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The main purpose of this paper is the analysis of mixed-transmission problems for
the anisotropic Stokes system in a compressible framework and in bounded Lipschitz
domains with transversal Lipschitz interfaces in R™, n > 2. Mixed problems and
mixed-transmission problems for the anisotropic Navier-Stokes system in dimension
n € {2,3} are also considered. The anisotropy is introduced by an L°°-viscosity
tensor coefficient, which satisfies an ellipticity condition in terms of symmetric
matrices in R™*" with null matrix traces. In the first part we use a variational
approach to show the well-posedness of the analyzed linear problems for the Stokes
system in L2-based Sobolev spaces. In the second part we show the existence and
uniqueness of a weak solution of the mixed problem for the anisotropic compressible
Navier-Stokes system with small data in L2-based Sobolev spaces in a bounded
Lipschitz domain in R™, n € {2,3}. A mixed-transmission problem for the Navier-
Stokes system in a Lipschitz domain with a transversal Lipschitz interface is also
considered.
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1. Introduction: Anisotropic Stokes system with elliptic L°° viscosity tensor coefficient

Let n > 2 and Q) be an open set in R™. Throughout our paper we use the notation d, for the first order
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Let £ be a second order divergence form differential operator
Lu =0, (A% 9pu) , (1.1)

such that the tensor coefficient A consists of n x n matrix valued functions A%? with bounded, measurable,

real-valued entries afjﬁ , that is,

_ af af __ af3 af3 o) ..
A=(A )1ga,ﬁgn’ A —(aij >1§i,j§n’ a;; € L7(Q), 1 <id,j,a,f8<n. (1.2)
Assume that the following symmetry conditions hold
a®P(2) = aP(2) = (), 2€Q (1.3)
ij aj i3 ’ .

(see also [43, (3.1), (3.3)]). In addition, assume that the tensor coefficient A satisfies the ellipticity condition
only in terms of all symmetric matrices in R™*", with zero matrix trace. Thus, there is a constant Cy > 0
such that, for almost all x € €,

a?jﬁ(ﬂc)fiaﬁjﬂ > CMEP, V€= (Gia)iamt,..n € R™™ such that € = ¢' and an‘ =0, (1.4

i=1

where |€]? = &aia, and the superscript T refers to the transpose of a matrix (see also [26]). The tensor
coefficient A is endowed with the norm

|A] := max {||af;‘f||Lm<Q) g B=1..., n} . (1.5)

Let u and 7 be unknown vector and scalar fields. Let us assume that f is a given vector field and g is a
given scalar field defined in . Then the equations

L(u,m):=Lu—-Vr=f divu=ginQ (1.6)

determine the anisotropic Stokes system with variable viscosity tensor coefficient A = (A“B)Ka s<n n a
compressible framework. S
Relation (1.1) and conditions (1.3) show that the Stokes operator £ can be written in any of the alter-

native forms
L(u,7) =0, (A*P05u) — Vr, (L(w,7)); = 0a(afl Ejg(u)) —Oim, i=1,...,n, (1.7)

where u= (u1,...,u,)" and Ejz(u):=1(0jus + dgu;) are the entries of the symmetric part E(u) of Vu
that is the gradient of u.
The anisotropic Navier-Stokes system in a compressible framework with variable viscosity tensor coeffi-

cient A= (Aaﬁ ) is given by the following equations

1<a,f<n
Lu,m)—(u-Viu=f, divu=gin Q. (1.8)

The anisotropic Stokes and Navier-Stokes systems in the incompressible case are given by the equations
of (1.6) and (1.8), respectively, with divu = 0.
In the isotropic case, the tensor A in (1.2) has the entries

agf (@) = N@)diadjs + u(x) (8aj8pi + Sapdiy), 1 < i,ja, B <n, (1.9)

]
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where A\, u € L*°(Q), and c;l < p(x) < ¢y for ae. x € Q, with some constant ¢, > 0. This implies that
condition (1.4) is satisfied (cf., e.g., Appendix III, Part I, Section 1 in [46]; see also [26]).

The anisotropic Stokes and Navier-Stokes systems play a main role in various applications related to
the flow of immiscible fluids, liquid crystals, and flows of non-homogeneous fluids with variable anisotropic
viscosity tensors depending on physical properties of the fluids (cf., e.g., [12], [15], [16], [34, Chapter 3]).

The boundary value problems for the (isotropic) Stokes and Navier-Stokes systems involving mixed
conditions have been intensively analyzed by using various mathematical tools, such as variational methods
and layer potential theoretic methods (see, e.g., [8,13,20,17,44-46] and the references therein) due to their
applications in mathematical physics and engineering. Brown, Mitrea, Mitrea, and Wright [8] obtained the
well-posedness of the mixed problem for the Stokes system with constant coefficients in a class of Lipschitz
domains in R™, n > 3, by using a layer potential approach that reduces the mixed problem to a boundary
integral equation. Cocquet, Rakotobe, Ramalingom, and Bastide [13] developed a variational analysis and
a finite element approximation of the Darcy-Brinkman-Forchheimer model for porous media with mixed
boundary conditions. (The Darcy-Brinkman-Forchheimer equation is a perturbation of the Navier-Stokes
equation with a compact operator.) Ebmeyer and Frehse [17] used a variational approach in the analysis
of constant coefficient steady Navier-Stokes equations with mixed boundary conditions (involving Dirichlet
and Navier-type conditions) in three-dimensional polyhedral domains and a class of Lipschitzian domains.
Ott, Kim, and Brown [44] constructed the Green function for the mixed Dirichlet-Neumann boundary value
problem for the Stokes system in a two-dimensional Lipschitz domain. Recently, Amrouche and Boussetouan
[2] have proved existence, uniqueness and regularity of some vector potentials, associated with a divergence-
free vector field satisfying mixed boundary conditions. These results have been used to obtain weak and
strong solutions for a mixed boundary problem for the Stokes system with a pressure condition on some
part of the boundary and Navier-type boundary condition on the remaining part.

Variational approaches have been also used in the analysis of many other elliptic boundary valued
problems. By using such an approach, Angot [4,5] obtained the well-posedness of some Stokes/Brinkman
problems with constant isotropic viscosity and a family of embedded jump conditions on an immersed
(transversal) interface with weak regularity assumptions. The authors in [23] used a layer potential analysis
and the Leray-Schauder fixed point theorem in order to show existence results for a nonlinear Neumann-
transmission problem for the constant coefficient Stokes and Brinkman systems in LP, Sobolev, and Besov
spaces. Regularity results for the Stokes system with measurable coefficients in one direction have been
obtained by Dong and Kim [15] by using a variational technique (see also [12]). Brewster et al. [7] de-
veloped a variational approach to prove the well-posedness of mixed boundary problems for higher order
divergence-form elliptic equations with L coeflicients in locally (e, §)-domains and in Besov and Bessel
potential spaces. Mazzucato and Nistor [36] obtained the well-posedness and regularity in weighted Sobolev
spaces for the anisotropic linear elasticity equations with mixed conditions on polyhedral domains.

An alternative integral approach using explicit parametrix-based integral potentials, which reduces
boundary value problems for the Stokes system with variable coefficients, as well as other variable-
coeflicient elliptic partial differential equations, to boundary-domain integral equations has been developed
in [9-11,19,40] (see also the references therein).

The authors in [25] developed a variational analysis in a pseudostress setting for transmission problems
with internal interfaces in weighted Sobolev spaces for the anisotropic Stokes and Navier-Stokes systems
with an L* strongly elliptic coefficient tensor (see also [15]), by using the strong ellipticity condition in
terms of all matrices in R™*™ (see also [29,30] for boundary value problems for the Stokes and Navier-Stokes
systems with L coefficients in Lipschitz domains on compact Riemannian manifolds, and [24] in the case of
smooth coefficients in the same setting). The authors in [27] and [26] extended their variational analysis to
other transmission and exterior boundary problems with internal interfaces for the anisotropic Stokes and
Navier-Stokes systems by assuming that the corresponding L*° viscosity tensor coefficient satisfies a weaker
ellipticity condition in terms of only symmetric matrices in R™*™ with zero traces, that is, the ellipticity
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condition (1.4), which is indeed weaker than that employed in [25] and [15]. Non-homogeneous Dirichlet-
transmission problems for the anisotropic Stokes and Navier-Stokes systems in a bounded Lipschitz domain
in R™ (in the case of the nonlinear problems it is assumed that n = 2,3) with a transversal Lipschitz
interface have been investigated in [28] by imposing the ellipticity condition (1.4). The authors have used a
variational approach and the Leray-Schauder theorem in order to show the existence of a weak solution for
the nonlinear Dirichlet-transmission problem.

In this paper we obtain well-posedness results in L2-based Sobolev spaces for mixed and mixed-
transmission problems for a compressible anisotropic Stokes system in a bounded Lipschitz domain of
R™, n > 2, with an internal Lipschitz interface that intersects transversally the boundary of the domain.
We show also the existence and uniqueness of a weak solution for nonlinear mixed and mixed-transmission
problems for the anisotropic compressible Navier-Stokes system with small data in L2-based Sobolev spaces
in a bounded Lipschitz domain with the same geometry as in the linear case, but with n = 2,3. The proof
of the well-posedness in the nonlinear case is based on the well-posedness of the linear mixed or mixed-
transmission problems for the anisotropic Stokes system and on the Banach fixed point theorem. We assume
that the L viscosity tensor coefficient satisfies the ellipticity condition (1.4).

The anisotropic Stokes and Navier-Stokes problems of mixed-transmission type considered below and
involving mixed and transmission conditions may describe various physical phenomena, like lubrication and
blood flows (cf. [2] and the references therein), multiphase flows of immiscible fluids with variable anisotropic
viscosity tensors and variable compressibility (see, e.g., [16], [34, Chapter 3]).

2. Preliminary results

Given a Banach space X, its topological dual is denoted by X’, and the notation (-, -) x means the duality
pairing of two dual spaces defined on a set X C R".

2.1. Sobolev spaces on Lipschitz domains in R™

Let n > 2 and let Q be a bounded Lipschitz domain in R™ with connected boundary 99Q. Let D(2) :=
C§°(9) denote the space of infinitely differentiable functions with compact support in 2, equipped with the
inductive limit topology. Let 9/(€2) denote the corresponding space of distributions on €2, i.e., the dual of
the space D(). Let L*(2) be the Lebesgue space of square-integrable functions on €, and L*°(2) be the
space of (equivalence classes of) essentially bounded measurable functions on . Let also

L2(Q) = {f € L2(Q) s (f.1)a = 0}. @2.1)
The dual of L(Q) is the space L?(€)/R. The Sobolev space H'(Q) is defined as
H'(Q) = {f € L*(Q): Vf € L*(Q)"}, (2.2)
and is endowed with the norm
1120y = 122y + 19 ey - (2.3)
The space H'(Q) is the closure of D(€2) in H'(R™), and can be also described as

HY(Q) := {fe HY(R™): supp f C O}, (2.4)

where suppf := {z € R" : f(x) # 0}. The dual of H(Q) is the space H~*(£2). Then the following equivalent
characterization of the spaces H*'() holds
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H(Q) = {f € D'(Q) : IF € H**(R") such that Flg = f}, (2.5)

where |x = rx is the restriction operator of functions or distributions to a set X of R"™.
The closure of D() in H'(Q) is denoted by H*(£2) and can be equivalently described as the space of all
functions in H' () with null traces on 95, that is,

HYQ):={f € H'(Q) : 7, f = 0 on 99}, (2.6)

where v, : H(Q) — H%((?Q) is the trace operator. Recall that this is a linear, bounded and surjective
operator (cf. [14], [38, Lemma 2.6], [42, Theorem 2.5.2]). We will use the same notation v, for the trace
operator acting on vector-valued functions.

Note that the spaces H(€) and H'(2) can be identified isomorphically (see, e.g., [37, Theorem 3.33]).
The dual of H'() is denoted by H~1(), and is a space of distributions. (Note that H~!(R™) = H~!(R").)
Moreover, the following spaces can be isomorphically identified (cf., e.g., [37, Theorem 3.14])

(H'(Q) =H (), H Q)= (H'(Q) (2.7)
Let s € (0,1). Then the boundary Sobolev space H*®(9f) is defined by
_ 2
Mdaxday <00, (2.8)

|X _ y|n71+2s

H*(09Q) := { f € L*(09) :
848

where oy is the surface measure on 99 (see, e.g., [42, Proposition 2.5.1]). The dual of H*(9Q) is the space
H=5(0Q), and H°(0Q)=L?*(09).

By HY(Q)", H! ()™, H*(02)™ we denote the spaces of vector-valued functions whose components belong
to the spaces H(Q), HY(Q), and H*(dQ), respectively. For further properties of Sobolev spaces we refer
the reader to [22,37,42].

We will need the following well known result (see, e.g., [32, Lemma 2.5], [6], [3, Theorem 3.1]), for which
we will provide several generalizations further on.

Proposition 2.1. Let Q) be a bounded Lipschitz domain in R™, n > 2, with connected boundary. Then the
divergence operator div : H'(Q)" — L2(Q) is bounded, linear and surjective. It has a bounded, linear right
inverse Ro, : L3(Q) — HY(Q)". Thus, there exists a constant C = C(0,n) > 0 such that

div(Raf) = f, |Rafllar @ < Cllfllrz@), ¥V f € Li(). (2.9)
2.2. Sobolev spaces on bounded domains with partially vanishing traces

Let Q9 C R™ (n > 2) be a bounded Lipschitz domain with connected boundary I'y. Let D and N be
relatively open subsets of T'g, such that D has positive (n — 1)-Hausdorff measure, DN N = (), DUN =T,
and DNN = X, where ¥ is an (n — 2)-dimensional closed Lipschitz submanifold of T'y.

We need the following space defined on the Lipschitz domains g

CF ()" := {plo, : 0 € C®(R")", supp () N D =0} , (2.10)

and let H}(Q0)™ be the closure of C%(Q0)™ in H'(Q0)". The space H} (o)™ can be equivalently charac-
terized as

Hp(Q)" = {v e H (Q)": (v4,v) |, =0} (2.11)
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(cf. [7, Corollary 3.11], [21, Definition 2.4]). Let also
Hp.aiv(Q0)" = {w € HL(Q)" : divw =0} . (2.12)

Let E be a relatively open (n — 1)-dimensional subset of T'g, e.g., D or N. Let r_ denote the operator of
restriction of distributions from I'g to =. Then the boundary Sobolev spaces on = are defined by

HE(E)" :{ ol (ro)”} : (2.13)
H%(E :{Lp % )": =0 on FO\E} , (2.14)
H- (2.15)
(cf., e.g., [37], [7, Definition 4.8, Theorem 5.1]).

Lemma 2.2. The trace operator 7, CHL(Qo)"— H Hz(N)" is bounded, linear and surjective, having a (non-
—1.

unique) bounded, linear right inverse Vo, Hz(N)"— —HL(Q)™.

Proof. Recall that the trace operator v, : H'(Q9)" — Hz(0€%)™ is linear, bounded and surjective (cf. [14],
[38, Lemma 2.6], [42, Theorem 2.5.2]). Then the desired result is a direct consequence of this property. 0O

The following lemma provides a variant of Bogovskii’s result [6] in the case of vector fields with vanishing
traces on a submanifold of a Lipschitz boundary (see also [30, Lemma 7.4] in the setting of compact
Riemannian manifolds, [3, Theorem 3.1], and [35, Lemma 5.1}, [44, Proposition 2.1], [8, (6.10)] for the
mixed problem for the Stokes system in polyhedral domains, bounded Lipschitz domains in R2, or in
creased Lipschitz domains in R™, n > 3).

Lemma 2.3. (i) The divergence operator

div : H5(Q0)™ — L*(Q0) (2.16)

is bounded, linear and surjective, having a bounded, linear right inverse Rq, : L?(Q) — H}(Q0)™. Thus,
there exists a constant Cp = Cp(Qo,D,n) > 0 such that

div(Ra, f) = £, [Raof Il 0y < Collf L2y, ¥V F € L (). (2.17)
(ii) The operator div : H})(QO)”/HadiV(QO)” — L2(Qo) is an isomorphism.
Proof. (i) The linearity and continuity of the operator in (2.16) are immediate. Let us now show that
operator (2.16) is surjective, by using an argument similar to that for [30, Lemma 7.4] (see also [35, Lemma
5.1]). Let h € L?*(Qp). Our purpose is to show that there exists u € H}, ()" such that

divu = h in Q. (2.18)

To this end, we analyze the following cases related to the constant

(h, 1), = /hdm. (2.19)

Qo
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If (h,1)q, = 0, and, thus, h € L%(p), then the desired existence result follows from the surjectivity of
the map div : ﬁl(Qo)”%L%(QO) (see Proposition 2.1) and the inclusion fIl(QO)" C HL(Q0)™.

Assume now that (h,1)q, # 0. Let v be the outward unit normal to Qp, which exists a.e. on I'g. In
view of the membership of v, in H~2(Dy)", we define v, := TnVp, € H™2(N)" = (ﬁ%(N)")/ and then

o
<VN’<p>N:<VF07<P>FO7 VSOGHz(N) : (220)
With respect to the inner product (-, -)H,% ) in the Hilbert space H ’%(N )™, whose induced norm is
. S S =
I HH*%(N)n’ we have (I/N7 T VN)H*%(N)H 1. The element P T Y produces, through
HT2(N)n H™ 2 (N)n

the inner product, a linear bounded functional in H —3 (N)™ and, thus, is isomorphic with an element g
in the dual space Hz(N)™. Therefore, there exists n, € Hz(N)" such that

(Ve By )y =1 (2.21)

According to the membership of 1 in Hz(N)" and Lemma 2.2, there exists v € H}(Q)™ such that
Yo,V = K, a.e. on I'g, and

v =7, (,) € Hp(Q0)" (2.22)
where 'ygol : H2(N)™ — H}(Q0)™ is a bounded right inverse of the trace operator Yo, : Hp(Q0)" — Hz(N)"
(see also [41, Proposition 5.4]). Now let hg € L%(Qp),

ho :==h — (h, 1)q,divv. (2.23)

Relations (2.19), (2.20), (2.21), (2.23) and the Divergence Theorem imply that hg € L2(Q2). Then there
exists ug € H'(Q)" C Hb ()" such that

divug = ho in Qp and ug = Rg,ho , (2.24)

where Rq, : L2(Q0) — H"'(Q)" is a bounded right inverse of the operator div : H'(€)" — L2(€) (see
also [6], [3, Theorem 3.1]).
We are now able to consider the field u € H!(Q)",

u:=1ug+ (h,1)q,Vv, (2.25)

where v is given by (2.22), and show that it satisfies equation (2.18). Indeed, the membership relation
ug,v € Hp(Q0)" shows that u € H} ()", and relations (2.23), (2.24) and (2.25) imply that divu = h.
Hence, u given by (2.25) belongs to H},(29)" and satisfies equation (2.18). Moreover, relations (2.19), (2.22),
(2.23) and (2.24) show that u = Rq,h, where the operator Ro, : L*(Q0) — H5(Q0)™,

Ray = Ro, o {1 = (divy; ', ) ¢l |+ (1018, ) ¢ ey (2.26)

is a right inverse of the operator div : Hp ()" — L*(2). Since the operators 7, ' : Hz(N)" — Hb(Q)",
Ra, : LE(Q0) — HY(Q)™ and div : H)(Q)" — L2() are bounded, we conclude that the operator
Ra, : L2(Q0) — H}(Q0)™ is bounded as well, which completes the proof of item (i).

(ii) By item (i), operator (2.16) is bounded and surjective, and its kernel is the space Hp.4;,(€20)". Thus,
the operator div : Hp(Q0)"/Hp.q;,(Q20)™ — L*(€) is an isomorphism. 0O
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3. Sobolev spaces, conormal derivatives and Green’s identity for the Stokes system in a Lipschitz domain
with a transversal Lipschitz interface

In the first part of this section we will mention useful results related to the generalized conormal derivative
for the Stokes system with partially vanishing traces in a bounded Lipschitz domain, and in the second part
we will describe useful Sobolev spaces and main results related to the conormal derivatives for the Stokes
system in a bounded Lipschitz domain with a transversal Lipschitz interface.

3.1. Conormal derivative for the Stokes system with partially vanishing traces in a bounded Lipschitz
domain

Assumption 3.1. Let n>2 and 2 C R™ be a bounded Lipschitz domain with connected boundary 0f). Let
09 be divided into two non-empty relatively open subsets I't and T'~, such that 't has positive (n — 1)-
Hausdorff measure, IT NI~ =@, TTUT- = 9Q, and T NI~ is an (n — 2)-dimensional closed Lipschitz
submanifold of 99 if n > 2, and two distinct points if n = 2.

Recall that the space th ()™ is defined as in (2.11), while the boundary Sobolev spaces on I't are
defined as in (2.13)-(2.15). Let us also define the space

HL (Q,L) = {(u,w,f") € HY(Q)" x L2(Q) x (Hb (") : L(u,7) = F|g in Q} : (3.1)

where £ : H'(Q)" x L*(Q) — H~(Q)" is the operator defined in (1.6). Note that if f € (HE+ (Q)”)/, then
f|Q S H_I(Q)".

The conormal derivative operator tq : H'(Q, £) — H —3 (0Q)™ is given by Definition A.2; which assumes
that the right hand side f is an element of H~1(€)". For the case when f belongs to (Hj, (2)") but is
not fixed as an element of H~1(Q)", the conormal derivative tq(u, 7, f) can not be uniquely defined on the
entire boundary 02, however we can uniquely define its restriction to I'~ as follows (cf., e.g., [41, Proposition
8.1], [28, Definition 5.4]).

Definition 3.2. Let Assumption 3.1 and condition (1 2) hold. If (u m,f) € Hyi (€, £), then the restriction
on '~ of generalized conormal derivative, (to(u,7;f)) | € H™z(I'")™, is defined in the weak form by the
formula

((ta(u,m,B)|_ @) = (0 Bjs(u), B (v, ®)),, — (m, div(y; @), + (F. g @), V@®eHi(I)",

where ! : Hz(I™)" — H}, ()" is a bounded right inverse of the trace operator v, : Hp, ()" —
Hz(T)".

In addition, similar arguments to those for Lemma 2.5 in [25] imply the following Green formula whose
proof will be omitted for the sake of brevity (see also [14], [38, Theorem 3.2], [39, Theorem 5.3], [41,
Proposition 8.1], [42, Theorem 10.4.1]).

Lemma 3.3. Let Assumption 3.1 and condition (1.2) hold. Then the generalized conormal derivative operator
to: Hi (Q,L) — H=2(T)" is linear and bounded, and definition (3.2) does not depend on the particular
choice of a right inverse ' Hz(I™)" — HL ()™ of the trace operator v, : Hp (Q)" — Hz (™))"
Moreover, for w € H}. ()" and (u,,f) € H11~+ (Q, L), the first Green identity holds,

<(tQ(u7 T f.))|F— ) VQW>F, = <a?}ﬁEﬂ3(u)7 EMI(W)>Q - <7T’ div W>Qo + <f’ W>Q : (33)
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o s well defined in (3.3) for f € (HE(Q)")" = H=(Q)"/H-}(R")". Indeed,
elements of the same class in the quotient space ﬁfl(Q)"/HF;:(R”)” differ only on T+ and since w €

Note that the term <¥, w>

HE, ()", different elements of the same class f € (HE+ (Q)”)/ will give the same value of the functional
(£,w)g.

Moreover, we have the following useful result for the mixed problem (cf. [7, Definition 7.1] for strongly
elliptic higher-order systems in divergence form).

Lemma 3.4. Let Assumption 3.1 and conditions (1.2) and (1.3) hold.

(i) Let (u,7) € HY Q)" x L*(Q). Let f1,f; be such that (u,ﬂ,f'l),(u,mf'g) e HY(Q, L) and let
tg(u,mf'l)‘r,, tQ(U,?T,fQ)‘l__ € H_%(ﬁQ)" be the corresponding conormal derivative restrictions in-
troduced in Definition 3.2. If supp (f; — f5) C T'F, then (tQ(u,W,f'l)) ’1‘7 = (tQ(u,ﬂ',f‘g))’F,.

(i) If (u,m f) € H{i (Q, L), then the conormal derivative restriction (to(u,T,f)) is well defined, that

is, it is the same when f is replaced by £ + £y with any £, € HF__: (R™)™.

-

Proof. (i) From definition (3.2) we obtain that

<<t9(u’777f1))’1“— - (tQ(u7”7f2))|r—7q)>r— = <(t9(070’f‘1 - f2)|F—7(I>>F—
= (ta(0,0,f — £), ®),, = (fi — F2,7;'®), =0, V®ec H:(I)", (3.4)

since supp (f‘l - f’g) C I'y and Vﬂfyg;lé = &® = 0 on I';, where the last equality follows from the as-
sumption that ® € Hz (I~)". Here ot Hz ()"
Yo o His ()" — HE(D7)™

Relation (3.4) shows that (tQ(u,’]T,f.l))’r_ = (tg(u,w,fg))h,,, as asserted.

(ii) If (u,m, f') € Hi.(Q, L), then by (3.1) f belongs to the space (HE+ (Q)”)/, which can be identified
with fI*I(Q)"/HF;: (R™)™ due to Lemma B.3. Hence f can be considered as a class in this quotient space,

— HL (Q)" is a right inverse of the trace operator

and elements of this class can differ only on T+. But by item (i), the conormal derivative restriction
(ta(u,m, £))|._ does not depend on this difference and hence is well defined. O

3.2. Sobolev spaces on a transversal interface in a Lipschitz domain

In the sequel, we adopt the following assumption on the geometric setting.

Assumption 3.5. Let n > 2 and 2 C R” be a bounded Lipschitz domain with connected boundary 0f.
The domain Q is divided into two disjoint Lipschitz sub-domains Q% and Q= by an (n — 1)-dimensional
Lipschitz open interface ¥, such that 9% = ¥ N9 is a non-empty (n — 2)-dimensional Lipschitz manifold if
n > 2, and two distinct points if n = 2. In this case X intersects 0€) transversally and Q = QT UXUQ™. Let
I't:=00%t\¥ and I'" := 90~ \ T denote the remaining parts of the boundaries Q% and 9™, respectively
(see Fig. 1).

Therefore, 't and I'~ are non-empty relatively open subsets of 9f).
We need the following spaces defined on the domains ©, QF and O,

Hi: ()" :={ve H' Q)" : (7,V)[r+ =0 on T*}, (3.5)
Hio (QF)" = {vF e H'(QF)": (Vg v)|r+ =0 on IT*} | (3.6)

where 7, : H'(QF) — H=(9QF) are the trace operators corresponding to the domains QF.
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Fig. 1. Bounded domain Q = QT U X U Q™ with a transversal interface X.
We need also some Sobolev spaces defined on the interface ¥ (cf., e.g., [7,37]). The space
H? ()" := {qb € LA(X)" : 3¢ € Hz(0T)" such that ¢ = ¢+|E} (3.7)
can be identified with the space
{¢ € L*(X)": 3¢~ € H*(8Q7)" such that ¢ = ¢>—|E} : (3.8)

in view of the equivalence of each of them to the space defined as in (2.8), with ¥ instead of 9 (see also
Lemma B.2). Let us also consider the space

fI%(Z;OQ+)” = {Zb+ € H%(89+)": supp E)Jr - i} , (3.9)
which can be identified with the space
fI%(E;ﬁQ_)” = {;z;_ € H%((?Q_)": suppgp C i} , (3.10)

as Lemma B.2(ii) shows. Moreover, the norm of the space Hz(X; Q%) is that of the space Hz(9Q*)™.
1 .
Let HZ (X)™ be the space of all functions ¢ € Hz (3)™ whose extensions by zero on 9QF, E

b oot @ belong
to the space Hz(%;9Q%)™. Thus,

HE(E)" = {p € HA(D)": E, . & € H*(£;007)"}.
According to Lemma B.2(ii) the space H.% (X)™ can be also described as

HE(S)" = {pec HI ()" B ¢e HHZ:007)"),

=00~

and can be endowed with the norm
H¢||H.% () = max {||EZ~>BQ+ ¢||H% (oQ+)n’ ||Ez—>asz— d)HH% (8{27)71} .

o 1 ~
The operators of extension by zero B . : H¢ (X)" — H 2 (X; 8QF)™ are continuous and surjective (cf. [38,

1

Theorem 2.10(i)]). Therefore, the space HZ ()™ can be identified with the spaces Hz (2; 9QF)", and in view
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of [28, Theorem B.3], it can be also described as the weighted space HO%O(Z) of all functions ¢ € Hz(%)",
such that 6~ 2¢ € L2(X)", where d(z) is the distance from z € ¥ to dX. This is a Hilbert space endowed
with the norm

_1
H(iﬁllfH T DI 3 o T 1072 Bl (5yn

1 1
b wh )

(cf. [33, Chapter 1, Theorem 11.7], see also [13]).
In addition, we consider the spaces

H™:(D)" = (H(D)"), H :(2)" = (H2(%)")". (3.11)
Lemma 3.6. The operator vy, : Hi. ()" — H.% (X)™ given by
YoV i= (s (VIge)) |E = (v~ (Vl,2)) |2’ VveH b ()", (3.12)

is linear, bounded and surjective.

Proof. The linearity and boundedness of the operator v, follow from the linearity and boundedness of the
trace operators

You P HE(QD)™ = HE(Z;000)", 4t HY(QT)" — H2(997)" (3.13)

Q-

(see Lemma 2.2). Moreover, the equality of restrictions to X of the traces from Q% and Q™ in (3.12) follows
from Lemma B.1(ii) and the membership of v in H!(£2)". In addition, the operators in (3.13) are surjective
(for the first of them see Lemma 2.2), and then the operator v, : HL, ()" — HZ (X)" is also surjective. To
this end, assume that ¢ € HZ (X)™. Therefore, EQEWmi @ € H2(2;09%)" and Lemma 2.2 implies that there
exist v¥ € Hly (QF)" such that v, v = E__ . ¢ on 9QF. Consequently, (v, v") |Z =(v,_v7) ’2 on
¥, and by Lemma B.1(i), there exists v € H*(Q)" such that v|g+ = v*. Moreover, Yot vE = 0 on I'*,
. . 1

and hence v € H'(Q)", and v,v = . Thus, the operator v, : H'(Q)" — HZ(X)" is surjective. Since
. 1

HY(Q)™ C H}. ()", the operator v, : Hl. (Q)™ — H& ()™ is surjective as well. O

1
Lemma 3.6 implies that the space HZ (X)" can be also characterized as

H.% X)" = {qb € L*(X):3v € H ()" such that ¢ = (v, (v, )) ‘2 = (v,- (vI,-)) |2} (3.14)

3.8. The generalized conormal derivative for the Stokes system on a transversal interface in a bounded
Lipschitz domain

Recall that the space H' (€2, £) and the conormal derivative operator tq : H* (2, £) — H~2(9Q)" are
given by Definition A.2, which assumes that the distribution f there is an element of H ~1(Q)™. For the case
when f belongs to (HEs (Q)”)/ but is not fixed as an element of fI‘l(Q)", the conormal derivative tq(u, 7; f)
can not be uniquely defined on the entire boundary 02 but its restriction to I'” can (see Definition 3.2).

Let us now consider the following counterpart of Definition 3.2 giving the restriction of conormal derivative
to the interface X (cf. [28, Definition 5.4]).

Definition 3.7. Let Assumption 3.5 and condition (1.2) hold. Let

Hi:(0F, L) = {(ui,ﬂ'i,fi) € HEL (0F)" x L2(QF) x (HE (05)"): Lu®, %) = FF o= in Qi}.
(3.15)
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If (u*, 7%, f+) € His (QF, £), then the formula
(b0 (uw®, w55 85)) [ @) = (aff Ejp(u®), B (7 @%)) | — (=, div(y ! #%))

+ (B ale®) | vereHI(D)", (3.16)

e

O=*

defines the generalized conormal derivative (to+(u®,7%;f%))|, € H~2(%)", where fy;il c HE(X)" —

1
HL. (%)™ represents a bounded right inverse of the trace operator Vi - His Q5" — HZ (%)™

According to Lemma 2.2, all duality pairings in formula (3.16) are well-defined. Moreover, we have the
following result, whose proof is omitted for the sake of brevity (cf. [41, Proposition 8.1] for the Laplace
operator, [30, Lemma 7.6] for extensions to compact Riemannian manifolds, and [7, Definition 7.1] in the
case of higher order elliptic operators, see also [37, Lemma 4.3], [27, Lemma 2.3], [26, Lemma 1], [38,
Definition 3.1, Theorem 3.2], [42, Theorem 10.4.1]).

Lemma 3.8. Let Assumption 3.5 and conditions (1.2) and (1.3) hold.

(i) The generalized conormal derivative operator tor : Hbyw (QF, £) — H™2 ()" is linear and bounded,
1
and definition (3.16) does not depend on the partzculaf choice of the right inverse v;il cHE ()" —
H}. (0F)"™ of the trace operator vy, : HLL (QF)" — HZ (%)™
(ii) Let (ut, 7t ft) e Hro (QF, £) and (™, 7, f7) e HY(Q™, L). Let m € L2(Q) and f € (H%+(Q)")/ be
such that

mlor =75, (Fw), = (", wla+) g, + E Wla-) » VW EHL (). (3.17)
Then the following Green identity holds

((bar (@™ 75 D)) + (bo- (07,77 7))o 9 w) |+ ((bo- (0775 E)) [ (W) o)

= (4 Bjo(u™), Bia(w)) + (a5 Bjp(u™), Ba(w)) = (mdivw)o+ (Ewha, ¥ we Hh Q)"
(3.18)

Note that the existence of a function 7 € L?*(R) as in (3.17) follows from Lemma B.1, while f defined
in (3.17) belongs to the space (HE, (2)")". (Indeed, the relations £+ € (HA, (2)")" and (HL (1)) <
(HEs (Q)”)/ imply that £+ € (H[, (Q)")/ In addition, the embedding f~ € H~1(Q27)" implies that f~ €

(HEy (Q)")/ Thus, f = f* + f~ belongs indeed to (H%+(Q)")/)

4. Mixed and mixed-transmission problems for the anisotropic Stokes system in bounded Lipschitz
domains

Well-posedness results for the mixed problem for the Stokes and Brinkman systems with an L scalar
viscosity coefficient in Lipschitz domains on compact Riemannian manifolds have been obtained in [30,
Theorem 7.9] and [31, Theorem 8.4]. Mixed problems for the Stokes system with constant coefficients in
polyhedral domains, or in bounded Lipschitz domains of R?, have been analyzed in [35, Theorem 5.1] and
[44, Theorem 3.1]. Well-posedness and regularity results for the elasticity equations with mixed boundary
conditions on polyhedral domains have been obtained in [36]. Well-posedness results for the mixed problem
for higher-order elliptic operators in (¢, d)-domains have been established in [7, Theorem 7.3].
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In this section we show the well-posedness of boundary value problems of mixed-transmission type for
the anisotropic Stokes system in a compressible framework, in bounded Lipschitz domains with internal
Lipschitz interfaces.

4.1. Mized problem for the anisotropic compressible Stokes system

Let us now consider the following variational problem.
For given data (F,g) € (HILF(Q)")I x L), find (u,7) € H}, (Q)™ x L?(Q) such that

{ O’A;Q(u7 W) + bQ(Wv 7T) = <%'7 W>Q , Vwe H%-%— (Q)n ) (4 1)
bxz(uvq):_<gaq>97 VQGLQ(Q)v
where ap.q @ Hi ()" x HE ()" = R, bo : HE (Q)™ x L2(Q) — R are the bilinear forms given by
apo(v,w) = <Aa’88/3(v), aa(w)>n
=(a{ Ejp(v), Eia(W)),, YV, weHE (Q)", (4.2)
ba(v,q) == — (divv,q)q, Vv e HE ()™, YVqge L*(9). (4.3)

Theorem 4.1. Let conditions (1.2)-(1.4) and Assumption 3.1 hold. Then for all given data (§F,g9) €
(H%+(Q)")/ x L%(Q), the variational problem (4.1) is well-posed, that is, it has a unique solution (u,7) €
HE ()™ x L?(2) and there exists a constant C = C(Q,TT,I'~,Ca, ||A]|,n) > 0, such that

ull g2y + 7l 2 < C (I8 -1 @) + l9llL2)) - (4.4)

Proof. First, we note that condition (1.2) and the Holder inequality imply that the bilinear form as.q :
Hl (Q)"x Hl. (Q)™ — R is bounded. In addition, assumption (1.4) combined with the first Korn inequality
for functions in HY, ()" (cf., e.g., [36, Proposition 5, Eq. (53)]) implies that

CoCy M [ullfngyn < CHIE@)[1Z2(0ynxn

< (a}PEjs(n), Eia(u)),,
= aa(w,u), Yue His g, (Q)", (4.5)

with some constant Cy = Co(, T, T, Cy, ||A|,n) > 0.

Second, it is immediate that the bilinear form b, : Hj, ()" x L*(Q) — R given by (4.3) is also bounded.
In addition, Lemma 2.3(ii) shows that the operator div : H{, (Q)"/Hp+ 4, (Q)™ — L?(Q) is an isomorphism.
Then by, e.g., [18, Theorem A.56, Remark 2.7] there exists a constant 7Cp+ > 0 such that the bilinear form
b, (-, -) satisfies the inf-sup condition

. by (v, q)
inf sup
geL?()\{0} veHL, (2)m\{0} ||VHH1£+(Q)"||q”L2(Q)

> Cr+ . (4.6)

Hence due to, e.g., Theorem 2.34 in [18] (with X = H[, (Q)", V := Ker B = H}, 4 (Q)", which is the null
space of the operator B := —div : X — M, and M = L?(f2)) shows that there exists a unique solution
(w,m) € Hi ()™ x L%(€2) of the variational problem (4.1), which satisfies inequality (4.4). O

Let us prove the following well-posedness result for the mixed boundary value problem with homogeneous
Dirichlet condition (see also [31, Theorem 8.4] for the isotropic Stokes system in the compact Riemannian
setting).
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Theorem 4.2. Let conditions (1.2)-(1.4) and Assumption 3.1 hold. Then for all given data (f‘,g,wr_) €
(HE+ (Q)")/ x L2(Q) x H=2([)", the mized Dirichlet-Neumann problem, for the anisotropic Stokes system

L(u,m) :f|g, divu=g inQQ,
(Yew)|., =0 on T, (4.7)
(tQ(u, T f)) r- = '(/JF_ onI'~

has a unique solution (u, ) in H* ()" x L2(2) and there exists a constant Co = Co(, T+, T, Cy, ||A]l,n) >
0, such that

ey + w220y < Co (Bl s ey + gl + b3 0. ) (4.8)

Proof. Let us prove that the mixed problem (4.7) is equivalent to variational problem (4.1) with § €
(HE+ ()™) defined by

(Fw)qg = <¢F*WQW>F7 - <F, w),, Vwe Hi (Q)™. (4.9)

First, let us prove that if (u,7) € H*(Q)" x L?(f) is a solution of the boundary value problem (4.7) then
it solves the variational problem (4.1) with § given by (4.9). Indeed, the homogeneous Dirichlet boundary
condition in (4.7) implies that u € HL, (2)". Then the first equation in (4.1) follows from the Green identity
(3.3), the Neumann boundary condition in (4.7), and notation (4.9). The second equation in (4.1) follows
from the equation diva = g in (4.7) and a duality argument.

Conversely, assume that the pair (u,7) € HL, ()" x L?(€) satisfies the variational problem (4.1). Then
u satisfies the Dirichlet boundary condition in (4.7), and the first equation in (4.1) can be written as

(aff Ejp(n), Bia(w)), — (m,divw), — (f,w), =0, Yw e HL (Q)". (4.10)

Since D(Q)™ C Hi. ()", formula (4.10) holds also for any w € D(2)", which implies the anisotropic Stokes
equation in (4.7) in the sense of distributions. Moreover, the second equation in (4.1) is the variational form
of the equation divu = g in .

In addition, formula (3.2) and the first equation in (4.1) with w = 7 '® € H[, (Q)" yield

((to(u,m 1)), @) = <1/;F7,<I>>F7 . Ve e HEIO),
and thus, (tQ(U,’]T;N))h_"— =9 _onl".

Consequently, the mixed problem (4.7) is equivalent to the variational problem (4.1) with § given by
(4.9), as asserted. Theorem 4.1 shows then that the mixed problem (4.7) has a unique solution, given by
the solution of the variational problem (4.1), and inequality (4.8) follows from inequality (4.4) and the
continuity of the operators involved in relation (4.9). O

In order to analyze the fully non-homogeneous mixed problem, we need the following Bogovskii-type
result.

Lemma 4.3. Let Assumption 5.1 hold. Then for (g,gor+) € L*(Q) x H%(F“‘)" given, there exist a field
ve HY(Q)" and a constant C_, = C_, (, T, n) > 0 such that

divv =g in Q, (4.11)
YoV =, on rt, (4.12)
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and

Il o < Cre (I9llzz@) + 10, 3 ) (4.13)

Proof. Let us introduce the function

vii=75"El P (4.14)
where 75" : Hz(00)™ — H(Q)™ is a continuous right inverse of the trace operator vq : H(Q)" —

Hz(09)", and E., . Hz (M) — Hz(9Q)" is a continuous extension operator (see, e.g., Proposition
4.1 in [41] for the existence of such an operator). Then v; belongs to H(2)". Let us now define

g1 :=divv; € L*(Q). (4.15)

Hence g — g1 € L?*(Q). Then due to Lemma 2.3 there exist vo € Hr1‘+ (@)™ and a constant C’& =
C’& (Q,T",n) > 0 such that

divvg =g —g1 in Q, (4.16)
Vol < C2 llg — gillz) < CY, (lgllz) + 91l 2@)) - (4.17)

Finally, choosing v := v; + v( and using inequality (4.17) and the continuity of the operators involved
in (4.14)-(4.15), we obtain the desired result. O

Let us consider the spaces

Xq = HY(Q)" x L*(Q), (4.18)
Yo = (HE (") x L2(Q) x H(TH)" x H2(T7)". (4.19)

Then we obtain the following well-posedness result.

Theorem 4.4. Let conditions (1.2)-(1.4) and Assumption 5.1 hold. Then for all given data (f, 9. wrf) €
Yq, there exists a constant C = C(Q, T, T~ Cy, ||Al|,n) > 0, such that the mized Dirichlet-Neumann
problem for the anisotropic Stokes system

L(u,n)=f|g, divu=g inQ,
QP onT*, (4.20)
(tQ(u, T f))|1"— = wr on '~

has a unique solution (u,m) € Xq, which satisfies the inequality
Il + Il < C (Bl zsgey + lollzz@) + 19,0 gy oy 18 oy ooy ) - (421)

Moreover, the solution can be represented as (u,7) =T (f', 9P ¢F7 ), where T : Yo — Xq is a linear
and continuous operator.

Proof. Let v € HY(Q)™ be the function given by Lemma 4.3. For the velocity-pressure couple (v,0), let us
also define the field f with the entries
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fi = OB (a%ﬁEjﬁ(v)), i=1,....,n, (4.22)

b4 I

where Eq is the operator of zero extension from Q to R™. Hence f € H }(Q)"— (HE ()™,
f—fe (HE: (Q)”)/, flg = £(v,0) in Q, as follows from (1.7), and to (v, 0;f) = 0 due to Definition 3.2.
Using the notation ug := u — v and taking into account that

tQ(u()aﬂ-;%'i f‘) = tQ(u - V77T;?7 E.) = tQ(ll,ﬂ',?) - tQ(V7O; E‘) = tQ(uvﬂ';}:) )
we reduce problem (4.20) to the mixed problem

L(ug,7) = (f— )|, divug=0 in€Q,
(Yowo)ly =0 on I't, (4.23)
(tQ(uo,ﬂ'; f— f>)|1"— = 1/;F7 onI'~

for (ug,m) € H*(2)™ x L*(2). Theorem 4.2 shows that problem (4.23) is uniquely solvable and its solution
depends continuously on the right hand sides f-fe (H%Jr(ﬂ)")/ and d)r— cH : (r—)m.

Then the pair (u,7) = (v +ug,7) € H}(Q)" x L?(Q) is a solution of the mixed problem (4.20), which,
due to Theorem 4.2 and Lemma 4.3 (for v), depends continuously on the data (?, g, +,’¢'F7), that is,
estimate (4.21) holds. By using again Theorem 4.2, it follows that this solution is unique. Moreover, the
linearity and boundedness of the solution operator 7 : Yq — Xgq is an immediate consequence of the
linearity of the mixed problem (4.20) and of estimate (4.21). O

4.2. Mized-transmission problem with homogeneous Dirichlet and interface trace conditions

Let us consider the spaces

Xo+.o- == H(QT)" x L*(QF) x H'(Q7)" x L*(Q7), (4.24)
Yaora = (HE Q™) xH Y Q)" x L2(Q) x H 2 (£)"xH 2(I'7)", (4.25)

and the mixed-transmission problem for the anisotropic Stokes system with homogeneous Dirichlet and
interface trace conditions

Lut, 7)) =fT|gs, divut = glor in QF,
Lu™,7m7) =1"|q-, divu™ = g[o- in Q,
Ot — O wlb=0 on ¥, o
(t (ut, 7t f+))|2 + (tﬂ—(u_,ﬂ'_;f_>)|z =4, on,
(Vpru)l =0 on I'T,
( (u™, 7~ T ) Ir- = onT'—,

with the given data (f+,f~,g, Y., ) € Yo+ o- and the unknown (ut,nt,u",77) € Xg+ o-.

Note that the conormal derlvatlve operators to+ and to- involved in the second transmission condition
n (4.26), are considered as in Definition 3.2 and correspond to the outward unit normals to Q% and Q™
respectively, that have opposite directions on Y. However, one can instead consider also the conormal
derivatives with respect to unit normals of the same direction on ¥, but then the sum in the second
transmission condition in (4.26) needs to be replaced by the difference and leads to the jump of the conormal
derivatives. Such an approach has been considered in [25-27].

Now, let (u, 7", u™,77) €Xg+ - be such that u™ and u™ satisfy the interface condition (v, u™)|;, =
(7,-u7)|; on ¥. Then Lemma B.1 implies that there exists a unique pair (u,7) € H'(Q)" x L?(€2) such
that
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ulgr =ut, ulg- =u, 7o =77, 7o =7". (4.27)
Moreover, if u™ satisfies also the homogeneous Dirichlet condition in (4.26), then (u,7) € Hj, ()" x L?(Q).
Theorem 4.5. Let Assumption 3.5 and conditions (1.2)-(1.4) hold. Then for all given data (?*,F’, 9P, 1,bri )

€ Yo+ o-, the mized-transmission problem (4.26) for the anisotropic Stokes system has a unique solution
(ut, 7, u, w7) in the space X+ o- and there exists a constant C = C(Q4T,Q7, Ca, [[A|,n) > 0 such that

H (u+,7r+,u_,7r_) ’

<o s, )

(4.28)

XQJr,Q* ynJr,nf

Proof. Let us prove that the mixed-transmission problem (4.26) with the unknown (u®, 7", u~,77) €
Xq+ o- is equivalent, in the sense of relations (4.27), to the variational problem (4.1) with the unknown
(u,m) € HE ()™ x L2(Q), and §F € (HE (Q)™) is given by

- (<f+vw|ﬂ+>n+ + <?7’W‘97>Q*)

<¢27’YEW>E + <¢F,a/yszw>r7 - (<f.+7w|9+>9+ + <f._7w‘ﬂ_>9*)

(FwW)a = (Yo 70wy + (¥, 70w)

r-

(it w)g+ (v, W) = (FF oWt ) g + (Fowlo- ) ), ¥ w e HE(Q)", (4.20)

where 7% : H™3(D7)" — (HA,(Q)") is the adjoint of the operator 7, : Hp, (Q)" — Hz(D7)", and
1

vy H 2 ()" — (HE4(2)™) is the adjoint of the operator v, : Hp. ()" — He (X)" (see Lemma 2.2 and

Lemma 3.6). Therefore,

F=iv, +, - (FT+E).

Recall that the space (HE(Q2%)")" can be identified with a subspace of H~'(Q)" given by (B.2) (see
Lemma B.3).

First, assume that (u™, 7%, u™,77) € Xg+ o- satisfies the mixed-transmission problem (4.26). Then the
first equation of the variational problem (4.1) follows from the Green identity (3.18) applied to the pairs
(ut,nt) € HE (QT)™ x L2(QF) and (u™,n7) € HY(Q7)" x L*(Q7) in QF and Q, respectively, with
w € H}, ()" and f=—F, where § € (HE. (€)™) is given by formula (4.29). The second equation in (4.1)
follows from the equations divu®* = g|q+ in QF.

Conversely, let (u,7) € H}, (Q)" x L*(Q) satisfy the variational problem (4.1) and let (u*, %) =
(ugs, 7|ox) in QF. Then the inclusion u € Hf, ()™ implies that the Dirichlet condition (v, u™)| , =0
on I'" and the interface condition (v, u")[, = (7,_u™)|; on ¥ are satisfied. Therefore, we obtain that
(ut,7t,u”,77) € Xg+ o-. In addition, the first equation in (4.1) can be written as

<a?jﬁEJ’B(u)»Eia(W)>Q - <7T7diVW>Q - <S, W>Q =0, Vwe H%+(Q)n (4.30)

Since D(QF)™ C HL, ()", formula (4.30) holds also for any w € D(QF)". Then the distributional form of
the anisotropic Stokes equation in (4.26), corresponding to each of the domains QO+ and Q~, follows from
equation (4.30) written for all w € D(QT)"™ and w € D(27)", respectively. The second variational equation
in (4.1) yields the divergence equation divu = g in Q, and hence divu® = g|q+ in QF. Therefore, the pairs
(u*, %) satisfy the anisotropic Stokes system in QF. Then by using again the first equation in (4.1) and by
applying the Green identity (3.18) to the pairs (u®, 7¥) in QF, we obtain for any w € D(Q)" c HY(Q)" C
H}, ()" that
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<(tg+(u+,7r+; f'+)) |2 - (tQ— (u,77; f_))

w° (’YQW)‘Z>Z = <¢2772W>2 . (4.31)

The dense embedding of the space D(Q)™ in H'(Q)" shows that formula (4.31) is satisfied also for any
. . 1

w € H!(Q)™. Moreover, since the trace operator 7, : H*(2)" — HZ (X)" defined by (3.12) is surjective (see

the proof of Lemma 3.6), formula (4.31) can be written as

<(1:Q+(u+,7r+;f'+))|E — (tQ— (u_77r_;f'_))|27<,0>E = <1,b2,<p>2, Ve H.%(E)".

Therefore, (to+(u™, 7"; f'*))E —(tg-(u=,7; f"’)) |Z =1p_ on X. Definition (3.2) and the first equation in
(4.1) imply also that (tg(u,w;f))hu =t _onl".

Consequently, the mixed-transmission problem (4.26) is indeed equivalent to the variational problem
(4.1). According to Theorem 4.1, there exists a unique solution (u,7) € Hi, (©2)™ x L*(£) of the variational
problem (4.1) with § € (HL, (Q)™)’ given by (4.29). Hence the equivalence just proved implies the well-
posedness of the mixed-transmission problem (4.26) in the space Xo+ o-, and estimate (4.28) follows from
(4.4) and (4.29). O

4.8. Mized-transmission problem with non-homogeneous Dirichlet and interface trace conditions

The remaining part of this section is devoted to the well-posedness of a fully non-homogeneous mixed-
transmission problem for the anisotropic Stokes system. In order to analyze such a problem, we need the
following Bogovskii-type result.

1

Lemma 4.6. Let Assumption 3.5 hold. Then for all given data (9,4, ¢ ) € L2(Q) x H2 (%) x Hz(I'H)™,
there exist two functions v € HY(Q)" and v— € H'(Q7)" such that

divvt = g|g+ in QF
divv— = alo_ O
ivv h Jla ) in (4.32)
(’ygﬁv )‘2_('797" )|z: = Py on X,
Ve VO)Ir+ =, on It .
Moreover, there exists a constant Cs, = Cx(QT,Q7,n) > 0, such that
IV sy v e oy < Co (gl oo+l 3 gy H1900 Dyt oy )
Proof. Let us introduce the functions
vi=0in QF, vi:=—y! E, ., ¢, inQ, (4.33)

where 7! Hz (09 )" — H' (7)™ is a continuous right inverse of the trace operator yo- : H/(Q™)" —
H:(0Q7 )", and E__
H'(Q%)™, respectively, and these functions satisfy the transmission condition in (4.32). Let us now define

: H2(X)™ — Hz(0Q™)" is a continuous extension operator. Then v belong to

gF =0inQF, gy :=divv] in Q, (4.34)
and let G € L?(Q) be such that

Glot = glo= — g7 (4.35)
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Then by Lemma 4.3 there exists a solution w € H(Q)" of the boundary problem

di = in
ivw =G in ,+ (4.36)
TYoW =@, On r~,
and, moreover, there exists a constant C_, = C_, (©, ' n) > 0 such that
[l < Cpo (Illzacay 197 lzz@y + 10, Dyd oy ) - (137

Finally, choosing v € H'(Q*)" such that v* := vi +w|q=, and using inequality (4.37) and the continuity
of the operators involved in (4.33)-(4.34), we obtain the desired result. O

For a better presentation of the next result, let us recall that X+ - and Y g+ - are the spaces defined
in (4.24) and respectively (4.25). Thus,

1

Yaor g = (HE (QD)") x H Q)" x LA(Q) x H(Z)" x H™2(£)" x Hz(TH)" x H™3(D7)".
Then we have the following well-posedness result.

Theorem 4.7. Let Assumption 3.5 and conditions (1.2)-(1.4) be satisfied. Then the following properties hold.

(i) For all given data (f'*‘,f",g, cpz,z,bycpﬁ,@br) € Yo+ q-, the mized-transmission problem

L(ut,7T) :§+|Q+, divu® = g|o+ in QF,
Lu,77)=1f"|g-, divu™ = g|o- in Q-

R S P o, .
(to+ (ut, 7t; f+))|g—|—(tQ—(u_,w_;f_))\g:dJE ony, ’
(Voru)ly = SOF+ onI'",

(t (um, 7 f ))|F— :lbr, on '~

has a unique solution (u™, 7+, u™,77) € Xq+ o-, and there exists a constant C = C(X,T'+, T, Cy, || A,
n) >0, such that

|ttty | <c||(fhE e e, v, )|
Xot o r r

yn+,sz—

(#) The solution of the mized-transmission problem (4.38) can be represented as

(a7 ) =T (F g0, %009, )
where T : yQth — X+ o- s a linear and continuous operator.

Proof. (i) For (¢,¢.¢ ,) € L*(Q2) x Hz (%) x Hz(0Q)™ given, there exist the functions v= € H(QF)"
satisfying the boundary value problem (4.32). For the velocity-pressure couples (v*,0), let

fF = 0aEq= (a .EJB( ), i=1,....n, (4.39)

l

where Eqs+ is the operator of zero extension from QF to R™. Therefore, we have that f+ € I?_l(ﬂ+)” —
(H%J,(Q'*‘)")I and f~ € H-YQ7)", where £ = (fi,..., f£). Moreover, f*|q: = L(vE,0) in QF (sece
(1.7)), and tq+ (vE,0;f+) = 0 (due to Definition 3.2).
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Then by considering the change of variables w* := u* — v* € H'(Q*%)", the fully nonhomogeneous
mixed-transmission problem (4.38) reduces to the following mixed-transmission problem with the homoge-
neous Dirichlet condition on I'™ and the homogeneous interface condition for the traces across X,

LiwT,7t) = (fF —f)|g+, divwt =0 in QF

Liw 7)) =" —f)|g-, divw™ =0 inQ,

( Yot W )‘z (’YSZ,W )‘2: 0 B on X, (4 40)
(tor (wh,nt £ —F1)) |5 + (tg- (W™, 7 —f7)) s =4, on 3, '
(75 )‘ =0 onI't,

(t ;f_—f'_))hu :wr_ onI',

where £+ — f+ ¢ (HEs Q1)) and £~ — £~ € H-1(Q7)™. In view of Theorem 4.5, the mixed-transmission
problem (4.40) has a unique solution (w*, 7", w™,77) in the space Xg+ o-.

Then (u™,7t,u™,77) = (vi+wh, 7", v +w,77) € Xg+ - is a solution of the mixed-transmission
problem (4.38) and satisfies the asserted estimate. This solution is unique due to the uniqueness statement
of Theorem 4.5. Moreover, the solution can be represented as in item (i7), and by estimate of item (¢) and
the linearity of the mixed-transmission problem (4.38), the solution operator 7 : Yo+ o- — Xg+ - is
continuous and linear, as asserted. O

5. Mixed and mixed-transmission problems for the anisotropic compressible Navier-Stokes system in
bounded Lipschitz domains

In the first part of this section we describe the existence and uniqueness result of a weak solution of
a fully non-homogeneous mixed Dirichlet-Neumann problem for the anisotropic Navier-Stokes system in
a compressible, case with small data in L2-based Sobolev spaces in a bounded Lipschitz domain in R",

= 2,3. The second part is concerned with a well-posedness result of a weak solution for a nonlinear
mixed-transmission problem for the Navier-Stokes system in a bounded Lipschitz domain with a transversal
interface satisfying Assumption 3.5.

5.1. Mized problem for the anisotropic compressible Navier-Stokes system with small data in L?-based
Sobolev spaces on a bounded Lipschitz domain

Let us consider the nonlinear mixed Dirichlet-Neumann problem for the anisotropic compressible Navier-
Stokes system

Lu,n)=flg+ (u-V)u, divu=g in 2,
(VoW =, on It (5.1)
(tQ(u7 N f+ EQ—HR"((U ' V)u))) |F* = ¢F_ on I'™ ’

with the couple of unknowns (u,7) € HY(Q)" x L?(2), n = 2,3 (see also [31, Theorem 9.1] for the mixed
problem for the incompressible isotropic Navier-Stokes system in Lipschitz domains on compact Riemannian
manifolds, with L> coefficients and homogeneous Dirichlet condition).

Theorem 5.1. Let n = 2,3 and 2 C R™ be a bounded Lipschitz domain satisfying Assumption 3.1. Then
there exist two constants X,y > 0 depending on Q, T, T, ||A||, and the ellipticity constant C, such that
for all given data (f,9,_, % __) € (HLs (Q)”)/ x L2(Q) x Hz(I'H)" x H=2(I™)" satisfying the condition

B3, oy + ol + 160, it ey + 1,y gy S5
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the mized problem (5.1) for the anisotropic Navier-Stokes system has a unique solution (u,m) € H'(Q)" x
L2(2), such that |[ul| g1 )n < . The solution depends continuously on the given data (£, g, e )

Proof. We use arguments similar to those for [31, Theorem 9.1] for a mixed problem for the incompressible
isotropic Navier-Stokes system in a Lipschitz domain on a compact Riemannian manifold. Let Eq be the
operator of extension by zero from €2 to R™. Let also

Na(v) == Eq((v-V)v), VvEe HY(Q)". (5.2)

!

According to estimate (C.5) we have that No(v) € H~1(Q)" — (HE4(2)™)', and there exists a constant
Cq > 0 depending only on €2 such that for all v,w € H(£2)", we have the estimates

INe ()l (211, )y < CallVlla @ V¥ Iy < CallVil e (5:3)

INa(v) = Na(W)ll(g1, @)y < Ca (V@ + Wl @)n) IV = Wl (5-4)

Therefore, the nonlinear operator Ng : H*(Q)" — (Hp. (Q)”)/ is bounded and continuous.

Next, for the given data (f, g, o % _)E (H%+(Q)")I x L2(Q) x Hz (DT)" x H=2(I'")" and for a fixed
u in the space H'(Q)", such that divu = g in Q, we consider the following linear mixed problem for the
Stokes system

L(v,q) = flo + Wo(u) o, divv=glo inQ,
(YaV)lr+e = ¢, on ', (5.5)
(ta(v,mf + No(w))lp- = __ on T,
with the couple of unknowns (v,q) € H*(Q)"™ x L*(Q).
Since (f+ No(u)) € (HE, (2)™)’, Theorem 4.4 shows that the linear problem (5.5) has a unique solution
(v,q) € Xq that can be expressed in terms of the corresponding (bounded linear) solution operator 7 :
Ya — Xq, as follows

(v,q) = (U(w), P(w) = T (F+ No(w) .., ), (5.6)

where Xq and Yq are the spaces defined in (4.18) and (4.19), respectively.

Then the linearity and boundedness of the operator 7o and estimate (5.3) imply that there exists
a constant ¢ > 0 depending on Q, '™, T, ||A]|, and the ellipticity constant Cj, such that for every
w € H'(2)™ we have the estimate

[(Uw), Pow) [, < ell Eogop, . )Ly + cCallwlE ay (5.7)

Next we show that the nonlinear operator U : H(Q)" — H!(Q)" is invariant over a closed ball of the
space H'(Q)™. To this end, let us consider the constants

UL
o 46’ 7._4CQC,

where Cq and c¢ are the constants from inequalities (5.3), (5.4), (5.7). Let also

B, = {v € HY(Q)" : divv = g|g in Q, VIl 1oy < 'y} . (5.9)
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Then the assumption H (?, 9P wr_ ) Hyn < A, and inequality (5.7) imply that the operator U maps the
closed ball B, into itself, as asserted. In addition, expression (5.6) of U and inequality (5.4) yield the
estimate

HU(V) — U(W)”Hl(Q)n < ||V — W||H1(Q)n, Vv, w € B.y,

| =

which shows that the mapping U : B, — B, is a contraction. The Banach fixed point theorem then yields
the existence and uniqueness of a fixed point u € B,, of U, that is, U(u) = u. Moreover, definition (5.6) of
the operator Tq implies that (u, P(u)) is a solution of the nonlinear mixed problem (5.1) in the space Xq,
such that [|ul| g1 (q)» < . This solution is unique due to the uniqueness of the fixed point of the mapping U
on B, (see the proof of [25, Theorem 4.2] for further details), and depends continuously on the given data
(ﬁg, . ’Q/JIV )€Yq by the continuity of the solution operator 7. O

5.2. Mized-transmission problem for the anisotropic compressible Navier-Stokes system with small data in
L?-based Sobolev spaces on a bounded Lipschitz domain with a transversal Lipschitz interface

Let Q C R™ n = 2,3, be a bounded Lipschitz domain satisfying Assumption 3.5.
Let us recall the definition of our main spaces

)

Xo+o- = H'(QN)" x L*(Q%) x H'(Q7)" x L*(Q7)
Yoi g = (Hb (D)) x H-Y Q)" x L(Q) x H2(%)" x H3(X)" x H3(TT)" x H 3(I'")",

and consider the following non-homogeneous Poisson problem of mixed-transmission type for the anisotropic
Navier-Stokes system in a compressible framework

Lut, 71 =g + (ut - V)ut, diva® = g|g+ in QF,
Lu,77)=f"|g- +(u -V)u, divu =g|o- in Q7
(’yg+u+>|2 - (’Yﬂf u_)‘z: = Py on X,

(to+ (u, Tt + EQ+~_>97 (ut - V)uh)) (5.10)

s

+(t97 (ui,ﬂ—i;fi‘i’Eo‘Q—*)Q#»(ui‘v)ui))’Z:'l,bZ on X,
(Yot ut)|p+ =P on 't
(tQ* (uia ™ fﬁ)) |F* = "ﬂr, on '™ )

with the given data (f7,f, g, e, <pr+,1/;1h) in the space Yo+ o- and the unknown (u®, 7+, u™,77)
in Xo+ o-.

By combining Theorem 4.7 with the Banach fixed point theorem we prove the following well-posedness
result for the nonlinear mixed-transmission problem (5.10) (see also [25, Theorem 4.2] for a transmission
problem for the Navier-Stokes system in the Euclidean pseudostress setting). Recall that Cy is the constant
in (1.4).

Theorem 5.2. Let n = 2,3 and Q C R™ be a bounded Lipschitz domain satisfying Assumption 3.5. Let
conditions (1.2)-(1.4) hold. Then there exist two constants a, 3 > 0, depending on Q*, Q~, || A, and Cy,
such that for all given data (f+,f7,g,902,1/12,90F+,1pr7)6y9+79—, with

<«

f— 3

ynﬂn*

.
|EF g vne. v, )
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the mized-transmission problem for the Navier-Stokes system (5.10) has a unique solution (u*, 7T, u~,77) €
Xa+ o-, such that |u™| gy + [[u”||gr-yn < B. Moreover, this solution depends continuously on
79,000 ,%, ).

Proof. We use arguments similar to those for Theorem 4.2 in [25] devoted to a transmission problem for the
anisotropic Stokes and Navier-Stokes systems in complementary Lipschitz domains in R?, in a pseudostress
approach. Recall that Eqg=_,q, are the operators of extensions by zero from QF to Q. Let

Noz=(vE) 1= Eqs o((vE - V)vE), Vvt e HH(QF)". (5.11)

Estimate (C.5) shows that No+(vt) € H-H(QF)" « (HL, (Q*)")’ and No—-(v™) € H~1(Q7)™. Moreover,
there exists a constant C; > 0 depending only on Qt and Q~ such that for all v, w* € H'(Q%)", we have
the estimates

INo= (V)71 g yn < CLllVE I @2)n [IVVE [ L2t ymxn < CrlVE 3 g yn (5.12)

INo= (vF) = Nox (vO)ll 71 geye < C1(IVE Il tyn + WF [mi@e)yn) IV = wF|[ai@eyn, (5.13)

which show that the nonlinear operators No+ : HL, (01)" — H=H(Q1)" and N : HH(Q™)" — H~1(Q)"
are bounded and continuous. Moreover, the continuity of the embeddings Hp, ()" — H'(QT)™ and
HH Q)™ — (HL, (Q“')”)’ and the boundedness and continuity of the operator No+ : HY(QT)" —
H=Y(Q")" imply also the boundedness and continuity of the operator N+ : HE (QF)" — (HpEs (Q+)")/.
We then have the estimates

INo+ (V) 11, 0 ymy < CLllVT i iy (5.14)

INa+ (vF) = Nox (W)l 2, @+yny < Cr (VT T @eye + Wl @) IVT = W[l @y, (5.15)

where, for the sake of brevity, we have kept the same constant C; in all inequalities (5.12) up to (5.15).
Now, for (f+,f_,g,goz,1/)2,<pr+,zpr_) € Yo+ o- given and for a fixed pair (ut,u”) in H*(Q")" x
H'(Q7)", such that divu® = g|o+ in QF, we consider the following linear mixed-transmission problem for

the Stokes system

LvT,qt) =F|gr + Nos (uh)) g, divvt =glgr  in QF,

Lu 7)) =f"|g- + (No-(u)) o, divv™ =glo- Q"

Vo VOls = (V- V7|5 = oy, on ¥,

(to+ (v"’,q"‘;’fr‘Ir + No+ (u"’l))|E (5.16)
+(t97(v*,q*;f7+Ngf(u’))|2:1/;2 on X,

(Voe VOl =, on 't

(to- (v, 757 + No-(u_))) |- =9 onT—,

with the unknown (v, ¢%,v7,¢7) € Xg+ o-.

In view of the relations (E* +Nq+(u™)) € H-1(QH)", (F~ +No-(u7)) € H-1(Q7)", and H~1(QF)" —
(H%+ (Q‘*‘)")/, Theorem 4.7 (ii) implies that problem (5.16) has a unique solution that can be expressed in
terms of the corresponding (bounded linear) solution operator 7 : Yo+ o- — X+ o-, as follows

(v+7q+,v*,v*,q_) = (U+(u+,u*),P+(u+,u*),U*( tou), P ( +,u*))

=7 <f+ + N+ (u+)7f7 +NQ* (u7)7¢27wzagv¢r+7¢r_) . (517)
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Then the linearity and boundedness of the operator 7~ and estimates (5.12) and (5.14) imply that there
exists a constant Cy = Co(QT,Q7,Cy, || A4]]) > 0 such that for all (wF,w=)e HY(QT)" x H(Q~)" we have

H(U+(w+,w_),P+(w+,w_),U_( tow), P (wh,w))

HXQ_P’Q_

< CQH (?+,F7,g7§027¢2, (PF_*_?’ItbF—)HyQ#Q, + C1C (HW+”%{1(Q+)" + ||W7||?-I1(Q*)">

< G (?Jﬁ?_,g,(ﬁzﬂ/)z, ¢F+7¢F_)"yn+707 + ClC?ll(W+7W_>||%11(Q+)"><H1(SZ*)" :
(5.18)

The next step of our arguments is to show that the nonlinear operator (UT,U~) : H}(QT)"x H}(Q™)" —
HY Q)™ x HY(Q7)™ is invariant over a closed ball of the space H(QT)" x HY(Q7)™. In order to prove
this property, let

38 1
= — = —— 1
RERbToR B 1C.Cy (5.19)

where Cy and Cy are the constants from inequalities (5.12), (5.13), (5.14), (5.15), and (5.18). Let also

B5 = {(V+,V_) € Hl(Q+>n' X Hl(Q_)n : diVVi = g|Qi in Qi, HV+HH1(Q+)n + ||V_||Hl(Qf)n § ﬁ} .
(5.20)

Then by assuming that

<a, (5.21)

Hyntn* -

[(EE 0.0, %00, %, )

and by using inequalities (5.18) and (5.21), we obtain that the operator (U*, U~) maps the closed ball Bg
into itself, as asserted.

In addition, by using expression (5.17) of the operator (Ut, P* U™, P7), the linearity of the operator
7, and inequalities (5.13) and (5.15), we obtain the following estimate

(Ut Pt U, P ) (v, v )= (U PT, U P )(wh,w)

||XQ+,Q*

< C2<||NQ+ (vt) = No+ (WH) | mro+yn + [[No-(v7) — NQ—(W_)”Hl(Q—)")
< C1Cy ((HV+||H1(Q+)“ + HW+||H1(Q+)71) HV+ — W+HH1(Q+)7L

+ (IV lrs oy + Wl oy ) IV =W o)

< 201028 (VT = whlmey + IV =W g1 o-yn)
g
2

(V+, Vi) —( +, Wi) ||H1(Q+)'7L><H1(Qf)n7 A (V+, Vi)7 (W+7 Wi) EBﬂ .
In particular, we deduce the estimate

(U, U) (v vT) = (UR U ) (W W) yn s ooy

+

< ||(V 7V7) - (W+7wi)”Hl(Q*)nXHl(Q*)”a v(v+7vi)a (W+aW7) € B,Ba

N =

which shows that the map (U*,U™) : Bg — By is a contraction. Then the Banach fixed point theorem yields
that (U™, U~) has a unique fixed point (u™,u”) € Bg, that is, (Ut (ut,u™), U (ut,u™)) = (ut,u").
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Moreover, definition (5.17) of the operator 7 implies that (u™, P*(ut,u™), u=, P~ (ut, u7)) is a so-
lution of the nonlinear mixed-transmission problem (5.10) in the space X+ o-, such that |[u™ || g1+ +
[u™ || g1 (@-y» < B. This solution is unique due to the uniqueness of the fixed point of the map (UT,U~)
on Bg (see the proof of [25, Theorem 4.2] for further details), and depends continuously on the given data
(?*,ffv'*, 9Py Vs P ¢F7 )EYa+ o- by the continuity of the solution operator 7. O
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Appendix A. The generalized conormal derivative for the Stokes system in a bounded Lipschitz domain

Interpreting the Stokes equation in (1.6) in the sense of distributions and using the dense embedding of
the space D(Q)" into H()", we obtain the following result.

Lemma A.1. Assume that §) is a bounded Lipschitz domain in R™, n > 2, and that conditions (1.2), (1.3) are
satisfied. Let (u,m) € HY(Q)" x L?>(Q) and f € H=1(Q)" be such that L(u,7) = f in Q. Then the following
Green identity holds

(al Ejg(u), Bio(w)), — (r.divw)q + (£, w)q =0, Yw e H(Q)".

By following [27, Definition 2.2] and [26, Definition 1], we introduce the concept of the generalized
conormal derivative for the anisotropic Stokes system as follows (see also [37, Lemma 4.3], [38, Definition
3.1, Theorem 3.2], [25, Definition 2.4], [42, Theorem 10.4.1]).

Definition A.2. Let conditions (1.2) and (1.3) be satisfied and let
H'(@ £) = {(u,.F) € HYQ)" x L2() x H~Q)" : Lu,7) = lo in 0},

If (u,m,f) € H'(Q, L), then the generalized conormal derivative to(u, m;f) € H~2(0Q)™ is defined by the
formula

(to(u,mf), <I>>m = <a%BEj[3(u),Em(”y;1<I>)>Q — (m,div(y,'®)),, + (£.7, ' ®),,, V@ € Hz(0Q)",
(A1)

where 71 : Hz(0Q)™ — H'(Q)™ is a bounded right inverse of the trace operator v, : H(Q)" — Hz (8Q)".
We use the simplified notation tq(u, 7) for to(u, 7;0).

Appendix B. Extension properties in Sobolev spaces on Lipschitz domains with internal Lipschitz
interfaces

Let © C R™, n > 2, be a bounded Lipschitz domain that satisfies Assumption 3.5. Hence, = QTUSUQ~,
where ¥ is an (n — 1)-dimensional Lipschitz interface that intersects transversally 99, and Q% and Q~ are
disjoint Lipschitz sub-domains of Q. Moreover, 90F = S UT*. Let Y, be the trace operator from H L)
to Hz (90F).
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The result of the following lemma has been obtained in [28, Lemma B.1] (see also [26, Lemma C.1]).
Lemma B.1. The following assertions hold.

(i) Let ut € H' (") and u= € H'(Q7) be such that v, u™ =~ _u~ on X. Then there exists a unique
function w € H*() such that u|gx =u®. Moreover, there exists C=C(n,Q%) > 0 such that |[ul| g1 (q) <
C ([l ) + lu™llar @)

(i1) Ifu e H'(Q) then [yu]l, =0, where [y,ully, =, (ula+) —7,,_ (ulo-) on 3.

The next result has been obtained in [28, Lemma B.2].

Lemma B.2. Let 0 < s < 1. Then the following assertions hold.

(i) Let Ty and Ty be the graphs of two Lipschitz functions x,, = (1(2') and x, = (2(2'), ' € R"7L. Let
the graphs coincide on a part T, which is the image of a set So C R"™! i.e., 2, = (1(2') = (a(2’) for
2’ €8y. Let f; € L), fi=0 onT;\ Ty, i = 1,2, and fo = f1 onTy. Then f, € ﬁS(FO) if and only
if f2 € H*(Ty).

(1) Let Ty and Ty be two compact (n— 1)-dimensional Lipschitz surfaces in R™ that coincide on a relatively
open subset T'g (having a Lipschitz boundary if n > 2). Let f; € L*(T';), fi =0 on T;\ T, i = 1,2, and
fo = f1 onTy. Then fi € H*(Ty) if and only if f2 € I:TS(I‘O).

Let us now consider the following space

HY(R")" ={®c H'(R")" : supp® C T} (B.1)

r+

(cf., e.g., [37, p. 76]). Then we have the following equivalence results (cf. [28, Lemmas B.5 and B.6]).

Lemma B.3. Let Assumption 3.5 be satisfied. Then the following properties hold.

(i) The dual (H%+(Q)")/ of the space H}. (Q)™ can be identified with f[’l(Q)”/HF;:(R”)”,
(i) The dual (Hb, (7)) of the space HL: (QT)™ can be identified with the space H*I(QJF)”/HF%I(R”)”
and with the space

{pe H Q)" :p=00nQ }. (B.2)
Appendix C. Estimates of the nonlinear term in the Navier-Stokes equation
Let Q be a bounded Lipschitz domain in R™, n € {2,3}, and Eq be the zero extension operator from
to R™.
e By the Sobolev embedding theorem (see, e.g., [I, Theorem 6.3]), the space H!(2)" is compactly
embedded in L*(£2)" and there exists a constant ¢; = ¢1(2,n) > 0 such that

IVlizayn < cillvlimyn, VveH (). (C.1)

The equivalence in H'(Q)" of the semi-norm V()| L2(ynx» with the norm || - ||g1(q)» given by (2.3) and
estimate (C.1) imply that there exists a constant ¢y = ¢o(2,n) > 0 such that

[Vl Leyn < collVV]Lz@nen, ¥V veH(Q)". (C.2)
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e By the Holder inequality, we obtain for all vq,vq,vsze€ H ()",

((vi- V)va,vs)ol < [[VillLa@)n IVsllLa)n [V Vallz@ynxn < cilvallpay Vsl @)n [[Vvall Lz @)mxo.
(C.3)

This also implies that

[(Bal(v - V)val,va) | < | 1EBavil [Vl [2en | BaVVallpageyme

< ||V1 ||L4(Q)n ||V3||L4(Q)n ||VV2||L2(Q)an

S Cl||V1||L4(Q)" ||V3||H1(Q)n ||VV2||L2(Q)n><n y VVl, Vo,V3 c Hl (Q)n ; (04)

where V3 € H'(R™)" is such that r,Vs = vs. This shows that Eqg[(vy - V)va] belongs to the space
H 1 (Q)" = (Hl(Q)")' Moreover, inequality (C.1) implies for all vq, vy € H1(Q)",

|Balvi - wpwal| < Vil eVl - (C.5)

—H@)m
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