and outside (2.

Traction operators (34.1) can be continuously extended to the canonical

traction operators TF : H'O(0% A) — H~7(S) defined in the weak form
similar to [Co88, Mill, CMNO09| as

T nws =+ [ Ay w8 (0.0 w)] do,
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VY (v,p) € HYO(QF, A), Vw e H(S).

Here the operator v~ : %(S ) — H'(R?) denotes a continuous right inverse
1

H
of the trace operator v : H'(R3) — H: (5), and the bilinear form £ is defined

sitonl e = g (57752 (570 )

- %u(m)div v(x) divu(z) — p(x)divu(x).

Furthermore, if (v, p) € HY0(£2, A) and u € H"(£2), the following first Green
identity holds, cf. [Co88, Mill, CMNO09],

Ty s = [ A pute (o) e @ls. (342
For (v,p) € H}i’ig(()i, A) the canonical traction operators can be reduced
to T+ : Hé’ig(ﬂi,A) — H_%(S) defined as

T w)s =% [ A +Eo )] de

¥ (v,p) € HY(2F, A), Yw € H3(S).

Here the operator v : H %(S) — HJ; (R?) denotes a continuous right

inverse of the trace operator v : HJ;, (R?) — H 3 (5), and the bilinear form
€ reduces to

£w.u)(z) = ) (a‘(;x(j') ; &ggc(“')) (agg) N 51(1;;”) .

For (v,p) € HY?(2,.A) and u € H};, (£2), the first Green identity takes the
same form (34.2), where € ((v,p), u) (z) reduces to € (v, u) (x).

Applying the identity (34.2) to the pairs (v,p) € H(li’ig(ﬂ, A) and (u,q) €
H}%(£2,.A) with exchanged roles and subtracting the one from the other, we
arrive at the second Green identity, cf. [McL00, Mill],

[ A, = Ay da = [ @) - T guds. (343
Now we are ready to define the mixed boundary value problem for which we
aim to derive equivalent boundary-domain integral equation systems (BDIEs)
and investigate the existence and uniqueness of their solutions.
For f € La(2), ¢, € H%(SD) and ¥, € H_%(SN), find (v,p) €
H2(2,.A) such that:

A(v,p)(x) = f(x), =z, (34.4a)



4 S.E. Mikhailov and C.F. Portillo

rspy T v(E) = o), @ € Sp,
rsyTH(v,p)(x) = Py(z), =€ Sy.

(34.4D)
(34.4¢)

The following assertion can be easily proved by the Lax-Milgram lemma.

Theorem 1 Mized boundary value problem (34.4) is uniquely solvable.

34.2 Parametrix and Parametrix-Based Hydrodynamic

Potentials

When u(x) = 1, the operator A becomes the constant-coefficient Stokes op-
erator A, for which we know an explicit fundamental solution defined by the
pair of distributions (ﬂk7(§k) where uf represent components of the incom-

pressible velocity fundamental solution and ¢* represent the components of
the pressure fundamental solution (see e.g. [La69], [KoWe06], [HsWe08]).

1 5k s _
&?(m,y) = iy (z; yy)(xk?) Yk) 7
& | |z — vy |z — y|
ok T — Yk .
=, ke {1,2,3}.
7" (z,y) o —yp PFE { }

Therefore (ﬁk, ¢*) satisfy

3 2 ok °
_— ik g
Ay, i) (@) =S S — T = 555z — y)
J

Let us denote ¢;;(v,p) := 0y;(v,p)|u=1. Then in the particular case, for

¢ = 1 and the fundamental solution ('&k,c}k)k:lgﬁ of the operator A, the

stress tensor g;; (4", %) (x — y) reads

_ 3 (@i —yi)(x —y5) @k — k)
dm |z — yl° ’

Gij (4", ") (x — y)
and the boundary traction becomes

Ti(x; 4", G°) (x,y) : = 640", §F) (@ — y) ny(x)

3(%*%%%40ﬂ@k*W)j@y

T ar BRIk

Let us define a pair of functions (u*, ¢*)r—1.23 as

ke :Lfﬁx = —
4 (@) u@)ﬁ’w 87 u(y)

! OF  (wi—wy) ok — )
3
[z -yl |z -yl

(34.5)
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@) = Ay = M ke (23) (340)

Then

O’z‘j(fc;'uk,qk)(m,y) = @&m(’&kﬁk)(m - 9Y),

Substituting (34.5)-(34.6) to the Stokes system gives

where

Rij(z,y) = ﬁ 855(5)

o ok o —

Gij (", ¢") (& — y) = Ol —y[)?)

is a weakly singular remainder. This implies that (u*,¢*) is a parametrix of
the operator \A.

Let us define the parametrix-based Newton-type and remainder vector
potentials

Uep(y) = Up;jp;(y) ::/Qﬁ(w,y)pj(m)dm,

Riply) = Riyo;(y) i= /Q Rij(,y)p; () dz, y € RS,

for the velocity, and the scalar Newton-type and remainder potentials

Qp(y) = Q;p;(y) = /Q & (@, y)p; (x)d, (34.8)
R*p(y) = Ryps () = 2w, [ PLEDIED 0y
o) Valy), yen,  (349)

3

for the pressure. The integral in (34.9) is understood as a 3D strongly singular
integral in the Cauchy sense.

For the velocity, let us also define the parametrix-based single layer poten-
tial, double layer potential and their respective direct values on the boundary,
as follows,

Vio(y) = Vigoy () = — /S (@, y)p;(x) dSs, ¥ ¢ 5.

Weply) = Wisp; (y) = — /S Ty (@ u¥, ¢") (@, 9)p; (2) dS,, & S,
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Veplw) = Vs () = - [ k@ w)py(@)as.. yes.
Wep(y) = Wi () = — /S Ty(@:u*, ") (@, y)p; (@) dS,,  y € S.
Let us also denote
Win(w) = Wins(w) =~ [ Tt ) (e w)py (@) S, v e s

For pressure in the variable coefficient Stokes system, we will need the
following the single-layer and double layer potentials,

Poly) = Pip;(y) == — [S & (2, 9)p; () dS..

0f (z,y)
I =1ILipi(y) =-2 | —H i(x)dSy,, S.
p(y) = I;p;(y) ' on(a) p(@)p; () y¢é
The parametrix-based integral operators, depending on the variable coeffi-
cient p(x), can be expressed in terms of the corresponding integral operators
for the constant coefficient case, u =1,

1 .
Uep(y) = @Ukp(y), (34.10)
Riply) = ﬁ;) Z;yjilm(pjaiu)(y) + 28%L?kj(pjam)(y)
+ Qulpsoim)(w)|,  (34.11)
Qi) = piw). Rips(w) = 25 Q{0 w)
—2v(y) - Vu(y), (34.12)
Viplw) = sVip(y). Wiply) = 2 Wilioo) ), (34.13)
Vip(y) = ﬁy)fﬂkp(y), Wip(y) = @M(up)(y), (34.14)
Pipi(y) = Pip;(y), p;(y) = 11;(1p;)(y), (34.15)
Wip =Wip— (8;” Vip + aZM Vip — géfa;” Ep) n;. (34.16)

Note that the velocity potentials defined above are not incompressible for the
variable coefficient u(y).

The following assertions of this section are well known for the constant
coefficient case, see e.g. [KoWe06, HsWe08]. Then by relations (34.10)-(34.16)
we obtain their counterparts for the variable-coefficient case.
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Theorem 2 The following operators are continuous.

U : H*(2) — H*T2(2), seR, (34.17)
Uy, : H5(2) — H2(2), s> f%, (34.18)
R : H () = H*(2), seR, (34.19)
Rix : HY(2) — H™H(Q), s> —%, (34.20)
P H2(S) = HH(), seR, (34.21)
I, : H3(S) » H'(2), seR, (34.22)
Qp: H2(02) » H (), seR, (34.23)
Ry H%(2) — H*(2), s> _%. (34.24)

Let us also denote
Liply) = TE(Wp, IIp)(y), yeS,
where T,f are the traction operators for the compressible fluid.

Theorem 3 Let s € R. Let S1 and S be two non empty manifolds on S with
smooth boundary 0S1 and 0S5, respectively. Then the following operators are
continuous,

Vir : H*(S) = H*"2 (), Wi, : H*(S) — H*"2 (1),
Vie : H5(S) — H¥(9), Wi : H*(S) — H*T1(S),
re,Vie : H¥(S1) — H*TY(S), re,Win : H5(S1) — H¥T1(S,),
Ly HY(S) = HH(S), T s H*(S) — H¥PH(9).

Theorem 4 If T € HY?(S), p € H™Y%(S), then the following jump rela-
tions hold,

1
YEViep = Vip, YEWT = F5mht Wit

1
T (Vp, Pp) = 50k + W'rp,

(£~ Li)m =~ | (@up) Wi(r) + (Oegs) Wiltr) — 285030 Wy | .

Li(T) = fﬁk(uT).
Proposition 1 The following operators are compact,

Rix : H¥(2) — H*(92), Ry H*(2)— HY(2), seR,

VPR s H¥(2) — HY3(8), TE(R,R®) : H(2) — H*"2(S), s> %
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Proposition 2 Let s € R and S1 be a non empty submanifold of S with
smooth boundary. Then the following operators are compact,

(LE — L) : H*(Sy) — H7Y(S).

34.3 The Third Green Identities

Let B(y,e) C {2 be a ball of a radius ¢ around a point y € 2. Applying
the second Green identity (34.3) in the domain 2\ B(y,¢€) to any (v,p) €
H%(£2;.A) and to the fundamental solution (u*,¢*) and taking the limit as
€ — 0, we obtain the following third Green identity

v+Rv— VT (v,p)+ Wrytv =UA(v,p) in 2. (34.25)

Similarly, applying the first Green identity (34.2) in the domain 2\ B(y,¢€)
to any (v,p) € Hé’ig((z; A) and to the pressure part of the constant-coefficient
fundamental solution ¢*, for uy, and taking the limit as ¢ — 0, we obtain the
following parametrix-based third Green identity for pressure,

p+Rv—PTH(v,p) + v v = QA(v,p) in 2. (34.26)

If the couple (v,p) € Hé’ig((); A) is a solution of the Stokes PDE (34.4a)
with variable coefficient, then (34.25) and (34.26) give

v+Rv— VT (v,p)+WryTv =UTF, (34.27)
p+Rv—PT (v,p)+ Iy v =Qf in . (34.28)

We will also need the trace and traction of the third Green identities for
(v,p) € HY(2;.A) on 8-
1

§'y+v +RY v — VT (v,p) + Wytv =~TUF, (34.29)

1
ST (.0) + THR R = WTH(v,p) + £5970 = TH U, Q)f (34.30)
One can prove the following two assertions that are instrumental for proof
of equivalence of the BDIEs and the mixed PDE.
Lemma 1. Let v € H (), p € Ly(R2), f € Ly(02), ¥ € H 2(S) and
S H%(S) satisfy the equations
p+Rv—PY+IIP=Q9f in {2
v+Rv—-— VU +WP=Uf in (2

Then (v,p) € H(ll’io (2, A) and solve the equation A(y;v,p) = f. Moreover,

the following relat;{ons hold true:

V(& —T"(v,p))(y) - W(®—7"v)(y) =0, y €,
PW —T" (v,p)(y) — (P — 7" v)(y) =0, y €.
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Lemma 2. Let S = S; U Ss, where S; and So are open non-empty non-
intersecting simply connected submanifolds of S with infinitely smooth bound-
1

aries. Let W* € H °(Sy), ®* € H(S,). If
V& (z) - Wd*(x) =0 PW*)—I(S*)=0 in 2,

then * =0 and ®* =0 on S.

34.4 Boundary-domain integral equation system for the
mixed problem

We aim to obtain a segregated boundary-domain integral equation system
for mixed BVP (34.4). To this end, let the functions &, € H%(S) and ¥ €
H? (S) be respective continuations of the boundary functions ¢, € H H (Sp)
and ¢, € H_%(SN) from (34.4b) and (34.4c). Let us now represent

Yo =&+, TH(v,p) =Wo+1 on S, (34.31)

where ¢ € H” (Sn) and ¥ € H’ (Sp) are unknown boundary functions.
Let us now take equations (34.27) and (34.28) in the domain {2 and re-
strictions of equations (34.29) and (34.30) to the boundary parts Sp and Sy,
respectively. Substituting there representations (34.31) and considering fur-
ther the unknown boundary functions ¢ and 1 as formally independent of
(segregated from) the unknown domain functions v and p, we obtain the fol-
lowing system of four boundary-domain integral ?quations for four unknowns,

(v,p) € HYY(2,A), o € H* (Sy) and ¢ € H *(Sp):
p+Rv—PYp+Ip=F inf (34.32a)
v+Rv—Vip+Wep=F in (2, (34.32Db)

rsp Y TR — 15, VY + 15, Wep =715,7"F —p, on Sp, (34.32c)

rsyTT(R,R)v —rs W +r5 LT =15, T (F,Fy) —1b, on Sy,
(34.32d)

where
Fo=Qf +PW¥y—I1dy, F=Uf+VPy)— WD, (34.33)

Applying Lemma 1 to (34.33) and taking into account the continuity of oper-
ators (34.20) and (34.24), one can prove that (Fy, F') € HY0(£2, .A).
We denote the right hand side of BDIE system (34.32) as

F' = [Fo, Forsp7 ' F — @g,rsy, Th g — ] (34.34)

which implies F1! € HL0(2, A) x H?(Sp) x H™*(Sy).
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Note that BDIE system (34.32) can be split into the BDIE system of 3
vector equations (34.32b), (34.32c¢), (34.32d) for 3 vector unknowns, v, ¥ and
o, and the separate equation (34.32a) that can be used, after solving the
system, to obtain the pressure, p. However since the couple (v, p) shares the
space Hé}S(Q,A), equations (34.32b), (34.32¢), (34.32d) are not completely
separate from equation (34.32a).

Theorem 5 (Equivalence Theorem) Let f € Lo({2) and let P € H_%(S)
and ¥, € Hié(S) be some fized extensions of p, € H%(SD) and Y, €
H™? (SN) respectively.

(i) If some (v,p) EEﬁ;%(Q;Aleolve mized BVP (34.4), then (p,v,1,p) €
HYC (2;.4) x H *(Sp) x H*(Sy), where

p = ,-Y+U - ¢07 '¢ = T+('U,p) - !po on 57 (3435)

solve BDIE system (34.32).

1 1
(i) If (p,v, %, ) € H1O(2; A)x H *(Sp)x H” (Sy) solve the BDIE system
34.32) then (v, p) solve mixed BVP (34.4) and the functions 1, ¢ satisfy
P
(34.35).

(iii) BDIFE system (34.32) is uniquely solvable in Hé’ig((!;A) X E_E(SD) X
1
H?(Sy).

Proof. (i) Let (v,p) € H(ll’ig(Q;A) be a solution of the BVP. Let us de-
fine the functions ¢ and % by (34.35). By the BVP boundary conditions,
ytv = ¢y = @9 on Sp and T (v,p) = ¥y = Wy on Sy. This implies
that (¢, ) € H® (Sp) x ﬁf(SN). Taking into account the Green identities
(34.26)-(34.30), we immediately obtain that (p,v, ¢, 1) solve system (34.32).
1 1

ii) Conversely, let (p,v,%,p) € H(li’ig(Q;A) x H *(Sp) x H*(Sy) solve
BDIE system (34.32). If we take the trace of (34.32b) restricted to Sp, use
the jump relations for the trace of W, see Theorem 5, and subtract it from

1
(34.32¢), we arrive at rs,7Tv — =rs, ¢ = ¢, on Sp. As ¢ vanishes on Sp,

therefore the Dirichlet condition of the BVP is satisfied.
Repeating the same procedure but taking the traction of (34.32a) and
(34.32b), restricted to Sy, using the jump relations for the traction of V

1
and subtracting it from (34.32d), we arrive at rg, T(v,p) — §TSN'¢ = 1), on

Sn. As 1) vanishes on Sy, therefore the Neumann condition of the BVP is
satisfied. Since ¢, = @y on Sp and ¥, = ¥( on Sy, the conditions (34.35)
are satisfied, respectively, on Sp and Sy.

Also we have that @ € H™? and & € H 7. We note that if (v,p) €
Ly(2) x HY,, (2) then A(v,p) = f € Ly(£2). Due to relations (34.32a) and
(34.32b) the hypotheses of the Lemma 1 are satisfied with ¥ = 1) + ¥ and
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@D = p + Py . As a result we obtain that (v,p) is a solution of A(v,p) = f
satisfying

V@) -W(P*)=0, PWP*)—I(P*)=0 in {2, (34.36)
where

W*:’lﬂ‘FQ’o*TJr(’U,p) @*:LPﬁL!Po*’)/Jr’U

Nl=

1
Since ¥* € H *(Sp) and &* € H’(Sy), and (34.36) hold true, applying
Lemma 2 for S; = Sp and S, = Sy we obtain ¥* = &* = 0 on S. This
implies conditions (34.35).
(iii) The uniqueness of the BDIEs (34.32) follows from from the uniqueness
of the BVP, see Theorem 1, and items (i) and (ii). O
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