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1. Introduction

Let M be an infinitely smooth, compact, boundaryless Riemannian manifold of dimension m > 2. Let
a > 0 be a given constant. Then the following linear equations

Lo(u,m):=(L+aol)ut+dr=£f du=0 (1.1)
determine the Brinkman system. Note that
L := 2Def*Def = —A + df — 2Ric

is the natural operator that appears in the structure of the Stokes system on M (cf. [19, pp. 161, 162]; see
also [18,57]), Def is the deformation operator, A := —(dd + dd) is the Hodge Laplacian, d is the exterior
derivative operator, ¢ is the exterior co-derivative operator, and Ric is the Ricci tensor of M (see, e.g.,
[18, Section 1], [43, Chapters I-V], [57], [68, Appendix B]). In the next section we give more details on
these operators. For a = 0, system (1.1) reduces to the incompressible Stokes system,

Lo(u,7) :=Lu+dr=f, du=0. (1.2)

The nonlinear system
Lv+av+klviv+pVyv+dp=1f, du=0 (1.3)
is called the incompressible Darcy—Forchheimer—Brinkman system. Note that V is the Levi—-Civita con-
nection, and Vyu is the covariant derivative of u with respect to u. In Euclidean setting such a system

describes flows in porous media saturated with viscous incompressible fluids when the inertia of such a
fluid can not be neglected. The constants «, k, 3 > 0 are determined by the physical properties of such
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a porous medium (for further details we refer the reader to the book by Nield and Bejan [60, p. 17] and
the references therein). When o = k = 0, (1.3) reduces to the incompressible Navier—Stokes system

Lv+p38Vyv+dp=1£f, du=0, (1.4)

that plays a main role in fluid mechanics.

Note that the operators involved in the PDE systems (1.1)—(1.4) are variable-coefficient operators due
to their dependence on the differential and metric structures of the manifold.

The considered partial differential equations and related boundary value problems on manifolds have
various practical applications. A suggestive example is given by the Navier—Stokes equations which reduce
to the equations of thin layers when the thickness of such a layer tends to zero (cf., e.g., [18]). For further
relevant applications of the Navier—Stokes equations on manifolds we refer the reader to [18,19,69,70]
and the references therein (see also [14]). On the other hand, the analysis of transmission problems for the
Navier—Stokes and Darcy-Forchheimer-Brinkman systems on compact surfaces (e.g., on the sphere S?)
is well motivated by the geophysical model of flow of water or other viscous fluids, which pass through
porous rocks or porous soil (see also [28]).

Layer potential methods have been often used in the mathematical analysis of elliptic boundary value
problems on Lipschitz domains in R™, n > 2. Fabes et al. [20] have studied the L?-Dirichlet problem for
the Stokes system in Lipschitz domains in Euclidean setting, by reducing such a problem to the analysis of
related boundary integral operators. By using the technique of boundary integral equations, Mitrea and
Wright in [58] have obtained well-posedness results for the main boundary value problems of Dirichlet,
Neumann, and transmission type for the Stokes system in Lipschitz domains in R™, n > 2, with data
in LP, Sobolev and Besov spaces. Medkova in [47] obtained well-posedness results for L?-solutions of
boundary problems of transmission type for the Brinkman system in Lipschitz domains in R™ n > 3.
Other applications of layer potential theory for elliptic boundary value problems can be found in [21],
[23] and [41].

Another branch of integral methods for PDEs is related with parametrix (Levi function). Parametrix-
based direct segregated systems of boundary-domain integral equations (BDIEs) for mixed boundary
value problems of Dirichlet-Neumann type corresponding to a scalar second-order divergent elliptic partial
differential equation with a variable coefficient in interior and exterior domains in R? were analysed in
[7,11], respectively. In domains with interior cuts (cracks) such systems have been studied in [8]. In [9], the
variable-coefficient transmission problems with interface crack for second order elliptic partial differential
equations in a bounded composite domain consisting of adjacent anisotropic subdomains separated by an
interface, were reduced to the localized direct segregated boundary-domain integral equations. In [10,12],
the so-called two-operator technique was used for reduction of more general scalar equations and systems
of PDEs to localized boundary-domain integral equations. Equivalence of the BDIEs to corresponding
boundary value problems and the invertibility of the BDIE operators in the L2-based Sobolev spaces
have been analysed in all these papers. In [48,49] some nonlinear boundary value problems were reduced
to direct localized boundary-domain integro-differential formulations.

Mitrea et al. [53] used a boundary integral method to study variable coefficient transmission problems
on non-smooth compact manifolds. Mitrea and Taylor in [57] have used a boundary integral method
in the analysis of the L2-Dirichlet problem for the Stokes system on arbitrary Lipschitz domains on
a compact Riemannian manifold, extending the results of [20] from the Euclidean setting to compact
Riemannian manifolds (see also [25,55,56]). By using a layer potential analysis, Dindo$ and Mitrea [17]
have obtained the well-posedness of the Poisson problem for the Stokes system on C!, or, more generally,
Lipschitz domains in a compact Riemannian manifold, with data in Sobolev and Besov spaces. The
authors in [39] have extended the notion of the Brinkman differential operator from the Euclidean setting
to compact Riemannian manifolds, and defined pseudodifferential Brinkman operators as operators with
variable coefficients on compact Riemannian manifolds. They have investigated the well-posedness of
related transmission problems in L2-based Sobolev spaces on Lipschitz domains in compact Riemannian
manifolds of dimension m > 2. The authors in [40] have obtained well-posedness results in L2-based
Sobolev spaces for Poisson-transmission problems expressed in terms of L>-perturbations of the Stokes
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system on complementary Lipschitz domains in a compact Riemannian manifold of arbitrary dimension
n > 2, with a parameter p € (0,1) involved in one of the transmission conditions.

Choe and Kim [13] obtained well-posedness results for the Dirichlet problem for the Navier—-Stokes
system on a bounded Lipschitz domain in R3 with connected boundary. Russo and Tartaglione [65] used
a double-layer potential formulation in the analysis of the Robin problem for the Stokes and Navier—
Stokes systems in bounded or exterior Lipschitz domains in R? (see also [64,66]). The authors in [36]
have combined a layer potential analysis with the Schauder fixed point theorem to show the existence of
solutions for a Poisson problem of a semilinear Brinkman system on a bounded Lipschitz domain in R™
(n > 2) with Dirichlet or Robin boundary condition and given data in Sobolev and Besov spaces. Existence
results for boundary value problems of Robin type for the Brinkman system and the nonlinear Darcy—
Forchheimer—Brinkman system in bounded Lipschitz domains in Euclidean setting have been obtained in
[34] (see also [33,35,37,38]). Recently, the authors in [32] have obtained existence and uniqueness results
in weighted Sobolev spaces for transmission problems for the non-linear Darcy—Forchheimer—Brinkman
system and the linear Stokes system in two complementary Lipschitz domains in R3, by exploiting a layer
potential method for the Stokes and Brinkman systems combined with a fixed point theorem.

Using variational arguments, Amrouche and Nguyen in [3] obtained existence and uniqueness results
in weighted Sobolev spaces for the Poisson problem of Dirichlet type associated with the Navier—Stokes
system in exterior Lipschitz domains in R3. Amrouche and Rodriguez—Bellido in [4] studied boundary
problems for Stokes, Oseen and Navier—Stokes systems with singular data (see also [22]).

Dindo$ and Mitrea in [16] have combined a fixed point theorem with well-posedness results from the
linear theory for the Poisson problem corresponding to the Laplace operator in Sobolev and Besov spaces
on Lipschitz domains in compact Riemannian manifolds, and developed a sharp theory for semilinear
Poisson problems of Dirichlet and Neumann type for L°°-perturbations of the Laplace—Beltrami oper-
ator on Lipschitz domains in compact Riemannian manifolds. In [17] they also obtained existence and
uniqueness results for the Poisson problem of Dirichlet type for the Navier—Stokes system on a Lipschitz
domain in a compact Riemannian manifold with data in Sobolev and Besov spaces.

The purpose of this paper is to study boundary value problems of transmission type for the Navier—
Stokes and Darcy—Forchheimer—Brinkman systems in two complementary Lipschitz domains of a compact
Riemannian manifold of dimension m € {2,3}. One of the transmission conditions is expressed in terms
of a parameter u € (0,00), and another one in terms of an L*-symmetric tensor field P, which satisfies
a positivity condition. Due to the choice of the range of the parameter p and of conditions satisfied by
P, our results in the linear case extend those in [39, Theorems 4.1 and 5.1]. First, we use a boundary
integral method for the Stokes system to show the well-posedness result in L?-based Sobolev spaces
(with a range of smoothness index) for the Poisson problem of transmission type associated with the
Stokes system in such Lipschitz domains (see Theorem 4.3). Next, we use this well-posedness result and
the invertibility of a related operator in order to show the well-posedness result in L2-based Sobolev
spaces for the Poisson problem of transmission type associated with the Stokes and Brinkman systems
in two complementary Lipschitz domains of a compact Riemannian manifold of dimension m > 2 (see
Theorem 4.4). Then, based on the well-posedness result in the linear case combined with a fixed point
theorem, we obtain an existence and uniqueness result for the transmission problem corresponding to the
nonlinear Navier—Stokes and Darcy—Forchheimer—Brinkman systems, when the given data are suitably
small in L2-based Sobolev spaces. Due to technical details which require the continuity of some Sobolev
embeddings we need to restrict our analysis to compact Riemannian manifolds of dimension m € {2, 3}
(see Theorem 5.2). The existence result for the nonlinear problems developed in this paper extends some
results obtained in [32] in the context of Euclidean setting to the case of compact Riemannian manifolds.

2. Preliminaries

In this section we present the differential operators in systems (1.1)—(1.4) on a Lipschitz domain in a
compact Riemannian manifold.
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Let (M, (-,-)) be an infinitely smooth, compact, boundaryless manifold! of dimension m > 2, equipped
with a smooth Riemannian metric tensor g = gjrdz? @ dz®. Here and all along the paper, we use the
repeated index summation convention. We denote by (g7%) the inverse of (gjx), i.e., g’ go = ;5. Also,
denote g := det(gj), and let g > 0. As usual, T'(M) =, ¢ s T,(M) denotes the tangent bundle of M,
where T),M is the tangent space at p € M, and T"(M) = U,¢, T, (M) is the cotangent bundle. Let?
X(M) be the space of infinitely smooth vector fields on M and let A'TM be the first exterior power

bundle corresponding to 7'M, i.e., the space of differential one forms on M. If x=(z!,...,2™) is a local
coordinate system in one chart (U, ) on M around p € U, with ¢(p)=0, then the maps
) —1
0;:C*U)—-R, fr faoig.o(O), 1=1,....,m
xZ

are tangent vectors at p. They are linearly independent and determine a basis of 7}, M. Then any smooth
vector field v can be written as v = v*9,, where the components v* of v are smooth functions on the
domain of x. In addition,

() X(U)x X(U) — C=(U), (X,Y)=XgpY* VXY eXU), (2.1)

is a symmetric positive definite tensor field of type (0,2).
The gradient and divergence operators are defined, locally, on M, as® (cf. e.g., [68, (3.11), (3.12)])

grad f := (¢7"0; )0, Ve C™(M), (2.2)
div X := \}gak(\/gx’f), VX =X79; € TM. (2.3)

For each p € M, the cotangent space T,/ (M) can be naturally identified, via the scalar product (-,-),,
with the tangent space T),(M), and hence the cotangent bundle T*M can be identified with the tangent
bundle T'(M), since the Riemannian metric on T(M) transfers also to 7% M. In addition, the space of
differential one forms A'T'M can be identified with the space of smooth vector fields X(M) via the
isometry 0; — gjgdxf, whose inverse is dv’ = ¢7¢9,. Hence, a vector field X = X*0, € X(M) can be
identified with the one-form X ;dz/ = X’“gkjdxj, where X; = gij}“, XF = g X,. According to (2.1) we
have the pointwise inner product of forms

(da? , da®y = g%, (X,Y) = X;¢"*Y;, = XFg YVt = Xty (2.4)

With respect to the above inner product, the operators grad and —div are adjoint to each other. Conse-
quently, the notation (-, -) is used also for the pointwise inner product of differential one forms. The same
notation, (-,-), will be also used for the pairing between two dual spaces. Nevertheless, its meaning will
be understood from the context. Let us also note that the volume element in M, dVol, is given in local
coordinates by dVol = g%dxl coedx™.

Identification between the spaces T*M and TM and A*TM with X(M) leads to the identification of
the gradient operator grad : C°°(M) — X(M) with the exterior derivative operator

d:C®(M) — C®(M,A"TM), d=0;da?, (2.5)
and to the identification of the differential operator —div : X(M) — C°°(M) with the exterior co-
derivative operator

§:C®(M,A\'TM) — C>*(M), §=d". (2.6)
Further details about differential geometry on manifolds can be consulted in, e.g., [18, Section 1], [43,
Chapters I-V], [57], [68, Appendix BJ, [72, Part II].

! Due to the Whitney theorem (see, e.g., [46, Theorem 10.15]) and [59, Theorem 2] the compact Riemannian manifold M,
dim(M) = m, admits a smooth isometrical embedding into R™ with 2n = m(3m + 11) as a closed submanifold.

2 A wvector field X on M is a map X : M — TM, such that 7o X is the identity, where 7 is the projection from TM to M,
and X is smooth if X : M — T'M is smooth.

3 When the metric tensor is the identity one, we recover the usual definition of the gradient and divergence operators in

0
the Euclidean setting, and 9; f = a—fj
z
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2.1. Sobolev Spaces and Related Results

Let D(M) be the space of infinitely differentiable functions in M and D’(M) be the corresponding space
of distributions on M, i.e., the dual of D(M). The spaces D'(M,A*TM) and D'(M,S?*T*M) can be
similarly defined. The Lebesgue space of (equivalence classes of ) measurable, square integrable functions
on M is denoted by L?(M), and L>(M) is the space of (equivalence classes of) essentially bounded
measurable functions on M. Let s € R. Then the L2-based Sobolev (Bessel potential) space H*(R™) is
defined by

HSR™) = {(I[-A)"2f: fe L*R™)}.

Let {(Ui,i)}: be a collection of charts such that {U;}; determines a finite cover of M. Then for any
distribution ® € C§°(U;)*, the pull-back ¢} (®) € C§°(p;(U;))* is defined by ¢f(®)(f) := ®(f o ¢;) for
all f e C5°(¢i(U;)). Extending ¢f (®) by zero outside ¢;(U;), ¢f (P) can be treated as a distribution on
R™. Let {x;}: be a smooth partition of unity subordinate to {U;};. Then for s € R, H*(M) is the space
of all distributions ® defined in M such that

1@ = ary = > _ 1" (X ®) | 712z (2.7)

(see, e.g., [26, Definition 3]). Note that the space H~*(M) is the dual of H*(M), and H*(M,A'TM) :=
H*(M) ® A'TM is the Sobolev space of one forms on M (see, e.g., [68, Chapter 4, Section 3], [72,
Chapter 8]).

Let Q4 := Q C M denote a Lipschitz domain, i.e., an open connected set whose boundary is locally
the graph of a Lipschitz function. Throughout the paper we adopt the following

Assumption 2.1. Q_ := M\Q is a connected and non-empty set.
We also consider the L?-based (Bessel potential) Sobolev spaces on €
HY(Q) i= {flo : f € H*(M)}, B*(Q) = {f € H*(M) : suppf C 0}, (2.8)
and note that for any s € R (see also [68, Chapter 4, Section 3], [56, (4.14)])

/

(H*(Q))' = H™(@), H*(@Q)=(0(®)" (2.9)
The L2-based Sobolev spaces of one forms on € are given by
H(Q,A'TM):=H*(Q)@A'TM|q, H*(Q, A'TM):=H*(Q)@A T M. (2.10)

Now let s € [0,1). Then the boundary Sobolev space H*(9) can be defined by using the space
H?*(R™1), a partition of unity and pull-back. In addition, we have H~*(9Q) = (H*(99Q))’, and H*(9Q, A*
TM) := H*(0Q) @ A*T M |pgq is the L?-based boundary Sobolev space of one forms.

For further details related to Sobolev spaces on compact manifolds we refer the reader to [68, Chap-
ter 4], [72, Chapter 8], [2, Chapter 2], [17,56,71].

A useful result for the problems we are going to investigate is the following trace lemma (see [15], [29,
Proposition 3.3], [50, Theorem 2.3, Lemma 2.6], [51], [58, Theorem 2.5.2]):

Lemma 2.2. Assume that Q C M is a bounded Lipschitz domain with boundary 02, and set Q4 := Q and
Q_ := M\Q. Let s € (0,1). Then there exist linear and continuous trace operators* v : H*T2(Qy) —
H*(09Q) such that v+ f = floq for any f € C=(Q4). These operators are surjective and have (non-unique)
linear and continuous right inverse operators v1* : H*(8Q) — H*tz(Qy).

4 The trace operators defined on Sobolev spaces of one forms on the domains Q4 are also denoted by 7.
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2.2. The Deformation Operator

Let V denote the Levi-Civita connection associated to the Riemannian metric g of the Riemannian
manifold M. Let us briefly recall its definition by following, e.g., [43,68,72].
An affine connection on the manifold M is a map

Vi X(M)x X(M) = X(M), (X,Y)— VyY

satisfying the following conditions:”

(ii) For each fixed Y € X(M) the map X — VxY is C-linear, i.e., VixinzY = fVxY + AV Y, for
all f,h € C®(M) and X,Z € X(M).
(ii) For each X € X(M) the map Y — VxY is R-linear, i.e.,
Vx(@Y +bZ)=aVxY +bVxZ, VabeR, VY ZecX(M). (2.11)
(iii) For all f € C°°(M),
Vx(fY)=df(X)Y + fVxY. (2.12)
Relation (2.12) shows that Vx, the covariant derivative along X, satisfies the Leibniz product rule, i.e.,
it acts as a derivation.

An affine connection V on a Riemannian manifold (M, g) is called compatible with g if Vg = 0, or,
equivalently, the following compatibility relation with respect to the metric on M holds

Z(X)Y)=VzX,)Y)=(VX,Y)+ (X, V,Y), VXY, ZecX(M), (2.13)
where (-,-) is the inner product on tangent vectors, given by (2.1) (cf., e.g., [68, Chapter 1 § 11, Chap-
ter 2 § 2]).

An affine connection V is called torsion-free if it satisfies the relation®
VxY -VyX =[X,Y], VXY € X(M). (2.14)

An affine connection V on (M, g), which is compatible with the Riemannian metric g and is torsion-free,
i.e., it satisfies conditions (2.11)—(2.13), is called a Levi-Civita connection of M.

The fundamental theorem of Riemannian geometry asserts that given a Riemannian manifold (M, g),
there exists a unique Levi—Civita connection V, which is determined uniquely by the torsion-free condition
(2.14) (cf., e.g., [68, Proposition 11. 1, Chapter 1 §11]).

Let X and Y be vector fields on M, with components X* and Y*. Then the covariant derivative V xY
of Y with respect to X is given by

VyX =Y (0; X" + XIT%,) O, (2.15)
where I‘f . are the Christoffel symbols of the second kind, given by
IY =2""g" {0,900 + 019r; — Orges} (2.16)

and (g*") is the inverse of the matrix (g,) (see, e.g., [68, Chapter 3, (3.9)]). Moreover, if X, Y, Z € X(M),
then

(V2X,Y) = Z'(0: X" + XITL) gee Y. (2.17)
If X € X(M), then VX : X(M) x X(M) — C°°(M) is the tensor field of type (0,2) given by
(VX)(Y, Z) == (VzX,Y), VY, ZeX(M). (2.18)

5 We use the notation C°°(M; R) := C° (M), and note that df (X)Y = (X f)Y.
6 If X,Y € X(M), then the Lie bracket [X,Y] is the smooth vector field given by

(X, Y](f) = XY (f) —Y(X(f), VfeCl=(M)
(ct., e.g., [43, Proposition 1.3]).
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In local coordinates and with the notation Xj = gijj, VX is given by the matrix of type m x m
with the components” (9; X, — X;J‘fe)i v—1__m (seealso [68, Chapter 2, (3.13)], [18, (1.10)]).

The symmetric part of VX is denoted by Def X and is called the deformation of X. Consequently,
1
(Def X)(Y, Z) = §{<VyX, Z)+(VzX,Y)}, VY, Z € X(M). (2.19)

Let £x denote the Lie derivative in the direction of the vector field X. Then the deformation tensor
Def X can be equivalently defined as Def X = %Exg, where g is the metric tensor of M (see, e.g., [57,
p. 958]). Therefore, Def X € S*T*M, where S?T*M denotes the set of symmetric tensor fields of type
(0,2), and the deformation operator

Def : C®(M,TM) — C*(M,S*T* M) (2.20)
extends to a linear and continuous operator
Def : H'(M,A*TM) — L*(M,S*T*M). (2.21)

If X € X(M), X = X79;, we use the notation X, := 9,X; — I‘?EXk, where Xy = go. X"*. Then Def X
has the local representation

1
(Def X)je = 5 (Xje + Xesj) - (2.22)

In addition, the adjoint Def* of the operator (2.20) is given by Def*u = —divu, Vu € S?°T*M (cf., e.g.,
[68, Chapter 2, p. 137]).
A deformation-free vector field X € X(M),

Def X =0on M <= £xg9=0on M, (2.23)

is called a Killing field. Thus, the flow generated by such a field consists of isometries, that is, the flow
leaves the metric ¢ invariant. Moreover, by (2.22), X is a Killing field (i.e., X generates a group of
isometries) if and only if (cf., e.g., [68, Chapter 2, (3.33) see also [67])])

Xj;g—l—Xg;j:(L jl=1,....,m. (2.24)
Throughout the paper we often need the assumption below (cf. [57, (3.1)]).

Assumption 2.3. M is a smooth, compact, boundaryless Riemannian manifold that does not have any
non-trivial Killing vector field.

Assumption 2.3 assures the invertibility of the elliptic operator L : C*° (M, AYTM) — C>(M, A*TM)
given by (2.25), which implies existence of the fundamental solution of the Stokes system on M. In
addition, the extended operator L : HY (M, AYTM) — H~*(M,A'TM) is invertible, as well (see also [17,
(3.3)], [57, (3.3)]).

7 In many applications, a Riemannian manifold M of dimension m is embedded into an Euclidean space (R™, (-, )gn)

owr

(m < n) through a second order continuously differentiable mapping ¥ : V. C R™ — R", such that the vectors ﬁ(p),
z

j=1,...,m, determine a basis of the tangent space at the point ¥(p) € M, and that the scalar product on R™ is compatible

0¥ o
OxJ’ dxk

>Rn (see, e.g., [31, Theorem 3.8.1 (**)], [42, 4.7 Definition (ii)]).

with a metric g on ]Tj, given by g;i, = <
loal )\
Oxidxd’ Oz

>R . In this case, the Christoffel symbols corresponding to g are given by

the formula ffj = §[’"<
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2.3. Brinkman, Navier—Stokes and Darcy—Forchheimer—Brinkman Systems on a Compact Riemannian
Manifold

We now consider the second-order elliptic differential operator
L:X(M)— X¥(M), L:=2Def*Def =—A +dd — 2Ric, (2.25)

where A := —(dd + dd) is the Hodge Laplacian and Ric is the Ricci tensor of M (see, e.g., [17, (2.6)]). In
the Euclidean setting and for free divergence vector fields, L reduces to the Laplace operator, which is
a second order differential operator with constant coefficients. Nevertheless, in the case of a Riemannian
manifold, L is an elliptic second order differential operator with variable coefficients, as it depends on the
metric structure of the manifold, and is the main operator that appears in the structure of the Stokes
system on such a manifold (cf. [19, pp. 161, 162]; see also [18,57]). For any s € (0,1), the operator (2.25)
extends to a bounded linear operator

L = 2Def*Def : H*"2 (M, A'TM) — H* 3 (M, A'TM) (2.26)

(see, e.g., [44, p. 177]). Let V € L (M, A'TM @ A'TM) be a given symmetric tensor field which satisfies
the following positivity condition with respect to the L?(M, A*T M)-inner product (denoted by (-,-)ar)

(Vv,v)y >0, VveL?*(M,ATM). (2.27)
This condition implies immediately that
(Vu,u)g >0, Yue L3(Q,A'TM). (2.28)

Then we define the generalized Brinkman operator By as

By + H"2 (M, A'TM) x H*"2 (M) — H* 2 (M,A\'TM) x H*"2 (M),

By = (L ; v g) (2.29)

(see, e.g., [39]). Note that the operator

(‘g g) L HH (M, AVTM) x H ™ (M) — H*~3 (M, ANTM) x H*~ % (M)
is compact, due to the continuity of V' : H*+2(M,A'TM) — L2(M,A*TM) and the compactness of the
embedding L2(M,A'TM) < H*~2(M,A*TM). Therefore, By appears as a compact perturbation of
the Stokes operator By. In particular, if V' = all, where 1 is the identity operator and « > 0 is a constant,
then the operator

Bo: HV2(QA'TM) x H*™2(Q) — H¥ 2 (Q,A'TM) x H* "2 (Q),

_(L+al d
Ba.( s 0> (2.30)

is called the Brinkman operator. Both operators, B, and By, are Agmon—Douglis—Nirenberg elliptic (see,
e.g., [27,39]), and, in the Euclidean setting, they play a main role in fluid mechanics and porous media
(see, e.g., [60]).

Let s € (0,1). Then the nonlinear system

{Lu +Vau+dr=fe H3(Q,ATM) in Q,

ou=0 in Q, (2.31)

given in terms of the Levi-Civita connection and with the unknowns (u, 7) € H*%z (Q, A'TM)x H5~ 2 (1),
is the Navier—Stokes system on the compact Riemannian manifold M (cf., e.g., [19]; see also [17,25,57]).
Recall that Ffj are the Christoffel symbols of second kind associated to the metric g of M, and note that,
if u = u/9;, then V,u has the local representation

(Vou)' = w Qut + Ffju7'uj. (2.32)
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Let k, 3 > 0 be given constants and V € L>®(M,A'TM @ A*TM) be a symmetric tensor field satisfying
the positivity condition (2.27). Taking into account the form (2.31) of the Navier—Stokes system, we
now define the nonlinear generalized Darcy—Forchheimer—Brinkman system on the compact Riemannian
manifold M, as
{ Lv 4+ Vv +klv|v+3Vyv+dp=fe H2(QATM) in Q,
. (2.33)
bu=0 in Q,
where (v,p) € H* 2 (Q, A'TM) x H*~2(Q) are the unknowns of this system. Having in view the form
of this system in the Euclidean setting (see, e.g., [60]), in the particular case V = al, where a > 0 is a
constant, we obtain the nonlinear Darcy—Forchheimer—Brinkman system on a compact manifold, as
Lv + av + k|v|v + 8Vyv +dp = f € H*~3(Q,A'TM) in €,
ou=0 in Q.

e Throughout the paper we assume that dim(M) € {2,3}, whenever the Navier-Stokes and Darcy—
Forchheimer—Brinkman systems are involved.

(2.34)

2.4. The Conormal Derivative Operator for the Brinkman System

If Q € M is a Lipschitz domain, denote by do the surface measure on its boundary, 92, and by v the
outward unit normal, which is defined a.e. on 952, with respect to do. Let Qy := Q and Q_ = M\Q.
Let S either be an open subset or a surface in M. Then, all along the paper, we use the notation (-,)g
for the duality pairing of two dual Sobolev spaces defined on S. Let (u,7) € C1(Qx, A'TM) x C°(Q4).
Then the interior and exterior conormal derivatives or the traction fields t=(u, n) for the generalized
incompressible Brinkman (or Stokes) operator (2.30) are defined by using the formula

t£(u, 7):= 74 (=7l 4 2Def(u)) v, (2.35)

where v= v is the outward unit normal to 2, , defined a.e. on 2. Then for the generalized incompressible
Brinkman operator we obtain the first Green identity

+ <tﬂt(u,7r),w>aQ = 2(Def u,Def w)q, + (Vu,w)q, + (m,dw)a,
=Ly (u,m),w)g, ,Vw e DM, ATM), (2.36)
where

Ly(u,7):=Lu+Vu+dn. (2.37)

Let E. be the operator of extension of functions from H?(€2.) or vector fields (one forms) from
H9(Qx, A'TM) or tensor fields from HY(Qy, S*TM), ¢ > 0, by zero on M\Q. Following the proof of
Theorem 2.16 in [50], let us define the operator F1 on H?(Qy), for 0 < ¢ < %7 as

Ei = Eo]i, (238)
and for —% <q<0,as
(Exh,v)q, = (h, Exv)q, = (h, E+v)a,, he HI(QL), ve H Q). (2.39)

Then, evidently Ey : H1(Qy) — flq(Qi), —1/2 < ¢ < 1/2, is a bounded linear extension operator.
Similar definition and properties hold also for vector and tensor fields.

If s € (0,1) and (u,7) € H¥ 2 (Qu, AYTM) x H5~2(Q4), we have Ly (u,7) € H*2(Qu, A'TM).

Then identity (2.36) suggests the following weak definition of the conormal derivative in the setting
of L?-based Sobolev spaces on Lipschitz domains in compact Riemannian manifolds (cf. [15, Lemma 3.2],
[34, Lemma 2.2], [50, Definition 3.1, Theorem 3.2], [51, Definition 5.2], [52, Definition 2.3], [54, Proposition
3.6], [58, Theorem 10.4.1] in the Euclidean setting, and [39, Lemma 2.4] in the case of a matrix operator
of type (2.30) on Riemannian manifolds).



212 M. Kohr et al. JMFM

Definition 2.4. Let M be a compact Riemannian manifold with dim(M) > 2. Let Q4 := Q C M be a
Lipschitz domain. Let Q_ = M\Q. Let s € (0,1) and V € L*>(M,A'TM @ A'TM) be a symmetric
tensor field satisfying the positivity condition (2.27). We consider the space®

H 2 (Qu L) = {(u,ﬂ,f') e Ho 3 (Qu, A'TM) x H5 3 (Q4)
x B3 (Qu, A'TM) : flo, = Ly (u,7) in Qi}. (2.40)
Then the generalized conormal derivative operator’
'HH%(Qi,L’V) > (u,w,f') — t$(u,7r;f‘) € H*~ Y00, A'TM).
is defined as

+ (¢ mf), @) =2(EDef u, Def(7;1¢)>gi + <Ei(vu)’7¥l‘1’>9i

o0
n <E‘i7r, 6(7;1'1>)>Q — (F 1 ®)0,, V® e H'(IQ,A'TM). (2.41)
+
Lemma 2.5. Let s € (0,1). Then the generalized conormal derivative operator
t5  H T2 (04, Ly) — HY (00, AT M)

1s linear, bounded and independent of the choice of the right inverse
NI HY5(0Q, AT M) — H3=5(Q, AYTM) of the trace operator
Yt H%’S(Q,AlTM) — HY75(0Q, AYTM). In addition, the following Green identity holds

+ f _ I
+ <1:V(u,7r,f),fyjtw>aQ =2 <EiDef u, Def W>

Qi
+ <Ei(Vu),W>Qi + <Eiﬂ', (5W>Qi — <f,W>Qi,
Vo(u,m ) e HT2(Qu, Ly), we H>5(Qy, ATM). (2.42)

The proof of Lemma 2.5 is based on arguments similar to those for [34, Lemma 2.2] and [40, Lemma
2.2], but we omit them for the sake of brevity.

Remark 2.6. In view of formula (2.41), the conormal derivatives for the operators By and By are related
by the formula

t‘i, (u,w;f') =t (u,ﬂ;f’— E. (Vu)) . (2.43)
For further arguments, we need the following result'® (see, e.g. [1, Proposition 10.6], [58, Lemma 11.9.21]).

Lemma 2.7. Assume that X;, Y;, j = 1,2, are Banach spaces such that the inclusions X1 — Xo and
Y1 — Y, are continuous and the second of them has dense range. Let T € L(X1,Y1) N L(X2,Y3) be a
Fredholm operator such that index(T : X1 — Y1) = index(T : X2 — Y3). Then

Ker{T : X; - Y1} = Ker{T : X5 — Ya2}.

8 The condition in (2.40) is suggested by the linear form of the incompressible Navier-Stokes equation in the Euclidean
setting.

9 The =+ sign in the left-hand side of the formula (2.41) corresponds to the domain Q4. Also, for the sake of brevity we use
the notations t\jﬁ(v,p) instead of t‘fﬁ(v,p; 0), which is in fact the canonical conormal derivative (cf. [50, Section 3.3]).

10 £(X,Y):={T: X — Y : Tis linear and bounded}, and Ker{T : X — Y} := {2z € X : T(x) = 0}.
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3. Newtonian and Layer Potentials for the Stokes System

Let OPS!; denote the set of all classical pseudodifferential operators of order r on M (see, e.g., [72,
Chapter 8] for the definition and properties of such operators on a compact manifold).

Let (G(-,-),11(+,+)) € D'(M,S?TM) x D'(M,A'*TM) be the fundamental solution of the Stokes oper-
ator By in M, [57], (see also [39] for the extension to the Brinkman operator By, with V € C*°(M)).
Then G(+,-) and II(-, -) satisfy the following equations on M

L,G(z,y) + d;II(z,y) = Dirac,(x), 9,G(x,y) =0, (3.1)

where Dirac, is the Dirac distribution with mass at y, and the subscript « added to a differential operator
refers to the action of that operator with respect to the variable z. In view of [17, (3.22)] there exists an
operator T € OPSY (M, R) such that the Schwartz kernel = of YT satisfies the equation

LI (y, z) = d,E(x, y), (3.2)
and that (see also [17, (3.27)])
6. 11" (y, x) = —Dirac, (). (3.3)

3.1. Newtonian Potentials for the Stokes Operator

Let s € (0,1). Let ¢ € D(M,A*TM). Then the volume velocity and pressure potentials of the Stokes
system, Ny and Qpr¢p, are, respectively, defined at any x € M by

W) () = (G0, ).0),, = [ Glx.y)ply) avoly, (3.4)

(Qurep) (%) 1= (T(x, ), @), = /M (T(x, y), o (y)) dVoly, (3.5)

and the operators Ny : C°(M,A'TM) — C®(M,A*TM) and Qp : C°(M,A'TM) — C>®(M) are
continuous. In addition, definitions (3.4) and (3.5) can be extended to Sobolev spaces, and the operators
Nag: H72 (M, A'TM) — H¥ 2 (M, A'TM), (3.6)
Qnr: H 3 (M,A'"TM) — H* 2 (M) (3.7)
are linear and continuous, due to the fact that the volume velocity and pressure potentials ANy and Q
are pseudodifferential operators of order —2 and —1, respectively (cf., e.g., [39, Theorem 3.2]; see also

[17, (5.12), (5.13)]), and [32, Lemma 3.2] for the similar mapping properties in the Euclidean setting).
Let rq, be the operators restricting (scalar-valued or vector-valued) distributions in M to Q4. Then

we define the Newtonian velocity and pressure potentials Ng, F. with densities F, € H~3 (Qu, AYTM)
as the restrictions

Ngiﬁi =ToL (NMf‘i), QQiﬁi = TQi(QMﬁi). (3.8)

By the continuity of the volume velocity potential operator given in (3.6), as well as the continuity of

the restriction operators ro, : H¥"2 (M, A'TM) — H*"2(Q4, A'TM) and since H*~ % (Qx, A'TM) is a
subspace of the space H =3 (M,A'TM), we deduce that the Newtonian velocity potentials

Noy t H3(Qy , A'TM) — H¥" 3 (Qy, A'TM) (3.9)

are continuous as well. A similar argument as above implies the continuity of the Newtonian pressure
potential operator

Qq, : H 2(Qy, A'TM) — H* (). (3.10)
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Let Fy € ﬁs_%(Qi7 AYTM). Due to (3.1)-(3.3), the pair (Ngif‘i, Qgif‘i) satisfies the relations

No,Fi € HV3(Qu, A'TM), Qq,Fi € H* 2(Qy), (3.11)
LNQiﬁi-i-dQQif‘i Zﬁi, (S(./\/’Qiﬁi) =0 in Q4. (3.12)

3.2. Layer Potentials for the Stokes System

Let s € [0,1] and ¥ € H*1(9Q, AYTM). Then the single-layer velocity and pressure potentials Vo)
and Qa1 for the Stokes system are given by

(Vasﬂb)(x) = 7<g(z7 ')7¢>897 (Qamﬁ)(ﬂ?) = 7<H(£ZJ, '>7¢>397 T € M\aQ (313)
(see [17, (2.19), (2.20)]). Now let ¢p € H5(9Q, ALTM) be given, where
H3(0Q,N'TM) := {¢° € H*(0Q,A'TM) : (v,¢"),, =0}. (3.14)

Then the double-layer velocity and pressure potentials Wgq¢ and Pyq¢ for the Stokes system are defined
at any = € M\90S) by

(Woaao)(z) := /BQ (2(DefyG(x,y))v(y) — I (y, 2)2v(y), (y)) doy, (3.15)
(Paad)(x) := /m 2Defy Iz, y))v(y) + E(, y)v(y), ¢(y)) doy, (3.16)

where Z is the Schwartz kernel of the pseudodifferential operator Y, and IIT is the transpose of II (see
[17, (3.1), (3.25)]). Note that in (3.15) and further on, (Def G(x,))r yields the action of the third order
tensor field Def G(z,-) on v, while IT" (-, z)v is a dyadic product between the vector fields II" (-, ) and v.
Both terms, (Def G(x,-))v and IIT (-, z)v, are second order tensor fields. Moreover, in (3.16) and further
on, (DefII(x,-))v yields the action of the second order tensor field Def II(x,-) on v, while Z(z, )v is a
multiplication of the unit conormal v with the scalar Z(z,-). Both (Def II(x,))v and =(z, -)v are vector
fields.

In addition, the principal value of Wy ¢ is denoted by Kpn¢ and is defined at a.e. xz € 99 by

(Koad)(z) == p.v. / (2 (Def, G(x,y)) v(y) ~TT (y,2) ® v(y), d(y))do,

o0

= lim (2 (Def, G(z,9)) v(y) — " (y,2) @ v(y), ¢(y))doy, (3.17)
eV {yedQ:dist(z,y)>e}

where p.v. means the principal value, and dist(z,y) is the geodesic distance.

By (3.1), (3.2), (3.3), the pairs (Vaqv, Qoavp) and (Waad, Pand) satisfy the equations of the Stokes
system

LVyay + dQsap =0, dVaarp =0 in M\OQ, (3.18)
LWisao + dPoad =0, dWoqep =0 in M\. (3.19)

For the main properties of the layer potentials, we refer the reader to [58, Proposition 4.2.5, 4.2.9, Corol-
lary 4.3.2, Theorems 5.3.6, 5.4.1, 5.4.3, 10.5.3] for the Stokes system in the Euclidean setting, [17, Theorem
2.1, (3.5), Proposition 3.5], [57, Theorems 3.1, 6.1] for the Stokes system in compact Riemannian mani-
folds, and [39, Theorems 4.3, 4.9, 4.11, (131), (132), (137), Lemma 5.4] for pseudodifferential Brinkman
operators in Riemannian manifolds. Theorem A.2 shows some of these properties.
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4. Transmission Problems for the Stokes and Generalized Brinkman Systems

Let 1 > 0 be a constant, V € L>®(M, AN'TM @ ATM) be a symmetric tensor field satisfying condition
(2.27) and P € L>=(9Q, A'TM @ A'TM) be a symmetric tensor field satisfying condition (A.22). Recall

that Ey are the extension operators defined by (2.38), (2.39). For s € (0, 1), define the spaces

H 4 Q)= {g e B Q) : (Erq 1), =0}, (4.1)
H3(0QA'TM) := {® € H*(0Q,A'TM) : (®,v)p0 = 0}, (4.2)
X, = (H3 (0 A'TM) x HS ?(Q4))
x (H**3(Q_,A'TM) x H*3(Q_)), (4.3)
Vo= (H* 3(Qy, A'TM) x H*"2(Q_, A'TM))
x (Hy(0Q,A'TM) x H* "' (0Q, A'TM)). (4.4)

We will use the above spaces, X; and ), to consider the following Poisson problem of transmission
type for the incompressible Stokes and generalized Brinkman systems in the complementary Lipschitz
domains Q4

(L+V)uy +dry =filo,, 6up=0 in Q
Lu_+dr_=f_|o, du_=0 in Q_,
wy+uy —vy—u_=h on 09, (4.5)

t‘t (u+77r+;f'+) -t (u,,ﬁ,;f',) +Pyrur=r on 0.
Let us also consider another problem,

(L+V)u+ +C{7T+ :f‘+|Q+, 511+ =0 in Q+,
Lu_+dr_=f|o, du_=0 in Q_,
Yiuy —y-u_=h on 09, (4.6)

t (u+,7r+;f'+) — pty (u_,ﬂ_;f‘_) +Pyrupr=r on 09,

where the transmission conditions on 92 generalize the interface conditions obtained in, e.g., [61,62],
corresponding to two viscous fluids in €24 and €2_, and the constant x4 > 0 can be interpreted as the ratio
of viscosity coefficients of such fluids. In addition, we note that for p > 0 fixed, the following property is
immediate:

((uy,m4), (u_, 7)) solves (4.5) for (ﬂ,f',,h, r) =

(g o), (u-7)) solves (46) for (ufy, )b, pur), (4.7)

which shows the connection between problems (4.5) and (4.6). Hence, the well-posedness of the transmis-
sion problem (4.6) is equivalent with the well-posedness of the transmission problem (4.5). In view of this
argument, we next analyze the transmission problem (4.5) and show its well-posedness in the space X
whenever the given data belong to the space Vs, s € (0,1), and p € (0,00). We extend the well-posedness
results in [40, Theorems 4.1 and 5.1] and [24, Theorem 4.1] to a more general case concerning the spaces
of given data and the range of the involved parameter. The proof of such a well-posedness result is based
on a layer potential analysis for the Stokes system (see also the proof of [40, Theorems 4.1]) combined
with the invertibility of some related Fredholm operator of index zero.
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4.1. Uniqueness Result the Transmission Problem (4.5) in the case V = 0

Let us consider the auxiliary transmission problem for the Stokes system,

Lu+—|-d7r+=f+|g+7 duy =0 in Qy,
Lu_+dr_=f|g, du_=0 in Q_,
wy+uy —y—u_=h on 09,

td (u+,7r+;t~"+) —t, (u,,w,;fl) +Pyiupr=r on 09,

(4.8)

i.e., problem (4.5) with V' = 0, and show the following uniqueness result.

Lemma 4.1. Let M satisfy Assumption 2.3 and dim(M) > 2. Let Q4 = Q C M be a Lipschitz do-
main. Let Q_ := M\Q) satisfy Assumption 2.1. Let s € (0,1) and > 0 be a given constant. Let P €
L (00, A'TM @ AYT M) be a symmetric tensor field which satisfies the positivity condition (A.22). Then

for (fy,f_,h,r) € Vs, the transmission problem (4.8) has at most one solution ((uy, 7, ), (u_,7_)) € Xi.

Proof. Let ((uf,7}), (u?,7%)) € X, satisfy the homogeneous version of problem (4.8). Then the vector
fields uY. admit the layer potential representations of the Stokes system solutions,

ugr = Voo (t7 (u},7})) — Woag (v4ul) in Q. (4.9)
=—Voaq (tg (02, 72)) + Wog (y-u?) in Q_ (4.10)

(see, e.g., [17, (3.7)]). By applying the trace operators v to (4.9) and y_ to (4.10), and by using formulas
(A.15) and (A.16), we obtain the equations

1
(211 + KaQ) vrul = Vag (tf (ul, 7))  on 09, (4.11)

Equations (4.11), (4.12) and the transmission conditions
pypul —y-u? =0, tful, %) —t; (u, 7°)+P (y4ul) =0 on 09, (4.13)
lead to the equation
1
(3004001 + (0L Ko +VoP ) (10t =0, (4.14)

In view of Theorem A.2(iii), the operator

1 , ,
5(1 + )+ (1 — ) Koq + VaoP : HE(0Q, A'TM) — HE(0Q, A*TM)

is invertible, for any s € (0,1). Consequently, equation (4.14) has only the trivial solution y4uf = 0.
Then the well-posedness of the Dirichlet problem for the Stokes system (see [17, Theorem 5.6] and [57,
Theorem 7.1]) as well as the assumption <E+W3, 1)o, = 0 imply that u% = 0 and 7% = 0 in Q4. In
addition, the first transmission condition in (4.13) implies that y_u® = 0 on 99Q. By using again [17,
Theorem 5.1] and the second condition in (4.13) we obtain u? = 0, 7% = 0 in Q_, i.e., the desired
uniqueness result. O

4.2. Well-Posedness of the Transmission Problem (4.8)

We construct a solution ((u4,7m4), (u—,7_)) € X of the transmission problem (4.8) in the form
u+=/\f9+f+—|—v+, 7T+:QQ+f+ +p++cin Q+, (415)
_=No f +v., 7.=0Qo f +p_+cinQ_. (4.16)
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Note that N if'i and Qg if'i are the Newtonian velocity and pressure potentials for the Stokes system

in Q4, with a density f. € Hs’%(Qi,AlTM). In order to satisfy the assumption (E 7, 1)q, = 0,

required by the definition of the space X5 (see (4.1) and (4.3)), we determine the pressure field py in
s 1

(4.15) in the space Hi 2(Q4) and choose the constant ¢ € R such that

<E+(ng+f+)+c,1>ﬂ+ =0. (4.17)
In view of the mapping properties (3.9) and (3.10) we have
No,fe € H 3 (Qu, A'TM), Qq, fy € H 2 (Qy). (4.18)

In addition, by using the relations (3.12) we obtain that
L./\/’Qii}i-i-dggif‘i :i}i, 6(N9i?i) =0in Q4. (419)

Consequently, ((us,74), (uy,m2)) given by (4.15)—(4.16) is a solution of the transmission problem of
Poisson type (4.8) in the space X; if and only if (vi,p+) satisfy the following transmission problem for
the homogeneous Stokes system

LV+ + dp+ = 07 (5V+ = 0 in Q+
Lv_+dp_-=0, év_=0 in O_

py+vy —y-v_ =hg € H:(0Q, A*T M) (4.20)
ta_(v-‘r7p+) - ta(V_,p_) +7D’Y+v+ =TI € HS?1(897A1TM)7
where
ho :=h — (M’Y+ (N9+f+) —7- (Nﬂ,f—)> ) (4.21)
ro = r—(tg (NQ+E‘+, QQ+f'+) —ty (NQ?E,, ngf',)—i—’P’n (Ng+f‘+)> (4.22)

Note that the left hand side of the last transmission condition in (4.20) is now expressed in terms of the

canonical conormal derivatives (cf. [50, Section 3.3]), due to the fact that the right hand sides of the first

two equations in (4.20) are equal to zero. Also note that the second relation in (3.12) combined with the

divergence theorem and with the assumption h € H2(9Q, A'TM) implies that hg € HS (9, A'TM). In

addition, by (2.41) and the assumption P € L>(9Q, A'T M), we obtain that ro € H*~1(0Q, A'TM).
Next we show the well-posedness of the transmission problem (4.20).

Lemma 4.2. Let M satisfy Assumption 2.3 and dim(M) > 2. Let Q4 :=Q C M be a ~Lz'p§chitz domain
and Q_ = M\Q. Let s € (0,1) and p > 0 be a given constant. Then for all given data (f.,f_,h,r) € Y,
the transmission problem (4.20) has a unique solution ((vy,p+), (Vv_,p—)) € Xs.

Proof. We are looking for a solution of problem (4.20) in the form
vl =Woo® + Voo, P =Poa® + Qoap in Qi (4.23)
v0 = Woa® + Voap, p’ =Poa®+ Qoap in O, (4.24)

where (®, ) € H3(0Q, A'TM) x H*~1(9Q, A'TM) are unknown densities. By (3.18), these layer poten-
tial representations satisfy the Stokes system in Q4. In addition, by the relations (A.15) and (A.16), and
by the first transmission condition in (4.20) we obtain the equation

<_;(1 + )l + (1 — 1)KE)Q> P + (u— 1)Vaqw = hg on 09. (4.25)

Next by using the relations (A.17) and (A.18), and the second transmission condition in (4.20), we obtain
the following equation

1
(I+PVaq) ¢ + (Dgg — Dy +P (—21[ + Kag>) ® =r( on 01, (4.26)
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where the layer potential operator
D}, — Djq : H¥(0Q,A'TM) — H*~ (09, A'TM) (4.27)

is linear and compact due to the property that (DgQ — Dgg) ® c Ry, for any ® € H(0Q, A'TM) (see
also [39, Theorem 4.17]). Note that in the Euclidean setting the operator in (4.27) is just the null operator
(see, e.g., [68, (4.117)], [33, Theorem 3.1]).

The system of equations (4.25) and (4.26) reduces to the equation

U, )" = (hg,ry) | inX,, (4.28)
with the unknown (®, )" € X, where
X = HE(0Q, AT M) x H¥ (09, A'T M), (4.29)

U : X; — X, is the matrix operator

. K00 (1 —1)Vaq
U= (DgQ “ D+ P (- +Kpa) T+PVag ) (4.30)

and K00 : H5(0Q,AYTM) — HE (02, AYTM) is the operator given by

1
Kuo = =51+ p)l+ (1 — 1)Koq. (4.31)
The operator (4.30) can be written as
U=T+¢, (4.32)
where
(Ko (1 —1)Voq » 0 0
T( 0 I = Djo —Dyo+P (—51+Koa) PVoa )’ (4.33)

We now show that the operator 7 : X; — X, is Fredholm with index zero for any s € (0,1) and p > 0.
(i) If w =1 then 7 reduces to the isomorphism

-I O
(39). s
(ii) If p € (0,400)\{1}, then the operator K,;9q given by (4.31) can be written as
11+
Koo = (1 —1) (21_‘;11 + Km> , (4.35)

which is Fredholm with index zero whenever u € (0,1) due to the Fredholm and zero index property
of the operators in (A.27). If u € (1,+00), this property is still valid. Indeed, we have p~! € (0, 1),
and operator (4.35) can be written in the equivalent form

114 pt
Ko = (u— 1) (— p

21— pt
Then, by using once again the Fredholm and zero index property of the operators in (A.27), we
obtain the desired result.

Consequently, the operator K,.00 : H5(02, AYTM) — H5(0Q, AYTM) given by (4.35) is Fredholm with
index zero, and then the operator 7 : X; — X, defined in (4.33) is Fredholm with index zero as well, for
any p € (0,400) and s € (0,1). The operator C : Xg — X is linear and compact due to the compactness
of the operator in (4.27) and of the operators

I+ K(’)Q) . (4.36)

1
P (—211 + Km) CHE(0Q,A'TM) — H1(9Q, A'TM),

PVoq : HHOQ, A TM) — H* (09, AN'TM).
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Hence the operator U : X; — X, given by (4.30) is Fredholm with index zero for any s € (0,1). We now
show that U/ is also one-to-one, i.e.,

Ker {U : X; — X} = {0}. (4.37)
To this end, we use the continuity of the embedding X, — X 1 which has dense range for any s € (%, 1),

while the continuous embedding X 1= X has dense range for any s € (07 %) Then by Lemma 2.7 we
obtain the equality

Ker{U:XSﬁXS}:Ker{U:X% —>X%}, Vse (0,1), (4.38)
which shows that property (4.37) holds if and only if
Ker {u > X%} = {0} (4.39)

Let (99, cpo)T € Ker {Z/{ Xy - X, }, and consider the layer potentials

1 = Woa®" + Voap', 70 =Poa®" + Qoqp" in M\ON. (4.40)
Then we have the following inclusions for the restrictions to Q4
(a7, ) € Hy (e, A'TM) x L* (), (4.41)
and the following relations on 92
v+ (Wlay) = 7= (w’la.) =0, (4.42)
te (a0, ) =ty (W’la_, 70 ) + PVaq (14 (0’]a,)) = 0. (4.43)

Therefore, the elements (0’|, ,7%q, ) € Hj (Qs, A'TM) x L*(Q1) determine a solution of the homo-
1 stl
geneous transmission problem associated to (4.8) in (H§+2 (Q, A1TM) x HS*%(QJF)) X (H5+2 (Q_, Al

TM) x Hs’%(ﬂ_)). Then by using the Green formula (2.42) (with V = 0 and s = ) in each of the

domains Q4 and Q_ and the positivity condition (A.22) satisfied by P we deduce (as in (4.57)—(4.60))
that 74 (u’|o,) = 0. The uniqueness result for the Dirichlet problem for the Stokes system (cf. [17,
Theorem 5.1]) implies that u®|q. =0 and 7%, = ¢4 € R in Q4. By using once again the transmission
condition (4.43) and the relation v, (u’|q, ) = 0, we obtain ¢, = c_. Moreover, formulas (A.15), (A.16),
(A.17) and (A.18), applied to the layer potentials (4.40), together with the conditions 74 (110|Q+) =0
and (4.43) yield

0=y (uO|Q+) - (u0|Q_) =-®" on 090 (4.44)
0= tg(u0\9+,7r0\g+) — tof(u0|gf,7ro|gf) =¢” on 99, (4.45)

and hence that ®° = 0 and ¢" = 0.

Therefore, the Fredholm operator of index zero U : Xl — Xl is one-to-one, and hence isomorphism.
This result and (4.38) imply that ¢/ : Xy — X is an 1somorphlsm for any s € (0,1). Then equation (4.28)
has a unique solution (®, )T =4~ (hg,ro)' € Xs, and the layer potentials (4.23) and (4.24) determine

a solution ((v9,p%),(v%,p%)) of the problem (4.20) in the space (H§+%(Q+,A1TM)><HS—%(Q+)) X
(15" 2(Q_,A'TM)x H*} (©-)). Then by Lemma 4.1 the element

((V+7p+) ) (V,,p,)) = ((Vgapg + CO) ’ (ngpg + cO)) ’ (446)
where the constant ¢y € R is chosen such that
<E+(p3>) + co, 1>Q =0, (447)
+

is the unique solution of problem (4.20) in the space X; given by (4.3). 0
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Next we show the well-posedness of the Poisson problem of transmission type (4.8) in the space X,
s€(0,1).

Theorem 4.3. Let M satisfy Assumption 2.3 and dim(M) > 2. Let Q4 := Q C M be a Lipschitz domain.
Let Q_ = M\Q satisfy Assumption 2.1. Let s € (0,1) and u >0 be a given constant. Then for all
given data (ﬁ,f_,h, r) € Y, the Poisson problem of transmission type (4.8) has a unique solution
((uy,m4), (u_,m)) € Xy and there exists a linear and continuous operator

So: Vs — X (4.48)
delivering this solution. Hence there exists a constant C' = C(s, u, P,0Q) > 0 such that

(g m), (e m ), <€ (BB (4.49)

s

Proof. The unique solution ((vy,p4), (v—,p—)) € X of the transmission problem (4.20), together with
relations (4.15), (4.16) and (4.17), determine a solution ((uy,7my),(u_,7_)) of the Poisson problem
of transmission type (4.8) in the space Xs. In view of Lemma 4.1, this solution is unique, whenever
s € (0,1), and depends continuously on the given data, i.e., it satisfies an inequality of type (4.49), due
to the boundedness of the involved Newtonian and boundary layer potentials and of the isomorphism
U~'. Consequently, the operator delivering this solution, Sy : M — X, is linear and continuous for any
s € (0,1), as asserted. O

4.3. Well-Posedness of the Transmission Problem (4.5) with V' # 0

Next, we obtain the main result of this section, i.e., the well-posedness of transmission problem for the
Stokes and Brinkman systems (4.5), with V' # 0.

Theorem 4.4. Let M satisfy Assumption 2.3 and dim(M) > 2. Let Q4 := Q C M be a Lipschitz domain.
Let Q_ := M\Q satisfy Assumption 2.1. Assume that V € L>®(M,A'TM @ A'TM) is a symmetric
tensor field, which satisfies the positivity condition (2.27), and that P € L>(0Q, A'TM @ A'TM) is a
symmetric tensor field which satisfies condition (A.22). Let s € (0,1) and u > 0 be a constant. Then for

all given data (ﬂ_,f'_,h,r) € Y, the Poisson problem of transmission type (4.5) has a unique solution

((uy,m1), (u_,7_)) € Xs and there exists a linear and continuous operator
Sy : Y, — X, (4.50)
delivering this solution. Hence there is a constant C = C(s,u, V,P,00) > 0 such that

(s, (), < O (B Fosbor)) (451)

Proof. In view of Theorem 4.3 there exists a linear and continuous operator Sy : Vs — X such that
(Wi,q4),(W_,q-)) =380 (f‘+, F_,H, R) is the unique solution of the problem

LW++dq+:ﬁ+|Q+, 6W+:0 in QJ’_,
Lw_+dg-=F_|lg, ow_=0 in _,
wy+wy —y-w_=H on 09,

tad (w+,q+;1~?‘+) —t, (W,,q,;l':,) +Pyywr =Ron 09,

(4.52)

for all (f‘Jr, F_.H, R) € Ys. Then (see Remark 2.6) we can rewrite the problem (4.5) as

((V+,p+), (v,,p,)) =8 (f'Jr—EJr (Vvy) . h7r) , (4.53)
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or, equivalently, as
(ve,ps), (Vv_po)) + So (131 (Vvy),0, 0,0) =S (f;,f‘_, h,r) , (4.54)

where E+ is the operator of extension of vector fields (one forms) defined in Q4 by zero on M\ Since
So 1 Vs — X is linear and continuous and the linear map from X to )y, which takes ((V+,p+), (v_,p_))

to (E+ (Vvy),0,0, 0), is compact, due to the continuity of the inclusions

L®(Qy , A'TM @ A'TM) - H*V 2 (Q, A'TM) — L*(Q4, A'TM)
— H"3(Q,, A'TM),

the last of them being compact, we deduce that the left hand side of (4.54) defines a Fredholm operator
of index zero for any s € (0,1), denoted by

Ay 0 Xy — X, (4.55)

Then by the density of the embedding Xy — X 16 whenever s € (0, %), with the converse embedding in
the case s € (%, 1), and by Lemma 2.7 we obtain

Ker {Ay : X, — X,} = Ker {AV Xy Xé;é} . Vse(0,1). (4.56)

We will show that the transmission problem (4.5) has at most one solution in the space X%;(; (i.e., for
s = 2) and hence that Ker {AV T X%;s} = {0}. Then by (4.56), Ker {Ay : X; — X5} = {0} for
any s € (0,1). Equivalently, the Fredholm operator with index zero Ay : Xs — X is an isomorphism
for any s € (0,1). Then it follows that equation (4.54) has a unique solution in X, and that accordingly
problem (4.5) has a unique solution in Xs for any s € (0,1).

Let us now show that problem (4.5) has at most one solution for s = 3. Indeed, if we assume
that ((u},79), (u?,7%)) € X1,5 is a solution of the homogeneous problem associated to (4.5), then by
applying the Green identity (2.42) in each of the domains Q4 and Q_, we obtain the relations

2(Defu’, Defu? )o, + (Vul,ul)a, = {5, 71), 70 )sq, (4.57)
2(Defu’ , Defu’ ) = —(ty (u2,7%),7-u’)sq. (4.58)
By using the transmission conditions satisfied by (u%,79) and (u®,7%),
pypul =~-u?,  t3 (0, 7)) —ty (02, 70) = =Py uf on 99, (4.59)
we obtain that
2u<Defu3_, Defu3_>Q+ + u(Vug_, u3_>Q+ + 2<Defu(l7 Defu® )
= —u(Pyyul, v1u)ao < —uCpllviul 17200 arrar), (4.60)

where the last inequality follows from the strong positivity condition (A.22) satisfied by P. However,
the left hand side of the above equality is non-negative due to the positivity condition (2.27) satisfied
by V. Thus, each side of (4.60) vanishes, and, in particular, we obtain 'y+u3 =~_u’ =0o0n 99, ie.,
uY € H}(Qx, A'TM), where H (2, AYT M) is the closure of D(2, AT M) in the norm of H(Q, A*TM)
(see [45, Theorem 3.33]). Moreover, by (4.60), Defu’. = 0 in Q.. Then the injectivity of the operator

Def : H} (Qq, A'TM) — L*(Qx, S?°T*M) (4.61)
(see [17, (6.17)]) implies that u = 0 in Q.. Consequently, we find that

ul =0 7l=crteR in Qg (4.62)
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where the last relations follow from the Brinkman system in Q0 and the Stokes system in Q)_, respectively.

However, the second transmission condition in (4.59) implies the relation t{t(u(}r, 779r) =tq (ug7 7r9) on

09, which, together with the condition (Eyrg, 1)a, =0 (see (4.3)), shows that ¢4 = 0. Therefore,

=0 71=0 in Q, (4.63)
1
2
Consequently, problem (4.5) has a unique solution ((uy,7),(u_,7_)) € Xs for any s € (0, 1). Moreover,
by (4.54) and (4.55),

i.e., problem (4.5) has at most one solution in the space X1 (i.e., in the case s = 3), as desired.

(uy,m4), (u—y7)) = Sy <f+a f‘,, h, I') )
where the operator
Sy Vs — X, Sv=A,' 08 (4.64)

delivering this solution, is linear and continuous, due to linearity and continuity of the maps Sy : Vs — X
(see Theorem 4.3) and A" : Xy — X O

5. Transmission Problems for the Navier—Stokes and
Generalized Darcy—Forchheimer—Brinkman Systems

5.1. Problem Setting and Preliminary Lemma

Let s € (0,1). Let u > 0 and k,3 € R be nonzero constants. Let V € L®(M,A'TM @ A*TM) be a
symmetric tensor field satisfying the positivity condition (2.27) and P € L>(9Q, A'TM ® A'TM) be a
symmetric tensor field satisfying the positivity condition (A.22). Next we consider the following trans-
mission problem for the nonlinear incompressible Navier—Stokes and generalized Darcy—Forchheimer—

Brinkman systems in two complementary Lipschitz domains Q4 of a compact Riemannian manifold M,
with dim(M) € {2,3}:

Lu++Vu++dzr+:t~"+|g+f(k|u+|u++ﬂVU+u+) , ouy=0in Qg
Lu_+4dr_=f g —Vy u_-inQ_, du_=0inQ_,

py+uy —y—u_ = h on 99, (5.1)
t (u+, Ty by — i-k;g;g+u_~_) —ty (u_,w_; f— j-o;l;g_u_) + Pyyiuy =r on 98,
where
Thoipenatie = ke (B ES uy + 61 (B * Vil ) EX s, (5.2)

1 ~ ~

for uy € H;+2(Qi,A1TM), Q4 C M and the constants ky,B8: € R, B : H(Qy) — H'(Qg) is

the unique linear bounded extension operator for —1/2 < ¢t < 1/2, cf. [50, Theorem 2.16], while E :

H'(Qy) — HY(M), t € R, is a (non-unique) linear bounded extension operator. In view of (2.32), the
1

expression (Ei_5vui)Ei+§ui is understood as
~_ 1 s+l 4 ~_ 1 ‘ s+1 ¢ (=3 syl
((Ei 2V, ) B 2ui) - (Ei 2ajui) B Rl 4T (Ei 2ui> B (5.3)
For the restrictions of fki;ﬁi§ﬂi uy, we evidently have,

70 Lhyipes0p Uk = kilug|ug + B+Vy, uy.

We assume that the given data in (5.1), (ﬁ, f_,h, r), belong to the space )5 defined in (4.4), and

that they are sufficiently small in a sense that will be described below. Then we show the existence
and uniqueness of the solution ((uy,74), (u—,7_)) € X of the transmission problem (5.1), where X
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is the space given by (4.3). The proof of the existence and uniqueness result is mainly based on the
well-posedness result established in Theorem 4.4 and on a fixed point theorem.

We note that problem (5.1) with V' = ol and «, k, 8 positive constants describes the flow of a viscous
incompressible fluid through a porous medium, and the coefficients «, k, 5 are determined by the physical
properties of such a medium (see, e.g., [60] for further details).

First we show the following result that plays a main role in the proof of the well-posedness of the
problem (5.1) in the case s € (0,1). A slightly different approach to the particular case s € [%,1) is
discussed in Appendix B (see also [17, Lemma 7.5] in the case of general LP-Sobolev spaces, and [32,
Lemma 5.1] in the Euclidian setting).

Lemma 5.1. Let M be a compact Riemannian manifold with dim(M) € {2,3}. Let Q@ C M be a Lipschitz
domain, s € (0,1) and k, 3 € R be given nonzero constants, and

Thpa(v) = k(E|V))E**2v 4+ B(E* "2V, )E* 3 v, (5.4)
Then the operator
Trp : HV2(QAYTM) — H*~2(Q, A'TM) (5.5)

s a nonlinear continuous, positively homogeneous of order 2, and bounded, in the sense that there exists
a constant Cy = C1(Q, k, B) > 0 such that

;202 (1)

In addition, the following inequality holds

Cifulf? (5.6)

||’VS7§ S a1 .
H*™2(Q,A1TM) H*T2 (Q,A'TM)

IZrkis:2(v) = Trigia (W)l o5 o prrany (5.7)

< (vl + [wl v =]

N 1 1
H*T2 (Q,A'TM) H*T2 (Q,AlTM)) H*T2(QA'TM)’

for allv,w € Hstz (Q,AYTM), and the operator fk;ﬂ;g does not depend on the chosen extension operator
Es*3 in definition (5.4).
Proof. Let s € (0,1). The following pointwise multiplication result for Sobolev spaces holds

H*T3(Q) - HE75(Q) — H'(Q) (5.8)

for any ¢ € [0,1/2), in the sense that if f € H**2(Q) and h € H2~5(Q), then fh € H'(R), and there is
a constant ¢ = ¢(£2,s) > 0 such that

(cf., e.g., [63, Section 4.4], [6, Theorem 7.3], [26, Lemma 28] and [17, (7.29)]).
Since for any s € (0,1) there exists ¢ € [0,1/2) such that 1/2 — s < ¢, and thus H'(Q) < Hz (1),
(5.8) implies that
H¥T5(Q) - H375(Q) — H?%(Q) (5.9)
and there exists a constant ¢ = ¢(£2, s) > 0 such that

By [6, Theorem 8.1] and [26, Lemma 28]), we obtain that the pointwise multiplication of functions
extends uniquely to a continuous bilinear map

H*"2(Q)- H*2(Q) — H* 2(Q). (5.10)
In addition, we prove the inclusion

H¥T2(Q) - H2(Q) — H* " 3(Q), (5.11)
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Le., (Est2u)o e H"2(Q) for allu € H*"2(Q) and & € H*~2(Q), and there is a constant & = &(€2, s) > 0,
such that
s+% ~
IE* )il o
Let us first prove (5.12) in Euclidean setting, by using the arguments similar to those in [6, Theorem
8.1]. We first prove (5.12) for o € H*~2(Q) and u € D(R™).
We have,

< &ffull (5.12)

Hs+% (Q) ||5||ﬁ57% (Q)'

|, V) are-3 (Q)XH%’S(Q)|

[t 7.3 (5.13)

i~ WP

weD (@) 15

By using the pointwise multiplication result (5.9) and that rqu € D(Q) € H5t2 (1), we obtain

|<U57W>ﬁs’%(52)xH%’s(ﬂ‘ | (@ >H5’§(S2)><H§’5 ()
< 50 g 0
< Al Nl ¥ 5o
Hence,
45 < Sl e (5.14)

“3(q)
i.e., inequality (5.12) holds for 7 € H*~2(€2) and u € D(R").
Let us now prove (5.12) for o € H*"2 (Q) and u € HS'*‘%(Q). To this end, note that D(R™) is dense in
H**t2(R"), and hence there exists a sequence {¢g }x>1 C D(R™) such that
klim or = BTy in Hs+%(R”) = lim ro@Yr = u in HS+%(Q). (5.15)
—00

Moreover, by (5.14), ||¢,;v LpgvHNg_E(Q) élle; —eell oth (Q)|| ||~g_§(ﬂ) and by (5.15) we deduce that

{@r0}r>1 is a Cauchy sequence in H*~%(Q), i.e., it converges to an element @ € H* 2 (Q). It is easy to
show that the limit is unique, i.e., does not depend on the chosen sequence {¢}i>1, and we define the
product (ES*2u)v := . Hence

EStiyg = kllrxolo@kﬂ in ﬁsfg(ﬂ). (5.16)
Then we obtain that
IB )il g g < ook = (B )bl o + IorTll 3
< ok — (B3l g g + 0k v g I3
< lonT = (B )Tl g ) + llon = ey g Pl

T — (5.17)

3oyl -
Finally, by (5.15) and (5.17), we obtain inequality (5.12), as desired. Such an inequality is still valid when
Q) is a Lipschitz domain in the compact Riemannian manifold M, as follows from the definition of the
involved Sobolev spaces on M (see Sect. 2.1) and the version of (5.12) in the Euclidean setting (see also
[26, Lemma 28]).

Further, by (5.12) and the local representation formula (2.32) of Vyuv, there exists a constant cj, =

(o) (£2,5) > 0 such that

s—iqg £ s+ g
H(E 283“)E Y HH‘“’*%(Q) < ol s @ aran Vi3 o pmmy

Vu,v e H"2(Q,A'TM). (5.18)
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In addition, by using again (5.11) we obtain that H°(Q) - H5"2(Q) — H*"2(Q)- H*"2 () — H*"3(1).
Hence

(E°lu))Es*t2v € H=3(Q,A'TM), Vu,ve H2(Q,ATM) (5.19)
and there exists a constant ¢fj = ¢j(£2, s) > 0 such that

-0 s+1 *
| EorabE= vy < et IV s oy

Vu,v e H 2 (Q,A'TM). (5.20)

et S 1 7 . . oy
Thus, the nonlinear operator Zj.s.q : H(;—’—2 (QATM) — Hs_%(Q,AlTM) given by (5.4) is positively
homogeneous of order 2, and bounded in the sense of (5.6), with the constant

C1 = |klc(oy + |Blcp- (5.21)
Moreover, inequalities (5.18) and (5.20) imply that
IZkm:2(V) = Tesp (Wl o3 o arrany

< |k H E°|)E*tiv — (EO|w|)ESt H~
< K[ |[(E"|v]) v — (E7|w|) WHS*%(Q,AlTM)

~ 1 1 ~ 1 1
B3V )EStiv — (B3, )E*t3 HN ,
+16] H( V) v —( *Vw) W =3 (Q,A T M)

< b1 | (B0 V] = [w) 3 4 (B 5 (v — w)

—~._3
‘Hs_f(Q,AlTM)

~ 1 1 -~ 1 1
B3V, W) ESTiv 4 (B 5V ) ESt 5 (v — H”
+181 H( ) v ) (v —w) T3 QAT M)

< (kle + 1BICOIY = Wl yov s o urany (Ve 3 nirany + 190 e )

= CIHV - WHHl(Q,AlTM) <||VHH8+%(Q,A1TM) + ||W||HS+%(Q,A1TM)> ’

giving inequality (5.7). Then the continuity of the operator (5.5) is a consequence of (5.7).

To prove that the operator Ik .3:0 does not depend on the chosen extension operator EST2 in definition

(5.4), let us consider the operators Ik g0 and Ikﬁ o obtained using the extensions E1 ® and ES—“7

respectively. Then
||Ili;ﬁ;fz(") - II%;B;Q(V)”HS*% (Q,AYT M)

~ S-‘r S+
< | EwpE Y — BB

é—* 3+2 5—— S+2
—HﬂlH *Vv)E, —(ER V) B, “Ns’%(Q,AlTM)

_ 0 sty et H
|k|H(E VDT = B2y

18| @B ivanEt - Bty
H* 2 (Q,A1TM)

(Ef—k%va;—F%v)H =0

< ([kle+18ICo) vl HV 3 (Q AT M)

1 T
H*T5 (Q,A T M) H Q

since rq <E5+ — ESJr2 ) =0. O
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5.2. Existence and Uniqueness for Nonlinear Transmission Problem (5.1)

Next we use the notation Zg,_ (v) := 50;1;97 (v) and show the main result of Sect. 5, i.e., the existence
and uniqueness of solution in the space X for the nonlinear problem (5.1) when the given data belong
to the space Vs, s € (0,1) (see (4.3) and (4.4)).

Theorem 5.2. Let M satisfy Assumption 2.3 and dim(M) € {2,3}. Let Q4 := Q C M be a Lipschitz
domain. Let Q_ = M\Q satisfy Assumption 2.1. Let s € (0,1) and u >0, k,3 € R be given nonzero
constants. Let V € L>(M,A'TM @ A'TM) be a symmetric tensor field satisfying the positivity condition
(2.27) and P € L>°(0Q, A'TM QAT M) be a symmetric tensor field which satisfies the positivity condition
(A.22). Then there exist two constants ¢ > 0 and n > 0 depending only on Qy, P, V, s, k, B, u, with
the property that for all data (f'_,_, f'_, h,r) € YV, which satisfy the condition

[(E £ 1)), <, (5.22)

the transmission problem for the generalized Darcy—Forchheimer—Brinkman and Navier—Stokes systems
(5.1) has a unique solution ((ut,ny), (u_,m_)) € Xy, such that

<n (5.23)

”(u+u7)”H§+%(Q+,A1TM)xH§*%(Q,,A1TM) -

Moreover, the solution depends continuously on the given data and satisfies the estimate

(g, me), (uy o))

for some positive constant C which depends only on Qy, Q_, P, V, s, p.

x, <O £ ), (5.24)

Proof. We rewrite the nonlinear transmission problem (5.1) in the form

:|—_411_~_—|—‘/v1,l_|_—|—d7‘f'_;,_—f_i_‘QJr fk;ﬁ;QJr(u_;,_)‘QJr, (511+ =0in Q+,
Lu_ +dn_ —f ‘Q —To_ ( )|Qf,5u,:01nQ,,
py+ut —y-u— = hon 99, N (5.25)
ty (u+a7T+;f+ — kg, (u+)) —ty (u—ﬂf—§f— —Iﬂf(u—))
+Pvyyusp =1 on 0N

1
Next we construct a nonlinear operator (75, 7_) mapping a closed ball B,, of the product space H;Jr 2(Qy,

AYT M) x H§+% (Q_,A'TM) to B, and being a contraction on B,,. Then the unique fixed point of (7, 7_)
will determine a solution of the nonlinear problem (5.25), and hence of the problem (5.1).
e The nonlinear operator (7;,7_) and the existence result

S 1 S 1 . .
For a fixed couple (uy,u_) € Hy 2(Qy, A'TM) x H; *(Q_, A'TM), we consider the lincar trans-
mission problem for the Stokes and Brinkman systems

Lu++Vu++d7r+—f+|Q+—Ik579+(u+)|g+, (5u+—01n Q+,
Lu,—i—dﬂ —f lo. —Za_(u)lg_, 6u’ =0inQ_,
prysul —y-u? =h on 99, (5.26)
t+ <u+,ﬂ'+,f+ Ik;ﬁ;fbr (U+)> — tO (11 7T f —597 (u_)>
+Pv4u? =r on 99,

with unknowns ((u%,7%),(u%,7%)). By Lemma 5.1, we have Ikﬂg+(u+) € H*%(Q, A'TM) and
Zo (u_) € H*2(Q_,A'TM), and then for given data (f,,f_,h,r) € ), the right hand side of
(5.26) belongs to the space Vs defined in (4.4). Hence, by Theorem 4.4, there exists a unique solu-
tion ((u,7%), (u%,7%)) of problem (5.26) in the space X; defined in (4.3). This solution can be written
as
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((u?w 773>7 (ug, WE)):((T+(U+7 u*)? P+(u+7 u*))7 (T, (u,u), Po (u+7 u*)))

=Sy <f+ — fk;ﬂ;g_'_ (U+), f_ — iﬂ_ (u_), h, I‘) € XS, (527)

where Sy : Vs — X is the linear and continuous operator introduced in Theorem 4.4. Moreover, the

continuity of Sy and Lemma 5.1 imply that there exists a constant C, = C.(Q4,Q_, P, V, ) > 0 such
that the operator

(To, Pe T Po) s HiP2(Qu AYTM) x HET2 Q1 AMTM) — A, (5.28)
defined by (5.27), satisfies the inequalities
J(Te (g w), Py (s, v), (T (w0 ), P (g u ), (5.20)
< C. (I’+ ~ Tnpa, (up), £ — T (u), hm)‘
< C, f.,f .hr
< (| (E ],

+[Zo_(u-)|
<c.

Vs

. + 12k, ()|l 5703 Q4 AT M)

s

ﬁs’%(ﬂ,,AlTM))

f‘ 7F—7h7r +C*é u 7u7 2 5 ’
(£, ) 1] (uy )HH§+%(Q+7A1TM)XH§+%(Q,,A1TM)

Iy,

for all (up,u_) € Hi 2 (Qy ATM) x H:"(Q_, AT M), with a constant Cy = Cy (4, Q_, &, B,5) > 0

determined by the constant C; from Lemma 5.1 corresponding to operator Zj.s.0, and a similar one

corresponding to operator f@f. Thus, the nonlinear operator given by (5.28) is continuous and bounded
in the sense of (5.29). Moreover, by (5.26) and (5.27), we deduce that

LT, (uy,u-) + VT (uy,u) + dPy(uy,us)
= f+|Q+ _Ik§5§9+ (u+)|Q+ in Q+>
07, (ug,u_) =01in Qy,
L7 (uy,u_)+dP_(u,,u)=f_|o —Zg (u_)lq inQ_,
07_(uy,u_)=0in Q_, (5.30)
4+ (T (ug,us)) — - (T—(u-‘mu—z) =h € H;(0Q, AlTM),
ty (T+(u+7 u), Py, u )i fy — Zypa, (u+)>
—ty (T,(u+,u,),P,(u+,u,);f, —fﬂ_(u,))
+Pys (T (uy,us)) =r € H-H9Q, AT TM).

Hence, if we can show that the nonlinear operator

(To T) tHE 2 (0 AYTM) x HET2 (0, AT M)
QL AMTM) x HIPE (O AYTM) (5.31)

has a fixed point (uy,u_) € H§+%(Q+,A1TM)><H§+%(Q_, ATM)ie, T (up,u)=uy, 7 (uy,u_)
= u_, then this uy and the pressure functions 74 = Pi(u4,u_) will provide a solution of nonlinear
transmission problem (5.1) in the space Xs. In order to show the desired result we consider the constants
¢ and 7 given by

3 1
=2 50, p=—2—>0 (5.32)
16C1C2

¢ 4C,C,
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(see also [13, Lemma 29], [32, (5.25)]), and the closed ball
B, := { (vi.vy) € HSV2 (0 AVTM) x HEV2 (- A'TM) -

(v v (5.33)

1 1 < .
H 2(Qp AMTM)xHL 2 (Q_ ATTM) — 77}
In addition, we assume that the given data satisfy condition (5.22). By using (5.29), (5.32), (5.33) and
(5.22) we obtain

” (T+(V+,V_),P+(V+,V_),T_(V+,V_),P_(V+,V_)) |
which implies that
174, 7) (g u ) ey

and hence (7},7_) maps B,, to B,,.
Now we prove that (7;,7_) is a Lipschitz continuous mapping on the ball B,,. To this end, we use
(5.27) and Lemma 5.1, and obtain the inequalities

(T T0) (Vo ve) = (T4, T0) (W, wo )|

X, S = =n, V (V+7V+) € Bﬂv (534)

< V (ug,uy) eB
@ A TM) < HSTE (0l AT = (g, uy) ”

Hs+% s+3
5 2(Q4, AYTM)xH; 2(Q_,AYTM)
< Cu(IZkpo, (v4) = Tigo. (W)l

+Za_(vo) —To_(w

=3 (4 AVTM)

*)HES*%(Q_,AITM))

gexen(l el

IVl or s (@0 ALTM) etd (QJr,AlTM)) [Ve=woll vy (Q4)

+ (”V— ||HS+%(Q,,A1TM) + ||W— HH'H'% (Q,,AlTM)) ||V— —W_ ||Hs+% (Q,))

< MO Gyl (vavo) — (weowo)| s

et l
H 2 (Q MTM)xH, 2 (Q_ A'TM)

— i)~ (wywo)]
Ve V- Wi W YR AT xS TR QL At
Vo (vy,vo), (Wi, wo) € By, (5.35)

where C, and C) are the constants in (5.29) and from Lemma 5.1. Thus, (7;,7_) : B, — B, is a
contraction, as desired. Then the Banach—Caccioppoli fixed point theorem implies that the map (74,7-) :
B,, — B, has a unique fixed point (uy,u_) = (7;,7_) (uy,u_) € B,. Hence, ((uy, 74 ), (u_,7_)), where
w4 = Py (uy,u_) are the pressure functions given by (5.27), is a solution of nonlinear problem (5.1) in
the space X5. Moreover, the second expression in (5.32) yields

CeC (s w1 HYE (AT < HETE (0L AT

< C.Cunli(us, u7>HH?%(Q+,A1TM)xﬂr(‘;‘*%(Q,,AlTM)

1
T4 (s u_)||H;+%(Q+,A1TM)><H;+%(Q_,A1TM) ‘
Finally, by inequalities (5.29) and (5.36) we obtain

- 1
(g, 71), (amy 7o)l < Cuf[(£4, £ Byr) ||, + 1||(u+,11—

and hence

(5.36)

Mpgers (4 AITM)x H*F 3 (Q_ A'TM)’

(o L0 (E B h))

)”HS+ (SZ+A1TM)><H5+2(Q AlTM) =3 Vs’

4
i.e., inequality (5.24), with the constant C' = §C*'
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e Uniqueness result for the nonlinear problem (5.1)

We now show the uniqueness of a solution ((uy,74),(u_,7_)) € X5 of the nonlinear transmission
problem (5.1), such that (u;,u_) € B,, when condition (5.22) is satisfied. To this end, we assume that
((uﬁr,ﬂ;), (uL,ﬂL))E X, is another solution of problem (5.1), satisfying the condition (u/,,u’ ) € B,,.
This assumption implies that (T+ (u ,u’), 7_(u/ )) € B,, as (74, 7_) maps B,, to B,,. We note that
the elements

(T+(u+7 ) P+(u+,u ) Tf(ug-vu/—)vpf(ug—aul—))

are given by (5.27) and satisfy problem (5.30) with uy replaced by u/.. Then by (5.25) and (5.30) we
obtain the linear transmission problem

(L+V) (T+(u+, ’)—uﬁr) +d(Pp(up,u)—7,)=0 in Qi

0T (v ,u) = in Q_,_,

L (T (uJr7 ')—u)+d(P-(u/,u)-7)=0 in Q_,
O07T_(u/,uf ):O in Q_,

s (7o (up,u’ ) —u)) —y- (T_(u/,,u”_)—u"_) =0 on 09,

ty (74 (0, _)—u+,P+(uq_,u’_)—7rg_) —ty (T-(u/_,u’)—u’, P_ (u+, ) —7l)
+P4 (T (0, 7) ")=0 on 09,

which, has only the trivial solution in the space X5, due to the well-posedness result in Theorem 4.4.
Therefore,

(T4 (U, ul), T-(u/ ,u’)) = (u/,u’), Pi(up,ul)=n}.
Consequently, (u’ ,u’) € B, is a fixed point of the contraction mapping (7;,7_-) : B,, — B,,. Since such
a fixed point is unique in B,;, we deduce that (u;, u’_) = (uy,u_). In addition, we have 7/, = m1. This
shows the uniqueness of the solution of the nonlinear transmission problem (5.1) in B,,.

Due to, e.g., [30, Chapter XVI, §1, Theorem 3|, the unique solution ((u4,n4),(u_,7w_)) of the trans-
mission problem (5.1) depends continuously on the data (f'+,f'_,h, r) € Ys. Indeed, this solution is
expressed in terms of the unique fixed point of the contraction (7,7_) : B,, — B,,, which is a continuous
map with respect to the given data, and this continuity property is an immediate consequence of the
continuity of the map Sy : Vs — Xj.

Appendix A. Mapping Properties of Layer Potentials for the Stokes System in Compact
Riemannian Manifolds

Next we present mapping properties of Stokes layer potentials that have been used to obtain the main
results of this paper. First, we note the following result (cf., e.g., [17, Theorem 5.6] for V' = 0; see also
[39, Theorem 4.8]).

Lemma A.1. Let M satisfy Assumption 2.8 and dim(M) > 2. Let Q@ C M be a Lipschitz domain and
V € L>®(M,A\'TM @ A*TM) satisfying the positivity condition (2.27). Let s € (0,1). Then the Poisson
problem for the generalized Brinkman system with Dirichlet boundary condition

Lv+Vv+dp=F e H3(QA'TM)in Q
ov=0 on €, (A1)
vy v=g€&cH} (8(2 AYT M)

is well-posed, i.e., it has a unique solution (v,p) € H§+§(Q+,A1TM) X Hf7%(9+), and there exists a
constant Cy = Cy (s,2) > 0 such that

vl +lpl -y < CvIF. 8,3

. A2
H;+%(Q,A1TM) H, 2(Q) — ’ H®™ 2 (QA'TM)xH(0,AYT M) (A-2)
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Proof. By using similar arguments to those in the proof of [39, Theorem 4.8], we consider the spaces

HTHQ,ATM) = {u € HV3(Q, A'TM) : Su=0in Q} : (A.3)
D = HIT2(Q,AVTM) x HS ™% (Q), (A.4)
Ry := H*"2(Q, A'TM) x H (99, A'TM) (A.5)

and the operator

Fv: Dus — Rup,  Fy 1= (L v d) : (A.6)
¥+ 0
which is associated to the Poisson problem (A.1). We note that
Fv =Fo+ Fvo, (A7)
where
.7:0 : DS;(; — RS;(;, .7:0 = < L d> (AS)
¥+ 0
is the operator describing the Poisson problem for the Stokes system, and
VvV o
fv;o : D5;5 — Rs;g, fv;o = ( 0 O) . (Ag)

The operator Fy is an isomorphism for any s € (0,1), due to the well-posedness of the Poisson problem
for the Stokes system (cf. [17, Theorem 5.6]). Operator (A.9) is compact due to the compactness of the
embedding L2(2, A'TM) < H*3(Q,A'TM). Thus, Fy : Des — Ras is a Fredholm operator with
index zero for any s € (0,1). Then, by Lemma 2.7,

Ker {Fy : Dy — Ras} = Ker {}'V :Dyy— R%;é} . Vse(0,1). (A.10)

Let us assume that (vg,pg) € Ker {.7:\/ : D15 — R%;é}. By using the Green formula (2.42) and the
condition v+ vy = 0 on 0f2, we obtain that

2(Defvo,Defvo)a, +(Vvo,vo)q, = (t5 (Vo,10),7+Vo)an = 0, (A.11)

and hence Def vo = 0 in Q. Since y4vo = 0, ie., vo € H}(Q,ATM), and the operator Def :
HY(Q,ATM) — L2(Q,S*T*M) is one-to-one (cf. [17, (6.17)]), we deduce that vo = 0 in . Then
by the Brinkman equation and assumption pg € L2(£2) we obtain py = 0 in Q. Hence, (vo,po) = (0,0),
ie.,

Ker {]—'V :Dy 5 — R%;(;} — {(0,0)}. (A.12)

Then by relation (A.10) it follows that the Fredholm operator with index zero Fy : Dss — Rss is
an isomorphism for any s € (0,1). Consequently, the Poisson problem (A.1) is well-posed, i.e., it has
a unique solution (v,p) € Dy.5, which satisfies an estimate of type (A.2), due to the continuity of the
inverse operator ]-"‘71 : Re.5 — Dg.s. O

The next theorem presents some of the main mapping properties of the layer potentials for the Stokes
system ([58, Proposition 4.2.5, 4.2.9, Corollary 4.3.2, Theorems 5.3.6, 5.4.1, 5.4.3, 10.5.3], [17, Theorem
2.1, (3.5), Proposition 3.5], [57, Theorems 3.1, 6.1], and [39, Theorems 4.3, 4.9, 4.11, (131), (132), (137),
Lemma 5.4] for a pseudodifferential Brinkman operator).

Theorem A.2. Let M satisfy Assumption 2.3 and dim(M) > 2. Let Qy := Q C M be a Lipschitz domain.
Let Q_ = M\Q satisfy Assumption 2.1. Let s € (0,1).
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(i) Then the following operators are linear and bounded,

Voo)la, : H 1 (0Q, A TM) — H* 3 (Qp, A'TM)

Qo). : H* (00, A'TM) — H* ™2 (), (A.13)
Wola, : H*(9Q,A'TM) — H**3 (Qp, A'TM)
(Poq) o : H* (0, A'TM) — H* 7 (Qy). (A.14)
(ii) Letp € H*=1(0Q, A*TM) and ¢ € HS(OQ, AYTM) be given. Then the following relations hold a.e.
on 082,
Y4+ (Voayp) = v- (Vaarp) =: Va1, (A.15)
1 1
3¢ 1+ (Waed) = =5 +7-(Waad) = Koad, (A.16)
1 1 _ "
—5f+ tg (Voo Qo) = SE+tg (Voorh, Qoadp) =: Kiaf, (A17)
D/o¢ — D,n¢ € Ry, (A.18)

where Dgﬂ = t? (Waad, Pand) , and K3, is the transpose of the double-layer potential operator
Koq. In addition, the operators

Voq : HS7H(0Q, AT M) — H* (092, A*T M),

Koq : H5(0Q, A\'TM) — H*(0Q, A'TM), (A.19)
Ko : HH0Q, ' T M) — H (00, A'T M)
Doq: H*(0Q, A'TM)— H* (09, A'TM) (A.20)

are linear and bounded, Voo =0, Qv = c+ € R in Q4, and
Ker {Vaq : H* ' (00, A'TM) — H*(09Q,A'TM)} = Ry, (A.21)

where Rv := {cv : ¢ € R}.
(iii) Let P € L*°(0Q, AYTM ® AYTM) be a symmetric tensor field'! with the property that there exists
a constant Cp > 0 such that

(Pv,Vv)aq > CP”VH%Q(BQ,AlTM)’ Vv e L20Q,A'TM). (A.22)
Let € (0,00)\{1} be a given constant. Then the following operators are isomorphisms
1
5(1+M)H+(17u)KaQ+VaQP D HE(0Q, AYT M) — H3(9Q, AYT M), (A.23)
1
5(1 + I+ (1 — ) Khg + PVaq : HSH O, A TM) /Ry — H*H0Q, A'TM)/Ru. (A.24)

Proof. All mapping properties mentioned in (i) and (ii) for the layer potential operators of the Stokes
system in Sobolev spaces on Lipschitz domains in the Euclidean setting or on compact Riemannian
manifolds, as well as their jump relations across a Lipschitz boundary, mentioned in (ii), are well-known
(see, e.g., [17, Propositions 3.3 and 3.4], [57, Theorem 3.1] and [58]). Next we show the mapping properties
in (iii).

Let u € (0,1) be fixed. Let us show that operators (A.23) and (A.24) are isomorphisms for any s €
(0,1). First, we note that the operators Kogq : L2(0Q, AYTM) — L?(0Q, A'TM), Koq : H(0Q, A'TM) —

P e L>®(0Q, A'TM @ A'TM) defines a multiplication operator denoted also by P. Consequently, P : L2(9Q, A'TM) —
L2(09Q, A'TM) is a linear and continuous operator.
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HY(02, A'T M) are bounded (see [17, (3.50)]), and the operators

+ ;fi“ﬂ + Koo : L2009, A TM) — L399, A'TM), (A.25)
+ ilf’ﬁuK b0« HY(OQ, A'TM) — H' (09, AVTM) (A.26)

are Fredholm with index zero (see [39, Lemma 5.3]), where Koo¢ := Ko,p0¢ is defined in (3.17) for any
¢ € H (09, A'TM), r € {0,1}, and, in addition, K}, is the adjoint of Kgqn. Then by an interpolation
argument, as in the proof of [58, Theorem 10.5.3], the operators

i;fiﬂﬂ + Koq : H5(0Q, A'TM) — H*(9Q, AT M), (A.27)

are Fredholm with index zero as well, for any s € (0,1). Moreover, the continuity of the operator
VoaP : L2(0Q,A'TM) — H' (02, A'TM) and the compactness of the embeddings H*(9Q, A'TM) —
H*(0Q, AYTM) — L?(0Q, A*TM) imply that the operators

;+u]1+KaQ+1 Voo P+ L2(09Q, A'TM) — L*(09Q, A'T M), (A.28)
— K
; 1 J_FZ]IJrKaQ t1- MVaQP:HS(aQ,A TM)— H*(0Q, A*T M), (A.29)

are also Fredholm with index zero for any s € (0,1). Now, the property that
H(0Q,A'TM) = {¢ € H"(09Q,A'TM) : (v, p)oq = 0} (A.30)

is a closed subspace of H"(9Q, AYTM) for any r € [0,1) (see, e.g., [1, Proposition 10.6]) implies that

;J_F—M]HKaQ +1o VaszP D L2(0Q, A'TM) — L2(0Q, A'T M), (A.31)
11
iltﬁ]HKam— [ VoaP : Hy(0QA'TM) — H}(0Q, A'TM) (A.32)

are Fredholm operators with zero index as well, for any s € (0,1). Note that LZ(Q,ATM) :=
H2(0Q, AT M). Moreover, the operator

;1+Z]I+KBQ+ PVaq: L (09, AYTM) /Ry — L (092, AYT M) /Rv (A.33)

is Fredholm with index zero, as the adjoint of operator (A.31) and due to the relation L?(9Q, A'TM) /Ry =
(L2(Q, AYTM)) (cf., e.g., [58, (5.118)]).

Next we show that the operator in (A.33) is one-to-one by using a similar argument to that in the
proof of [39, Lemma 5.4]. To this aim, we assume that [p] € L2(0Q, AITM)/Rv (i.e., [¢] = ¢ + Ru,
where ¢ € L?(0Q, AYTM)) belongs to the null space of this operator. Therefore, due to the properties
(A.21) and Kj,v € Rv (see, e.g., [17, (3.6)]), we obtain the equivalence

11+p
21—/1[('0}7?7)]}89[ p] =

114+p
Kigp— ittt 1 p A.34
0¥ =57, P T Vet (A.34)

Koale] =
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with some ¢ € R. Then the fields uy := (Vo) lo. € H'(Qy, A'TM) and 7y := (Q50¢) o, € L ()
satisfy the homogeneous Stokes system in Q4 and the relations

Y4uy =v-u- = Vaoep, (A.35)
1 N I 1
te(uy,my) = <2]I + K89> p= —mgo — H'PVaQLp + cv, (A.36)
B 1 1 1
to (u_,m-) = —51+ Koo ‘P:—ESD—HPVEJQSD'FCV (A.37)

on 99, due to formulas (A.17). Moreover, by using the Green formula (2.42) (with V' = 0) in each of
the domains Q4 and _, as well as the property that (Vaap, v)aa = (@, Vaar)aa = 0, we obtain the
relations

2(Defuy,Defu)o, = (t (up, 71), 7401 )0 (A.38)
SIS S :
=—1_ ’u<907VdQ<P>6Q T M<PV894P7VOQ‘P>BQ>

2(Defu_,Defu_)q = —(t; (u_,7_),7-u_)an (A.39)

1 1
= m(%%ﬂ@m + E(PVSQ%V(SQW@Q
By (A.22), (A.38) and (A.39) we obtain that
2(Def uy, Def u+>g+—|—2u<Def u_,Defu_)o_=—(PVaap, Voap)on (A.40)

< —CplVaawllZz@a.n1rm);

implying, in particular, that Vaoge = 0 on Q2. Then by property (A.21) (see also [17, (2.27)], [57, Theorem
6.1]) we obtain that ¢ € Ry and thus [p] = Ry, that is, [p] = [0] in L?(0Q, A'TM)/Rv. Consequently,
the Fredholm operator of index zero (A.33) is one-to-one, i.e., an isomorphism. The adjoint operator
11+p 1
iﬂﬂﬁ—KaQ—i— =4
is an isomorphism as well.
In addition, the embedding HS(9Q, AYTM) — L2(9Q, AYT M) is continuous with dense range for any
s € (0,1). Then, by applying Lemma 2.7, we deduce that the Fredholm operator with index zero (A.32)
is also one-to-one, and hence is an isomorphism, for any s € (0,1). The multiplication of this operator
with (1 — u) is isomorphism, as well. Consequently, for any s € [0,1), operators (A.23) and (A.24) are
isomorphisms.
The invertibility of operators (A.23) and (A.24) when p € (1,00) is equivalent with the invertibility
of the operator

Vo P : L2(0Q, A'TM) — L2(0Q, AYT M) (A.41)

K e  yaP s (00, AVTM) — HE (09, AMTM)
21*#71 o0 1*,&71 o0 . v 3 v )
for any s € (0,1), which follows with an argument similar to that in the case p € (0,1). We omit the
details for the sake of brevity. O

We now prove a counterpart of Theorem A.2(iii) for p = 1.

Lemma A.3. Let M satisfy Assumption 2.3 and dim(M) > 2. Let & C M be a Lipschitz domain. Let
P e L>®(0Q,A'TM @ AYTM) be a symmetric tensor field which satisfies condition (A.22). Then the
following operators are isomorphisms

[+ PVaq : L2(0Q, A'TM) /Ry — L*(0Q, A'TM) /R, (A.42)
I+ VooP : L2(0Q, A'TM) — L2(0Q, A'TM). (A.43)
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Proof. First, we note that the map VaqP : LZ(0Q,A'TM) — HL(9Q,A'TM) is continuous and the
embedding H}(9Q, A'TM) — L2(0Q, A'T M) is compact. Hence, the operator in (A.43) is Fredholm with
index zero. Then, by duality, we deduce that the operator in (A.42) is Fredholm with index zero as well.
We now show that operator (A.42) is also one-to-one. To this end, we consider [¢] € L?(0Q, A'TM)/Rv
such that (I+ PVaq) [¢] = [0]. Thus, [¢] = ¢ + Rv, ¢ € L?(0Q, A'TM). Moreover, there exists ¢y € R
such that

(I+PVaq) ¢ = cov, (A.44)
due to the property that Vaqr = 0 on 9Q. Then the fields ug := Vaoqp € H (Qy, A'TM) and 7w :=

Qaap € L?(04) satisfy the Stokes system in Q := Q and Q_ := M\, and the following relations on
o0

Y+Uo = 7-uo = Voo p, (A.45)
B 1 1

tO (uo, 7T0) = (2]1 + Kaﬂ) Y = _§PVQQQO + 9 V + KOQ"IO’ (A46)
B 1 1

tO (uo, 71'0) = <—2]I + KBQ) QPVQQCP - V + KaQCP, (A47)

due to formulas (A.17) and (A.44). In addition, by the Green formula (2.42) in Q4 and the relation
(Vo V)aa = (¢, Vaar)aa = 0, we obtain

2(Defug, Defug)a, = (67 (10, m0), 7+u0)an

1
= *§<’PVGQ‘P, Voawp)aa + (Kjap, Vaap)aa, (A.48)
2(Defug, Defug)q_ = —(ty (u_,7_),v-u_)aqn
1
= _§<PVBQSO7VBQQO>BQ — (K09, Voap)oa- (A.49)

y (A.48), (A.49) and (A.22) we deduce the relation
2(Def ug, Def ug)q, + (Def ug, Def ug)o_ = —(PVaqw, Vaaw)sa (A.50)
_CP”VBQSOH%Z(BQ,AlTM)a
where the left-hand side is non-negative, while the right-hand side is non-positive. Therefore, both sides
vanish, and, in particular, we deduce that Voo = 0 on 99, i.e., p € Ker{Vaq : L?(0Q, A'TM) — L?(89,
A'TM)}. By using, e.g., [57, Theorem 6.1], this implies that ¢ € Rv, and thus, [¢] = Ry, that is, [¢] = [0]
in L2(09), A'TM)/Rv. Consequently, the Fredholm operator of index zero (A.42) is one-to-one, and hence,

an isomorphism. By duality and the property (LZ(0%, AlTM)), = L2(0Q, A'TM) /Ry, we deduce that
the operator (A.43) is also invertible.

Appendix B. Mapping Properties of Nonlinear Operator i'k;lg;n

Recall that E is the operator of extension of vector fields (or one forms) defined in Q by zero on M\Q. For
s € [3,1) we will prove in the following lemma that the non-linear operator Trepeo : HT2(Q, AV TM) —
H5=3(Q, A'TM),

Tipa(v) i= E (k[v|[v + BVyv), (B.1)

is bounded and continuous, which implies that it can be used in Sect. 5 as an alternative to the operator
T defined by (5.2) and (5.4).
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Lemma B.1. Let M satisfy Assumption 2.3 and dim(M) > 2. Let & C M be a Lipschitz domain. Let
s € [%, 1). Then there exist some constants C1 = C1(Q, k,B) > 0 and C, = C1(Q, k,3) > 0 such that

o5 g nray < CIE oy o (B2)
1 Zr:p:0(v) — Ik;ﬁ;ﬂ(w)”ﬁsi%(ﬂyAlTM) (B.3)

+lw —wl|

< ¢ (Ivil,

v .
+3(QALTM) ”HH%(Q,AlTM)) I H 3 (QATM)

Jor all u,v,w € H*"2(Q, AYTM).

Proof. Since € is a Lipschitz domain on the compact Riemannian manifold M with dim(M) € {2, 3}, the
Sobolev embedding theorem yields that the inclusions

H¥t 2 (Q,A'TM) — HY(Q,A'TM) — LYQ, , A'TM) (B.4)
are continuous for all ¢ € [1, 6] (see, e.g., [5, Chapter 2]). The inclusions
H35(Q, A'TM) — Lw=572 (Qy, A'TM) — L"(Q4, A'TM) (B.5)
are also continuous for all € [1,3]. Then a density and duality argument implies that the embedding
EL™ (Q,A'TM) < H*"3(Q,A'TM) (B.6)
is continuous, where 1’ € (1,00), X + L = 1. Hence, Fu € H*~2(Q, A'TM) for u € L" (Q, A'TM), and
there is a constant C' = C(€2, s) > 0 such that
180l o prpany < Ol @airany, Y€ I7(Q,AMTM), (B.7)
By (B.4) with ¢ = 4 and by the Holder inequality there exists a constant C’ = C’(£2, s) > 0 such that

I vIw (2170 < VI arran [WllLa@,arran

< vl (B.8)

H*T 2 (Q,ALTM) 1wl e 4 (@A TM)’

and hence |v|w € L2(Q,A'TM) for all v, w € H5"2(Q, AYTM). Moreover, by (B.7) (with r = 2) and
(B.8), the positively homogeneous operator B of order 2, defined by

B(v,w) := E(|v|w),

maps H*2 (Q, AT M)xH*+2 (Q, ALTM) to HO(Q, AT M)—H*~2(Q, AYTM) and there exists a constant
¢ = ¢(Q,s) > 0 such that

1B 3 cnrznns < Vet enrznn et iy (B.9)
Consequently, the following operators are bounded
B:H*"2(Q,A'TM) x H* 2 (Q,A'TM) — L2(Q, A'TM), (B.10)
B:H*3(Q,A'TM) x H"3(Q,A'TM) — H*"2(Q,A'TM). (B.11)

On the other hand, recall that if v = v79; and w = w’0y, then V,w has the following local representation
(VVW)Z = v/ 0w’ + Ffjwrvj. By exploiting the Hélder inequality, the embedding 9w’ € HS*%(Q) —
L*(Q) for s > 1/2, and embedding (B.4) with ¢ = 6, we deduce that there exists a constant ¢ =
c(0)(€2,s) > 0 such that

179 we”Lz(Q < HUjHLG(Q)||ajw£||L2(sz) < C(o)||Uj||Hs+%(m”w£||Hs+%(Q)a
for all v, w € H* 2 2(Q, AYTM). Therefore, the following inequality holds
||VVW||L% (Q,AlTM) S C(/)||V||Hs+%(Q,A1TM) ||W||HS+% (Q,AlTM) (B'12)
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for all v, w € H5"2(Q, A'T M), With some constant Cj = C{(2, s) > 0. Moreover, by the continuity of

the embedding (B.6), with ' = 2, and by (B.12), there exists a constant Cy = Cy(£2,s) > 0 such that
the bilinear operator N (v, w) := E(V,w) satisfies the inequality
||N(V W)”Hsf— [¢) AlTM) S CO||VHHS+% (Q,AlTM) ||w||HS+% (Q,AlTM)’ (B13)
for all v,w € H*"2 (2, AYTM). Hence, the following operator is bounded
N : H5P3(Q,A"TM) x H* 3 (Q,A'TM) — H*"2(Q, A'TM). (B.14)
Thus, Zy.s.q is also bounded in the sense of (B.2)
with the constants
C1 = |k|C" +|B|C}, and Cy = |k|c + |B|Co. (B.15)

In addition, due to (B.1), lo'k;g;g is positively homogeneous of order 2.
We now show inequality (B.3). Indeed, by (B.9), (B.13), and the expression of the constant C; given
n (B.15), we obtain that

[ Zk;p:0(v) — Ik;ﬂ;Q(W)||Hs—§(Q ALVTM) (B.16)

<RI Vv = [wlw [ +1BlIVvv = Vww|| -

H 3 (QAITM)
< [K[[(v] = [wl)v + [w|(v —w

+ [B|IVvewV + Vw (v

H™3 (AT M)
)Hﬁﬂ*%(Q,AlTM)
W)Hﬁs’%(Q,AlTM)

< (Kle + 1BICOIY = Wil yev s o urany (Ve s e nernny 190 ey )

= Cilv —w]| + [lw

H+3 (Q,ALTM) (” ”H“*%(Q,AlTM) ||H‘“’+%(Q,A1TM)> ’

for all v,w € HS“'%(Q,AlTM), i.e.7 inequality (B.3) holds. |
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