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obtain their properties. Then, we analyze the well-posedness of the exterior
Dirichlet and Neumann problems for the anisotropic Stokes system with L,

symmetrically elliptic tensor coefficient by representing their solutions in terms
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1 | INTRODUCTION

The layer potential methods play a fundamental role in the analysis of elliptic boundary value problems (see, e.g., previous
studies!®). Fabes et al.” obtained mapping properties of layer potential operators for the constant coefficient Stokes system
in L, spaces by using a technique of harmonic analysis. Further extensions of these results to L,, Sobolev, Bessel potential,
and Besov spaces have been obtained by Mitrea and Wright® using layer potential methods to obtain well-posedness results
for the main boundary value problems for the standard Stokes system with constant coefficients in arbitrary Lipschitz
domains in R3. Kohr et al.® obtained mapping properties of the constant-coefficient Stokes and Brinkman layer potential
operators in standard and weighted Sobolev spaces in R3. Kohr et al.’ combined a layer potential approach with a fixed
point theorem to show an existence result for a nonlinear Neumann-transmission problem for the constant-coefficient
Stokes and Brinkman systems in L, Sobolev, and Besov spaces (see also Kohr et al.'?).

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
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Choi and Lee!! have studied the Dirichlet problem for the stationary Stokes system with irregular coefficients. They have
proved the unique solvability of the problem in Sobolev spaces on a Lipschitz domain in R", n > 3, with a small Lipschitz
constant, by assuming that the coefficients have vanishing mean oscillations (VMO) with respect to all variables. Existence
and pointwise bounds of the fundamental solution for the stationary Stokes system with measurable coefficients in R"
(n>3) have been obtained by Choi and Yang'? under the assumption of local Hélder continuity of weak solutions of the
Stokes system. They also discussed the existence and pointwise bounds of the Green function for the Stokes system with
measurable coefficients on unbounded domains where the divergence equation is solvable, particularly on the half-space.
The solvability in Sobolev spaces of the conormal derivative problem for the stationary Stokes system with nonsmooth
coefficients on bounded Reifenberg flat domains have been proved by Choi et al.!3 (see also Choi et al.}#).

The methods of layer potential theory play also a significant role in the study of elliptic boundary value problems with
variable coefficients. Mitrea and Taylor!> have obtained well-posedness results for the Dirichlet problem for the smooth
coefficient Stokes system in L, spaces on arbitrary Lipschitz domains in a compact Riemannian manifold and extended
the well-posedness results by Fabes et al.” from the Euclidean setting to the compact Riemannian setting. Dindos and
Mitrea® have used the mapping properties of Stokes layer potentials in Sobolev and Besov spaces to show well-posedness
results for Poisson problems for the smooth coefficient Stokes and Navier-Stokes systems with Dirichlet boundary condi-
tion on C' and Lipschitz domains in compact Riemannian manifolds. Well-posedness results for transmission problems
for the smooth coefficient Navier-Stokes and Darcy-Forchheimer-Brinkman systems in Lipschitz domains on compact
Riemannian manifolds have been obtained by Kohr et al.!®

An alternative approach was employed by Chkadua et al.,'”?? where various boundary value problems for
variable-coefficient elliptic partial differential equations were reduced to explicit parametrix-based boundary-domain inte-
gral equations (BDIEs). Equivalence of BDIEs to the boundary value problems and invertibility of BDIE operators in L,
and L,-based Sobolev spaces have been analyzed in these papers. Localized BDIEs based on a harmonic parametrix for
divergence-form elliptic PDEs with variable matrix coefficients have been also developed; see Chkadua et al.?* and the
references therein.

Amrouche et al.>* used a variational approach in the analysis of the exterior Dirichlet and Neumann problems for
the n-dimensional Laplace operator in weighted Sobolev spaces. Mazzucato and Nistor? obtained well-posedness and
regularity results for the elasticity equations with mixed conditions on polyhedral domains. Hofmann et al.?® consid-
ered layer potentials in L, spaces for elliptic operators of the form L = —div(AVu) that act in the upper half-space
Rﬁ“ = {(x,t) : x € R", t € R,}, n>2, or in more general Lipschitz graph domains, where A is an (n+1) x(n+1)
type matrix of L., complex, t-independent coefficients satisfying a uniform ellipticity condition, and solutions of the
equation Lu = 0 satisfying De Giorgi-Nash—-Moser-type interior estimates. They developed a Calder6n-Zygmund-type
theory associated with the layer potentials and obtained well-posedness results for related boundary problems in L, and
endpoint spaces. Brewster et al.?” have used a variational approach to obtain well-posedness results for Dirichlet, Neu-
mann, and mixed boundary problems for higher order divergence-form elliptic equations with L, coefficients in locally
(e, 6)-domains and in Besov and Bessel potential spaces (see also Haller-Dintelmann et al.2®). Barton?® has used the
Lax-Milgram lemma to construct layer potentials for strongly elliptic differential operators in Banach spaces and gener-
alized many properties of layer potentials for the harmonic equation. Barton and Mayboroda3® developed layer potentials
for second-order divergence elliptic operators with bounded measurable coefficients that are independent of the (n + 1)st
coordinate and well-posedness results for related boundary problems with data in Besov spaces.

Girault and Sequeira3! obtained well-posedness of the exterior Dirichlet problem for the constant coefficient Stokes
system in weighted Sobolev spaces on exterior Lipschitz domains in R” for n € {2, 3}, by applying a mixed variational for-
mulation. Angot3? analyzed some Stokes/Brinkman transmission problems with a scalar viscosity coefficient on bounded
domains. Sayas and Selgas®* developed a variational approach for the constant-coefficient Stokes layer potentials on Lip-
schitz boundaries, by using the technique of Nédélec.>* The book by Sayas et al.>> gives a comprehensive presentation of
the basic variational theory for elliptic PDEs in Lipschitz domains. Bicuti et al.3® developed a variational approach for
the constant-coefficient Brinkman single-layer potential and used it to analyze the corresponding time dependent exte-
rior Dirichlet problem in R”, n = 2, 3. Alliot and Amrouche’” have used a variational approach to obtain weak solutions
for the exterior Stokes problem in weighted Sobolev spaces (see also Amrouche and Nguyen3®).

Kohr et al.3° obtained the well-posedness results for the isotropic Stokes system with a nonsmooth scalar viscosity coef-
ficient 4 € L, (R?) (see also previous studies***? for the Stokes and Navier-Stokes systems with nonsmooth coefficients
in compact Riemannian manifolds). Kohr et al.** also analyzed transmission problems in weighted Sobolev spaces for
anisotropic Stokes and Navier-Stokes systems with an L, strongly elliptic coefficient tensor, in the pseudostress setting.
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In this paper, we proceed with the study of transmission and exterior boundary value problems for the anisotropic Stokes
system. However, unlike paper,*> we consider the L, viscosity coefficient tensor satisfying an ellipticity condition only
with respect to all symmetric matrices with zero matrix trace (see 1.4). Our purpose is to develop a generalized layer and
volume potential theory in L,-based weighted Sobolev spaces for such Stokes systems, which does not involve fundamen-
tal solutions and hence can be used when the fundamental solutions are not available. To do this, we explore equivalent
mixed variational formulations and prove the well-posedness of some transmission problems for the anisotropic Stokes
system in Lipschitz domains of R"”, with the given data in L,-based weighted Sobolev spaces. These results are used to
define the volume and layer potentials in terms of solutions of the transmission problems and to obtain the potential
properties, without introducing classical explicit integral potential operators. However, when the explicit integral rep-
resentations of the potentials are available, they will coincide with the variational potentials developed here due to the
uniqueness of solutions to the corresponding transmission problems.

Then, we analyze well-posedness of the exterior Dirichlet and Neumann problems for the anisotropic Stokes system
with L, tensor coefficient satisfying ellipticity condition (1.4) and represent their solutions in terms of the anisotropic
Stokes Newtonian and layer potentials. Although these boundary value problems can be analyzed by variational methods
directly, without employing the potential formalism, they are provided here as examples on how, using this formalism,
one can easily generalize the classical potential approaches, available for constant-coefficient isotropic problems, to the
discontinuous-coefficient anisotropic ones. The potential theory developed in this paper can be also useful when new fun-
damental solutions and potentials based on them become available. In this case, the potential properties can be obtained
from the results developed here.

This paper deals with the potentials in R, n > 3. Its results can be extended to R? as well, but then, the analysis should
be done in slightly different weighted Sobolev spaces.

Note that the boundary value problems for the anisotropic Stokes system with L, coefficients considered in this paper
can describe physical, engineering, or industrial processes related to the flow of immiscible fluids, or the flow of nonho-
mogeneous fluids with density dependent viscosity (cf., e.g., Choi et al.!®). They appear also in modeling incompressible
elastic anisotropic nonhomogeneous/composite materials.

1.1 | The anisotropic Stokes system with L., symmetrically elliptic tensor coefficient

All along the paper, we use the Einstein summation convention for repeated indices from 1 to n, and the standard notation
0, for the first-order partial derivatives %, a=1,...,n.

Let L be a second-order differential opérator in the divergence form in an open set Q C R", n >3,
Lu = div(AE()) < (Lu); := 0, (ai“jﬂEjﬁ(u)) i=1,....n, (1.1)

whereu = (uy, ... ,u,)" and E(u) = (E j,;(u))1 <j p<n is the symmetric part of the gradient Vu. Therefore, the components
of the tensor field E(u) are defined by E;s(u) := %(@uﬂ + dgut;).

The viscosity tensor coefficient A in the operator L. consists of nx n matrix-valued functions A% = A*’(x) with
essentially bounded, real-valued entries, that is,

— (A%P — (4% . ap ..
A= (A )150’*1]5” B (aij >1§a,ﬁ,i,an’ 4 €L, 1<, p.i.j<n, (1.2)
satisfying the symmetry conditions
ap _ ,if N3
a; (x) = aaj(x) =ay, x), x € Q, (1.3)

(cf. Oleinik et al.,*, eq. (2.2) and Duffy,”, egs. (6) and (7)). Note that the symmetry conditions (1.3) do not imply the
symmetry a;’jﬂ (x) = af l” (), which will be generally not assumed in the paper.

We assume that the coefficients satisfy the following relaxed ellipticity condition, which asserts that there exists a
constant ¢y > 0 such that for almost all x € Q,

@l (0Gugsp 2 € IEP VE = (Eliam,..n € R™"with & = and ) & =0, (1.4

i=1



4 Wl LEY KOHR ET AL.

where |&|? = &,&i,. Therefore, the ellipticity condition (1.4) is assumed only for all symmetric matrices & = (&iy)iq=1....n €
R™" (cf. Oleinik et al.*4, egs. (3.1) and (3.2)), having zero matrix trace, Y., & = 0.
In view of (1.2), A is endowed with the norm

lAl@ = max {1l ) (1.5)

i.j,a,pE{1, ... ,n}

The symmetry conditions (1.3) allow us to express the operator L in the equivalent forms
(Lu); = 0, (a?jﬁEj,,(u)> =0, (a;’jﬁaﬂu,) =1, ...n (1.6)

Lu =9, (A%9u). 1.7)

Note that the first equality in (1.6) has not been encountered in our publication,** where the coefficients of the
fourth-order tensor A have been assumed to satisfy the strong ellipticity condition similar to the second condition in (1.4)
but for all (not only symmetric and zero-trace) matrices & (see Kohr et al.*3, eq. 2 and 3). The more restrictive ellipticity
condition in paper*? allowed to explore there the associated nonsymmetric pseudostress setting. In this paper, we require
the symmetry conditions (1.3) and the ellipticity condition (1.4) only for symmetric zero-trace matrices & and develop
our results in the symmetric stress setting. This approach allows us to obtain properties of layer potentials for the Stokes
system with L, variable coefficients generalizing well-known results for constant coefficients.

Let u be an unknown vector field, = be an unknown scalar field, and f and g be, respectively, vector and scalar fields
defined in Q C R". Then, the equations

Luz):=Lu-Vz=f, divu=gin Q 1.8)
determine the Stokes system which describes viscous compressible fluid flows with variable anisotropic viscosity tensor
coefficient A depending on the physical properties of the fluid, such as, for example, the given fluid temperature.*>46 If

g = 0, then the fluid is incompressible.
According to (1.6) and (1.7), the Stokes operator £ can be written in any of the equivalent forms

Lu,7) = 0, (A 0pu) -V, (L, 2 = 0, (a’Ejpw)) = om, i =1, .. .. (1.9)
Under condition (1.4), the anisotropic Stokes system (1.8) is Agmon-Douglis—Nirenberg elliptic (see Lemma 15).

1.2 | Isotropic case

For the isotropic case, the viscosity tensor A in (1.2) has the form (cf,, e.g., appendix III, part I, section 1 in Temam®’)
@l (xX) = AX)8iabjp + HX) (8001 + Bapdiy) , 1 S i joa, <, (1.10)

where A, 4 € L,(Q) and
¢;' <ux)<c, foraexeqQ, (1.11)

with a constant ¢, > 0. Then,
a5l (&t = A0)(E) + 2H(N0)Eutia = 2H(XN)Eabic = 2H(0)IEP> 2 26, €] forae. x € Q,

for any symmetric matrix & = (&ig)1<ia<n € R™" such that &; = Z?zl &; = 0. Therefore, the symmetric ellipticity condi-
tion (1.4) is satisfied as well, and hence, our results are also applicable to the Stokes system in the isotropic case. If y>0isa
constant and g = 0, then (1.8) reduces to the well-known isotropic incompressible Stokes system with constant viscosity

u.
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2 | FUNCTIONAL SETTING AND PRELIMINARY RESULTS

Let Q, be a bounded Lipschitz domain in R", that is, an open connected set whose boundary 0Q is locally the graph of a
Lipschitz function and is connected. We further assume that n > 3 unless explicitly stated otherwise. Sometimes, we will
write just Q instead of Q. Let Q_ :=R" \§+ be the corresponding exterior Lipschitz domain. Let Ei denote the operator
of extension of functions by zero outside Q..

2.1 | L,-based Sobolev spaces

Given a Banach space X, its topological dual is denoted by X”, and the notation (-, -)x means the duality pairing of two
dual spaces defined on a set X C R".

Let Q' be a nonempty open set in R” or just R". Let L,(Q") denote the Lebesgue space of (equivalence classes of) mea-
surable, square-integrable functions on Q’, and L.,(Q") denote the space of (equivalence classes of) essentially bounded
measurable functions on &'. Let us define the L,-based Sobolev space H'(Q') = Wzl(Q’ ) 1= { fELyQ) : Vf e L) )"}
endowed with the norm

1/ @) = /IS g + IV IZ gy @1)

Here, L,(')" denotes the space of vector-valued functions whose components belong to the scalar space L,(Q'). Similar
notations are assumed also for other vector-valued and matrix-valued spaces.

Let D(Q') := C(L') denote the space of infinitely differentiable functions with compact support in Q’, equipped with
the inductive limit topology. Let D’(€') denote the corresponding space of distributions on Q/, that is, the dual of the
space D(Q").

Let Q' be either a bounded Lipschitz domain or the exterior of a bounded Lipschitz domain in R”. The space H(Q")
is the closure of D(Q") in H(R"). It can be also characterized as

Q" = {fe H'(R") : suppf C Q_")} (2.2)

where suppf := {x € R" : f(x) # 0} (see, e.g., Theorem 3.33 in McLean*®).
The dual of H'(R") is denoted as H-!(R"), while the dual of H(Q'") as H-1(Q") and the dual of H(Q") as H-}(Q"").
The boundary Sobolev space H¥(9Q2), 0 < s < 1, can be defined by

2
H'(0Q) = feLz(aQ)://lf(X) SO 1 oy < oot

yl n—1+2s
0Q 0Q

where oy is the surface measure on 0Q (see, e.g., Proposition 2.5.1 in Mitrea and Wright®). The dual of H*(0Q) is the
space H™%(02), and we set H°(0Q) = L,(dQ). Let H(dQ)" denote the space of vector-valued functions whose components
belong to H*(0Q). The dual of H*(0Q)" is the space H™(0Q)".

All L,-based Sobolev spaces mentioned above are Hilbert spaces. The following well-known trace theorem holds true
(cf. Costabel' and McLean*®).

Theorem 1. Let Q := Q, be a bounded Lipschitz domain of R" with connected boundary 0Q, and let Q_ := R"\ﬁ be
the corresponding exterior iomain. Then, there exist linear bounded trace operators y+ : H'(Q+) — H2(0Q) such that
y+f=flaq for any f € C*(Q+). The operators y. are surjective and have (nonunique) linear and bounded right inverse

operatorsy;' : H %(ag) — HY(Q4). The trace operatory : H'(R*) - H 3 (0Q) is linear and bounded as well.”

Note that any function u € Hlloc(]R”) has the jump

[r] :=y+(w) —y-(w (2.3)

equal to zero across 0Q.
Further properties of Sobolev spaces can be found in the literature.>#3-%0

" The trace operators defined on Sobolev spaces of vector fields on Q. or R” are also denoted by y. and y, respectively.
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2.2 | Weighted Sobolev spaces

1
Let x| = (xf + ... +x2)2 denote the Euclidean distance of a point x = (x;, ... ,X,) € R" to the origin of R". Let p be the
weight function

px) = (1 + [x[?)3 . (2.4)

2.2.1 | Weighted Sobolev spaces on R"
The weighted Lebesgue space Ly(p~!; R") is defined by

Ly(p™hRY 1= {f € D'R") : p7'f € LL(R")} (2.5)

and has a Hilbert space structure with respect to the inner product and the associated norm

(f’g)Lz(p_l;R”) = /fgp_zdx’ ”f”iz(p’l;]R”) = (fe f)Lz(p_l;]R")' (26)
Rn

We also consider the weighted Sobolev space
H'RY :={f e D'R" : p' f € LLR"), Vf € Ly(R)"},n>3 2.7)

(cf. Definition 1.1 in Alliot and Amrouche?” and Theorem 1.1 in Hanouzet’!), which is also a Hilbert space with the norm
defined by

. -1 2 2
1 Wy 2=\ 107 £ gy + V12 (28)

The space D(R") is dense in H(R") (cf., e.g., Alliot and Amrouche™?, p. 727; Theorem 1.1 in Hanouzet>! and Proposition
2.1 in Sayas and Selgas,*? in the case n = 3), and thus, the dual H~!}(R") of H!(IR") is a space of distributions. Let us
consider the seminorm

[ 1oy 2= IV F LRy (2.9)

This seminorm is a norm on the space H!(R") and is equivalent to the norm || - II701rny, given by (2.8) (cf., e.g., Theorem
1.1 in Alliot and Amrouche®?).

In view of Lemma 2.5 of Kozono and Sohr,> the divergence operator div : H'(R")" — L,(R") is surjective and has a
bounded right inverse. Moreover, Remark 3.8(i) of Alliot and Amrouche® and Proposition 2.4(i) of Kozono and Sohr>?
imply that for n > 3, the weighted Sobolev space H!(IR") can be also characterized as

H\R™) = {u €Lun(®Y:Vue LZ(IR{”)"} , (2.10)
with equivalent norms.

2.2.2 | Weighted Sobolev spaces on exterior Lipschitz domains
The weighted Sobolev space H'(€_) can be defined as in (2.7) with Q_ in place of R”. Therefore,

H'(Q) :={veD'(Q): pveLy(Q), WeLy(Q)"},n>3 (2.11)

is a Hilbert space with a norm given by (2.8) with Q_ in place of R" (see, e.g., Definition 1.1 in Alliot and Amrouche®’).
The space H~1(Q_) is the dual of the space H1(Q_).

Next, we mention some useful properties of these spaces. First, note that the space D(Q_) is dense in H!(Q_). Moreover,
the functions of H!(Q_) belong to H'(D) for any bounded domain D contained in Q_ (see also Alliot and Amrouche?®’).
Since HY(Q_) C HY(Q._), the statement of Theorem 1 extends also to the weighted Sobolev space H'(€Q_). Therefore, there
exists a bounded linear and surjective exterior trace operator

v HY(QL) = H3(0Q), (2.12)
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which has a (nonunique) bounded linear right inverse y=! : H 3 (0Q) » HY(Q_) (see Lemma 2.2 in Kohr et al.,® Theorem
2.3 and Lemma 2.6 in Mikhailov,>* and p.69 in Sayas and Selgas®?). The trace operator y : H'(R*) - H 3 (0Q) defined
by y(u) = y1(uy) = y—(u_) for any u € HY(R"), where u+ := ulg > is bounded linear and surjective as well (cf., e.g.,
Theorem 2.3 and Lemma 2.6 in Mikhailov®* and formula (2.2) in Bicuti et al.3).

Let us now consider the space 71(Q_) as the closure of the space D(Q_) with respect to the norm || - l701_) defined as
in (2.8), with Q_ in place of R" (cf., e.g., Amrouche et al.,?* Definition 1.1 in Alliot and Amrouche,*” and Theorem 2.1 in
Ch. 1 in Giroire®). This is a Hilbert space that can be also characterized as

H'(Q)={ve H'(Q.) : y-v=0o0n Q} (2.13)

(see Amrouche et al.#, eq. (1.2) and Theorem 4.2 in Brewster et al.?’). The space D(Q_) is dense in H'(Q_). Hence, the
dual of H(Q_) denoted by H~1(Q_) is a subspace of D/(Q_). In addition, the seminorm

[f @y = IVl (2.14)

is a norm on H(Q_) that is equivalent to the full norm || - ||31_) given by (2.8) with Q_ in place of R” (cf,, e.g., Theorem
1.2 in Amrouche et al.>* and Theorem 1.2 (ii) in Alliot and Amrouche®?).

We need also the space ﬁl(ﬂ_) c H(R"), defined as the closure of D(Q_) in H!(R"). This space can be also
characterized as (see, e.g., formula (2.9) in Brewster et al.?”)

H'(Q) = {u € H'(R") : suppu C ﬁ_} (2.15)

and can be identified isomorphically with H(Q_) via the operator F_ of extension by zero outside Q_.
By HEY(R")" and H*(Q_)", we denote the spaces of vector-valued functions or distributions whose components
belong to the spaces H!(R") and H'(Q_), respectively.

Remark 1. The weighted Sobolev / space H(Q,) can be defined as in formula (2.7) with Q, in place of R*. The dual of
the space H'(Q,) is denoted by H- 1(Q,). Let also H(Q,) be the weighted space defined as the closure of the space
D(Q,)in HY(Q,),and let H~1(Q, ) beits dual. Since Q, is abounded Lipschitz domain, we have that H'(Q,) = H'(Q,)
and H1(Q,) = H }(Q,) (with equivalent norms).

2.2.3 | Weighted Sobolev spaces on R"\0Q

We also consider the weighted space
H'R™N0Q) :={f € L(p)™;R") : Vf € L,(Q+)"}, n> 3. (2.16)
This is a Hilbert space with the norm defined by
12 ooy = 107 S 12 oy + IV LI e + IV (g e (2.17)

which is equivalent to the norm (”f”irl(a )+ ||f||H1(Q ))1/2 on H(R™\0Q).

Note that f|o, € H'(Q4) and f|o_ € Hl(Q_) whenever f € H(R"\0Q), and f could have a jump across 0Q denoted
by [y(N] i= re(f) = r-(f) = v+ (f+) — v-(f-), where f+ := flqo, . However, if f € H'(R"\0Q) and [y( /)] = 0, then
f € H'(R"), and conversely, if f € H!(IR"), then [y )] = 0 (see Lemma B1 and Theorem 5.13 in Brewster et al.?”).

2.2.4 | Rigid motion fields
Let R be the linear space of rigid body motion fields in R",

R :={b+Bx:beR"and BeR"™ suchthat B=-B'}. (2.18)

It is easy to see that dim R = n(n + 1)/2; compare book Oleinik et al.*
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It is well known that if ve H'(Q')" and E(v) = 0in a bounded domain Q’, thenv € R ¢ (see, e.g., the proof of Theorem
2.5, chapter I in Oleinik et al.**). This immediately implies that if Q’ is R" or an exterior domain in R” and E(v) = 0 for
veH Q) c HIIOC(Q’ "1, then v € R|q~ as well. Moreover, since v belongs to the space H(Q")", which is embedded in
L% Q" (see (2.10)), it follows that v = 0in Q"'.

2.3 | The conormal derivative for the Stokes system with L, viscosity tensor coefficient

As above, L is the divergence form of a second-order elliptic differential operator given by (1.7), and the coefficients A%/
of the anisotropic tensor A= (A"/’) are n X n matrix-valued functions in L. (R")™", with bounded measurable,

1<a,p<n
real-valued entries a satlsfylng the symmetry and ellipticity conditions (1.3) and (1.4). Moreover, L is the Stokes operator
given by (1.9). Let v = (vy, ... ,v,)" denote the outward unit normal to Q. , which is defined a.e. on 0Q.

In the special case when (u, z) € C! (ﬁi)" X Co(ﬁi) and the coefficients af.ﬂ are also continuous up to the boundary,
the classical interior and exterior conormal derivatives (i.e., the boundary traction fields) for the Stokes system

L, z)=Lu—-Vz =1 divu=gin Q4, (2.19)
where f€ L,(Q41)", g € L,(Q.) are defined by the formula
tTw, ) = —y+TV+ TF u, (2.20)
where T u are the conormal derivatives of u on dQ associated with the operator I and defined by
TFu 1=y (A% 0pu)v, (2.21)
(cf., e.g., Choi et al.'*). In view of (1.3), we obtain that’
(TCiu)i . (afj/’aﬂu,-) Ve = 74 <a;’;ﬂEjﬂ(u)> Vs (2.22)
. 1
where Ejy(w) 1= - (d;uy + opu;).

Note that for the isotropic case (1.10), the classical conormal derivatives t*(u, =) reduce to the well-known formulas
in the isotropic compressible case (cf., e.g., Appendix III, Part I, Section 1 in Temam*),

(tci(u, n)>i = —yirvi+ 74 AAiVW) vi + 274 (UE@) ve, i = 1, ... 1. (2.23)
For the classical conormal derivatives defined by (2.20)—(2.22), the first Green formula
£ (5@ 1), 0) 00 = (0 Ep(@. Fu(@) oy — (7, dive)ay, + (LW, 1), ¢) oy Yo € DR (2.24)
holds and suggests the following definition of the generalized conormal derivative for the Stokes system with L, viscosity
tensor coefficient in the setting of weighted Sobolev spaces (cf., e.g., Lemma 4.3 in McLean,”® Lemma 2.9 in Kohr et al.,?

Definition 3.1 and Theorem 3.2 in Mikhailov,>* and Theorem 10.4.1 in Mitrea and Wrights; see also Definition 2.4 in Kohr
et al.®).

Definition 1. Let conditions (1 2) and (1 3) hold. Then for any (u4, 7r+,f+) € HY(Q4)" X Ly(Q4) X H- L(Q)", the
formal conormal derivatives t¥ (U, 743 f+) € H™ 3 2(0Q)" are defined in the weak form by

+ <ti(ui,ni;¥i),cp> b0 = <a;’j”Ej,,(ui),Em(y+ )> <7t+,dlv(y+ )> <f+,y_1d)> oy (2.25)

THere and in the sequel, the notation * applies to the conormal derivatives from Q.., respectively.
#Note that another type of conormal derivative, where Ejs(u) is replaced by its deviator, D;5(u) = E;5(u) - ié s Emm (@) in the formulas like (2.22) and fur-

ther on, has been considered in Fresdeda-Portillo and Mikhailov>® for the isotropic case. Both types of conormal derivatives coincide for incompressible
fluids.
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forany ® € H 5(09)”, where y_T_l . H i(agz)” — H(Q4)" are bounded right inverses to the trace operators y4+ :
H\(Qy)" - H:(0Q)".
Moreover, if (W4, 7+, f+) € HY(Q4, £), where

H (@, 0) = { (v, 4. ) € H'(Q)" X Lo(Qa) X Q)"+ LV, @) = Beclayin Qe } (2:26)

then relations (2.25) define the generalized conormal derivatives t* (u+, ”ifi) €EH ‘%(ag)".

Some properties of the conormal derivatives are presented in the following assertion (cf. Lemma 4.3 in McLean,*
Theorem 3.9 in Mikhailov,>* Theorem 5.3 in Mikhailov,”’ Lemma 2.9 in Kohr et al.,® and Theorem 10.4.1 in Mitrea and
Wright®).

Lemma 1. Let conditions (1.2) and (1.3) hold.

(i) The formal conormal derivative operators o HY(Q4)" xLz(Qi)xﬁ‘l(Qi)n - ‘i(dQ)” arelinear and bounded.
1
(ii) The generalized conormal derivative operators t+ : H (Q, L) — H™2(0Q)" with L given by (1.8) are linear and
bounded and do not depend on the choice of the right inverse operators y_‘|_1 in (2.25). In addition, for all w4+ €
HY(Q4)" and (U, ”iji) € HY(Q, L), the following Green formula holds:

+ <ti(ui, ”i;?i)’ }/iwi> 0 = <a;’;ﬂEjﬁ(ui),Ei,,(wi)> Q4 ~ <n’i, (ﬁVl/iJi)Qi + (?i,wi>gi. (2.27)

Proof. We use similar arguments to those for Lemma 2.2 in Kohr et al.!° (see also Definition 3.1 and Theorem 3.2 in
Mikhailov>*%” and Theorem 10.4.1 in Mitrea and Wright®). First, we note that for (u, ni;?i) € HY(Q4)"X Ly(Q4) X
ﬁ‘l(Qi)”, the right-hand side in (2.25) defines a bounded linear functional acting on ® € H é(dQ)”, and hence,
the left-hand side determines the formal conormal derivatives t* (u., ni;?i) in H (0Q)" and the formal conormal
derivative operators tt . HY Q)" X Ly(Q4) X f[-l(gi)" - H ‘i(ag)" given by (2.25) are bounded. Therefore, the
generalized conormal derivative operators tt HY Q4+, L) - H (0Q)" are bounded as well.

Further, the property that the generalized conormal derivative operators t+ HY(Q4,L) - H ‘i(ag)n defined

by (2.25) are invariant with respect to the choice of a right inverse of the trace operator y4 : H'(Q4)* - H 3 Q)"
can be obtained with an argument similar to that for Theorem 3.2 in Mikhailov.>*
Now, let (U4, 7+, f+) € H(Q4, £). According to formula (2.25), we deduce the following equality:

£ (g, mas ) W ) a0 = (47050, 00 (73 (W) ) Yoy
- <7ri, div (y;(yiwi)) > oy + <¥i y;(yiwi)> ay
= <Aaﬂaﬁ(ui),da(wi)> oy — (m+.divwi) o, + <¥i,wi> Q

+ (4%0y(u1).0, (v (rewa) ~ Wz ) ) oy

. (2.28)

- <”i’diV <@1(}'J_rWJ_r) —Wi>>9i + <¥i,7’; (rews) —W+> o

for all w € H'(Q4)". According to the property (2.13) and the equality y+ (y;l(yiwi) - Wi> = 0 on 02, as well as

the following equivalent description of the space ﬁl(Qi)”:
H'(Q4)" = {v+ € H'(Q4)" : y+V+ =0 0n 9Q} (2.29)
(cf., e.g., Alliot and Amrouche?®, 1.2), we obtain the inclusion

vy (raws) —we € H' Q)" (2.30)
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Therefore, the Green formula (2.27) will follow from formula (2.28) if we show that
(A7 0p(1), 04(V)) o0 — (7, divva) o, + <?i’vi> o, =0 Vv € H'( Q)" (2.31)

Since the space D(Q+)" is dense in fll(Q:)”, we need to show identity (2.31) only for the test functions vy in
D(Q4)". Indeed, the membership of (w4, 74, f4) in H1(Q4, £) implies the equality L(uy, 74+) = 1o . in the sense
of distributions, and accordingly, identity (2.31) holds for any v4 € D(Q+)". a O

In the sequel, we use the simplified notation ti(ui, z+) for ti(ui, 7+;0).
Let E"i denote the operator of extension by zero outside Q.. Thus, for a function v; from Q. to R",

Ex(v)) = { = Y BRa, (232)

Let y be the trace operator from H(R")" to H ; (0Q)". For any (u4, ni,?i) € HY(Qu4)" X Ly(Q4) X H71(Q4)", let
u. .= E+u++é‘_u_, T .= E+7[+ +E_7l'_, ? :=?+ +?_, (233)
and the jump of the corresponding formal or generalized conormal derivatives is denoted by

[tu, 7 D] =t (uy, 743 £0) — - (u_, 7_;F). (2.34)

Note that the inclusions ¥i € H'(Q+)" ¢ H-\(R")" imply thatf = f, + belongs to the space H~1(R")". In the
special case f = 0, we use the notation

[t(u, 7)] = [t(u, 7;0)] = tT(u,, ) —t (u_, 7). (2.35)

Then, Lemma 1 implies the following assertion.

Lemma 2. Let conditions (1.2) and (1.3) hold. For (U+, 7+ ji) € HY(Q4, L) given, let (u, 71',}) be defined as in (2.33).
Then, the following identity holds for anyw € H(R")":

(1t P yw) o = (Vi) Euw)) o, + (0 Ep@). Euw) ) o = (mdivw)e + Fw)ze. (236)

Proof. Note that y,w = y_w = yw for any function w € H'(R")". Then, formula (2.27) implies the desired result. []

The following assertion is immediately implied by Lemma 2 and the symmetry conditions (1.3).

Lemma 3. Let conditions (1.2) and (1.3) hold. Let the pair (u, z) in Hl(I;R”\aQ)" X L,(R™) be such that L(u,n) €
L,(R™M\0Q)" and divu = 0 in R™\0Q. Let uy = ro u, 7+ = ro = fr = Eirg+£(u, ), and [t(u, 7; ] =
t(u,, 7I+;}+) -t (u_, n_;}'_). Then, for allw € HY(R™)", the following formula holds:

([t, 7; ), yw) o0 = (A% 0pu,, 0,w) o, + (A% 0gu_, 0w) o_ — (7, divw)gs + (LM, 7), W) Rr\ g0 (2.37)
= (@ Ejpa). Eulw) ) o, + (@ Ejp(uo), Euw) ) o = (7, diviw)g: + (£, 7),) Rn. (2.38)

2.4 | Conormal derivative related to the adjoint Stokes operator

Let IL. be the divergence-type elliptic operator given by (1.7). Then, the formally adjoint .* of the operator LL is defined by

L*u = aa (A*"l’aﬂu) = ()a ((Aﬁa)Taﬂu) . (239)
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where A**f = (A”"’)T is the transpose of the matrix A?* for alla, f = 1, ... ,n, that s,

xaf _ (APa\T _ ( ,*ab _{ pa
AP = (AP)T = (aij )KUS” - (aﬁ (2.40)

Note that the coefficients of the operator IL* belong to L, ()"*" (cf. (1.2)) and satisfy the ellipticity condition (1.4) with
the same constant c, . Moreover, the operator

)151‘,an

L* -V
( div 0 ) (2.41)
is the adjoint of the Stokes operator
L -V
< div 0 ) . (2.42)

If a pair (v,q) € Cl(ﬁi)" X Co(ﬁi) satisfies the following equation, related to the adjoint Stokes operator (2.41),
L*v—-Vg=1£.in Q, (2.43)
where f, € L,(€Q4)", then the corresponding classical conormal derivative is defined by

tc*i(V, Q) 1= —r+qv+ TC*iV, Tc*iv =y ((Aﬂa)Tdﬂv> Va. (2.44)

If (v4, qi,ﬁi) € HY(Q+)" X Ly(Q+) x H™1(Q4)" satisfies the following system (in distributional sense):

Li(V+,q+) :=L*vVy — Vg4 =E‘i|9i in Q4, (2.45)
then we define the corresponding generalized conormal derivative t*i(vi, qi;ii) €H _5(09)" by setting

£ (5, g o), @) on 1= (A7 T0ve, 005 ®) ) 0y, — (92, dVIE D)) 0y + (Bt 13 ®) 0y

- (2.46)
= (A0 @), 0ve ) oy, — (92 4VOL®)) 0y + (Fr 73 ®) 0y

forany ® € H : (0)". In addition, an argument similar to that for (2.27) along with relations (2.40) imply the Green
formula

+ <t*i(Vi’ g+:f1), Viwi> 00 = <afjﬂ5jﬂ(wi),Em(Vi)> oy —(q+, divwe)o, + (Ex Wado, (2.47)

and the following variant of Lemma 3.
Lemma 4. Let conditions (1.2) and (1.3) hold. Let the pair (v, q) in H}(R®\0Q)" x L,(R") be such that L.(v,q) €
Ly(R™\0Q)" in R"™\0Q. Let vt = Fo, v, @+ = ro, q fix := Exro, L.(v,@), and [0, q:f)] 1= 7 (Vs quif,) —
(v, q_;}'*_). Then, for anyw € H'(R")",

(16 @, @)L W) o0 = (@), Euwn) Yo, + (@ Ejpw), o)) o = (@, divw)is + (L., W) Erig. (248)

3 | VARIATIONAL VOLUME AND LAYER POTENTIALS FOR THE
ANISOTROPIC STOKES SYSTEM WITH L, TENSOR COEFFICIENT

As in the previous sections, Q, C R", n>3, is a bounded Lipschitz domain with connected boundary 0Q, and Q_ :=
R™\Q;. Recall that £ is the Stokes operator defined in (1.9). In this section, we define the Newtonian and layer potentials
for the Stokes system (1.8) by means of a variational approach.
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3.1 | Bilinear forms and weak solutions for the anisotropic Stokes system with L., tensor
coefficient in R”

Let A satisfy conditions (1.2)-(1.4) and ay.g. : H'(R")" x H}(R")" - R, bg. : H'(R")" x Ly(R") — R be the bilinear
forms given by

ap g, V) 1= (A%050,0,v) o = <a;ﬂEj,,(u),Ei,,(v)> Re, YU € HYRY", Vv € H'(R")", (3.1)

bgre(V,q) := —(divv, q)gs, YV € H'(R")", Vq € Ly(R"). (3.2)
Let us denote
Hy RY" :={weH'R"" : divw =0 in R"}.
The subspace Héiv(R")" of H'(R™)" has also the characterization

Hi (RN = {w e H'R"" : bra(W,q) =0 Vq € Ly(R"}. (33)
An important role in the forthcoming analysis is played by the following well-posedness result (see also Lemma 4.1 in
Kohr et al.*® and Lemma 3.1 in Kohr et al.*?)

Lemma 5. Let conditions (1.2)-(1.4) hold on R". Let ay g« and bg. be the bilinear forms defined in (3.1) and (3.2),
respectively. Then, for all given data F € H™Y\(R™)" and n € Ly(R"), the mixed variational formulation

aA;R" (u7 v) + bR"(v’ ”) = <F’ U>R" Vv € Hl(Rn)n’ (3 4)
bre(u,q) = (n,q)r» Vq € Lo(R") '
iswell-posed. Therefore, (3.4) has a unique solution (u, r) € H'(R™)"x L,(R"), and there exists a constant C = C(cy, n) >
0 such that

llullp ey + 7l ®ey < C{”FllH*l(R")” + ||’l||L2(]Rn)} . (3.5)

Proof. We intend to use Theorem 10, which requires the coercivity of the bilinear form ay.g.(:,-) from HdliV(R")" X
dw(R”)” to R. Indeed, the following Korn-type inequality for functions in H!(R")" holds:

VW o < 2IEWIZ 2, (3.6)

L (Rn)nxn —

This inequality is available, e.g., in Sayas and Selgas*?, eq. (2.2) for n = 3. For arbitrary n > 1, the Korn inequality is
proved in Theorem 10.1 of McLean®® for any function w € D(R")". Hence, by the density of D(R")" in H(R")", this
implies that inequality (3.6) is valid also in H*(R™)".

Note that if w € Hclﬁv(R”)", then Z?:l E;i(w) = 0. Then, the ellipticity condition (1.4), inequality (3.6), and equiva-
lence of the seminorm || V()| ®ny to the norm || - [l @Rny in H(R™)" (see Section 2.2.1) imply that there exists a
constant ¢; =c;(n) > 0 such that

vwe HL

div

> Lete jwip ®R™Y". 3.7)

aA R”(w W) > Cy ”]E'(W)HL (Rn)nxn = 2 A ||VW||L (Rn)nxn = 2 A

Hl(Rn)n

Inequality (3.7) shows that the bilinear form ax.g.(:, ) : H(lﬁv(R")” X HéiV(R")" — R is coercive.
The continuity of the operator V : H}(R")" — L,(R")™" and the Holder inequality imply that

|apze (V)] < Cllullage [Via@ny Yo v e H'®MY, (3.8)
where C = "4||A||Loo(]R")- Thus, the bilinear form ag g.(-,-) : H'(R")" x H'(R")" — R is bounded. Moreover, the

boundedness of the divergence operator div : HY(R")" — L,(R") implies that the bilinear form b : H(R")" x
L,(R") — R is bounded as well.
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The isomorphism property of the divergence operator

—div : H'R"Y"/H} (R™)* - L,(R") (3.9)

div

(cf. Proposition 2.1 in Alliot and Amrouche®? and Lemma 2.5 in Kozono and Shor>?) implies that there exists a constant
o > 0 such that for any g € L,(R") there exists v € H!(R")" satisfying the equation —divv=gq and the inequality
VIl ®&ny < collgllz,@rn- Therefore, the following inequality holds for such v:

bRa(v.q) = = (divV. @) p» = (¢. Dre = 14117 sy 2 5" IVl R 191l Ro)-
This implies that the bounded bilinear form br. : H'(R")" x L,(R") — R satisfies the inf-sup condition

inf bp (W, q) > 1

a€L, RN\ (0} wernRrymo Wz @ey 1G],

(see also Lemma 14(ii) and Proposition 2.4 in Sayas and Selgas®* for n = 2, 3). Then, Theorem 10 with X = H*(R")",
M =L,(R"),and V = Héiv(R”)" implies that problem (3.4) is well-posed, as asserted. O

3.2 | Volume potential operators for the anisotropic Stokes system with L., tensor
coefficient

Recall that L is the anisotropic Stokes operator defined in (1.9).

Theorem 2. Let conditions (1.2)-(1.4) hold in R". Then, for each f € H~'(R")" and g € L,(R"), the anisotropic Stokes
system
L(u,n)=f, divu =g inR" (3.11)
is well-posed, which means that (3.11) has a unique solution (u,z) € H*(R™)" x Ly(R"), and there exists a constant
C = C(cp,n) > 0 such that
el ey + 7l ey < C (1Al gy + ||g||L2(Rn)) . (3.12)

Proof. The dense embedding of the space D(R™)" in H!(R")" shows that system (3.11) has the equivalent mixed
variational formulation (3.4), with F = —f and n = —g. Then, the well-posedness of the Stokes system (3.11) follows
from Lemma 5. O

Theorem 2 allows us to define the volume potential operators for the Stokes system with L, coefficients and obtain
their continuity as follows.

Definition 2. Let conditions (1.2)-(1.4) hold.

(i) The Newtonian velocity and pressure potential operators,
Npa @ HE R - HERY", Qpn © HTYR™" = Ly(R™), (3.13)

are defined as
Ngof :=ug, Opuf 1= ¢ VE € H_l(Rn)n, (3.14)

where (ug, 7¢) € H'(R™)" x L,(R") is the unique solution of problem (3.11) with f € H~1(R*)" and g = 0.
(i) The velocity and pressure compressibility potential operators,

Crr : Ly(R") = H'(R"", G2, : Ly(R") = Ly(R™), (3.15)

are defined as
CRreg 1= Uy, Q?Rng 1= mg Vg € Lry(R™), (3.16)
where (ug, 75) € H'(R")" X L,(R") is the unique solution of problem (3.11) with g € L,(R") and f = 0.
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Lemma 6. Operators (3.13) and (3.15) are linear and continuous and for any f € H=*(R")" and g € L,(R")",

LNRof, Oref) = f, divNRgaf=0in R",
L(Gr+g Gp,8) = 0, divGr.g =g in R™.

3.3 | The single-layer potential operator for the anisotropic Stokes system with L, tensor
coefficient

Recall that Q, ¢ R"(n > 3) is a bounded Lipschitz domain with connected boundary 0Q, Q_ := R"\Q_+, the notation [-]
is used for jumps (see formulas (2.3) and (2.34-2.35)), and L is the anisotropic Stokes operator defined in (1.9).

The next well-posedness result for the transmission problem (3.17) plays a major role in the definition of the single-layer
potentials for the L, coefficient Stokes system in the Sobolev space H _i(aQ)" (see also Theorem 3.5, Definition 3.7, and
Lemma 3.8 in Kohr et al.*? for the Stokes system with strongly elliptic tensor coefficient; Theorem 4.5 in Kohr et al., !
section 5 in Sayas and Selgas,?* Section 2 in Bicuti et al.,® and Theorem 10.5.3 in Mitrea and Wright® for the isotropic
case (1.10) with y = 1and 4 = 0).

Theorem 3. Let conditions (1.2)-(1.4) hold in R". Then, for any w € H _%(09)", the transmission problem,
LWy, ry,) =0, dive, =0 in R"\0Q,
[ru,] =0 on 0%, (3.17)
[t(uv,,zry,)] =y on 0Q,

has a unique solution (w,,, m,,) € H'(R"\0Q)" x L,(R"), and there exists a constant C = C(0Q, cp, n) > 0 such that

ey |17 ®nye + M7y |, Ry < C”W”H‘%(ag)n' (3.18)
Proof. Transmission problem (3.17) has the following equivalent mixed variational formulation.
Find (u,, 7,) € H(R")" x Ly(R") such that
<a?jﬁEjﬂ(u)’Eitl(v)> Rn — <7rllls diVV>R" = (ll/, yv)dQ Vv e Hl(Rn)n7 (319)
(divuy,, g)r: = 0 Vg € L(R").

To show this equivalence, let us first assume that (w,,7,) € HI(R"\0Q)" X Ly(R") satisfy transmission
problem (3.17). Then, the first transmission condition in (3.17) implies the membership of u,, in H*(R")"; compare
Lemma 16(ii). Moreover, formula (2.37) shows that the the pair (u,,, 7, ) satisfies also the first equation in (3.19). The
second equation in (3.19) follows from the second equation in the first line of (3.17).

Let us show the converse property. To this end, we assume that the pair (u,,, z,,) € H*(R")" x Lo(R") is a solution
of the variational problem (3.19). By using the density of the space D(R")" in H!(R")", and by considering in the first
equation of (3.19) any v € C*(R")" with compact support in Q.+, we obtain the following variational equation:

<aa (a;’;”Ej,,(uw)> - al-nw,wl) oy =0VWECTQs)".
which leads to the first equation of the transmission problem (3.17). The second equation in (3.17) is an immediate
consequence of the second equation in (3.19). On the other hand, the membership of u,, in H'(R")" yields the first
transmission condition in (3.17). In addition, formula (2.37) and the first equation in (3.19) show that

([t@ay, m,)1,7v) a0 = (W, rV)aa Vv € H'(R™M". (3.20)

Since the trace operatory : HY(R")" - H : (0Q)" is surjective (see Theorem 1), Equation (3.20) can be written in the
form ([t(uy,, T =, <I)> oo = 0 for any @ € H:(0Q)", which implies the second transmission condition in (3.17).
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Thus, the transmission problem (3.17) has the equivalent mixed variational formulation (3.19), which can be written
as

ap Ry, V) + br«(v, my,) = (F,V)re YV E HIRM", (3.21)

br:(uy,,q) =0 Vq € L,(R"), :
where a, g~ and bg. are the bounded bilinear forms given by (3.1) and (3.2), and F € H~'(R")" is defined as

(B, V)Re 1= (¥, yV)aa = (r'w, V)R YV E H'(R"", (3.22)

where y* : - (0" — H~Y(R™)" is the adjoint of the trace operatory : H'(R")"* — H 3 (02)". Then, by Lemma 5, the
variational problem (3.19) is well-posed. Therefore, problem (3.17) has a unique solution (u,,, 7,,) € H'(R")"XLy(R"),
which depends continuously on y. O

Theorem 3 allows to define the single-layer potentials for L, coefficient Stokes system and to obtain their continuity.

Definition 3. Let conditions (1.2)-(1.4) hold. The single-layer velocity and pressure potentials,

Vo @ H3(0Q)" - H'(R™M", S H™3(0Q)" — L,(R"), (3.23)
are defined as X
Voow =1y, Qv =1, Yy € H :(0Q)", (3.24)
and the boundary operators,
Voo 1 H3(0Q)" = H3(0Q)", Ko : H3(0Q)" — H3(0Q)", (3.25)
are defined as 1 :
Vooy =y, Koy = 3 (t*(u,, 7))+t (u,, 7)) Vy € H :(0Q)", (3.26)

where (uy, 7,,) is the unique solution of the transmission problem (3.17) in H'(R")" x L,(R").
Lemma 7. Operators (3.23) and (3.25) are linear and continuous and for any w € H_i(dﬁ)",
LWVoay, Qow) =0, divVioy =0in Q.

In addition, the following jump relations, that are similar to the case of the Stokes system with constant coefficients
(see also Lemma 3.8 in Kohr et al.,** Mitrea and Wright,> Propositions 5.2 and 5.3 in Sayas and Selgas>?), are implied by
relations (3.26) and the transmission conditions in (3.17).

Lemma 8. Let conditions (1.2)-(1.4) hold. If w € H = (0Q)", then the following formulas hold on 0Q:

[¥Voay] =0, (3.27)

1
[t (Voaw, Q)] = w. ti (Vaaw, Q5qw) = v+ Kooy . (3.28)

3.3.1 | The single-layer potential for the adjoint Stokes system

Recall that L* is the operator defined in (2.39), and t* is the conormal derivative operator for the adjoint Stokes system
(see formula (2.47)). The next well-posedness result follows with an argument similar to that for Theorem 3 and is based
on the Green formula (2.47).

Theorem 4. Let conditions (1.2)-(1.4) hold in R". Then, for any v, € H_%(aﬂ)", the transmission problem for the
adjoint Stokes system,
L*v, - Vg, =0, divv, =0 in R"\0Q,
rw,,)] =0 on 0Q, (3.29)
t*(vq/*’ qu/*)] =Y on 09,
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has a unique solution (v, q,,) € H*(R™)" x Lo(R"), and there exists C,. = C,(0Q,ca, n) > 0 such that

19y, s ey + 1.l oy < Collvll g (330)

Definition 4. Let conditions (1.2)—(1.4) hold. The single-layer velocity and pressure potential operators for the adjoint
Stokes system (2.43),

Vo : H2(0Q)" - H'R™", QF : H'3(0Q)" — Ly(R"), (3.31)
are defined as
Vioows 1=V, @ ow. 1=qy, Yy. € H 2(0Q)", (3.32)

and the boundary operators,
Viga : H2(0Q)" — H1(0Q)", Kuo : H2(0Q)" — H™:(0Q)", (3.33)
are defined as
) . 1/t *— - n
VioaWs 1= YVy,» Kooy i = 5 (t (Vy/*, qu/*) +t (Vy/*» qu/})) Vy,. € H 2(0Q)", (3.34)

where (v, , g, ) is the unique solution of the transmission problem (3.29) in H!(R"\9Q)" x L,(R").

Lemma 9. Let conditions (1.2)-(1.4) hold. Then, the following formulas hold on 0£2:

. 1 1
[y Viosowil = 0, 8% (Vigaw,, @ w) = 5w + Kuogy. Yy € H 2(0Q)", (3.35)

1
(W, VioaWs) aa = (Ws, YVaaW) oo Y, wi € H 2(0Q)". (3.36)

Proof. First, formulas (3.35) are implied by relations (3.34) and the transmission conditions in (3.29).
Now, let (Vagl]/, Qfmy/) be the unique solution in H}(R")" x L,(R") of transmission problem (3.17) with the given

datumy € H _é(dQ)". Also let (V.o Q5 w.) denote the unique solution in H'(R")" x Lo(R") of transmission
problem (3.29) with the given datum vy, € H = (0Q)". Then, the Green formulas (2.37) and (2.48) imply that

([ (Vaow, @5w)] Vaoaw) a0 = (@l Bip (Vo). Bia Vasawr) ) e (3.37)

<[t* (Veoaws, Qiagll/*)] ,Vagll/> Q= <a?jﬁEjﬂ Vo), Eiq (V*aml/*)> Re- (3.38)

Moreover, by the second formulas in (3.28) and (3.35),

[t (Vaow, Qow)| = v, [t* (Visowi, @ yqvs)] = v (3.39)

Then, equality (3.36) follows from (3.37)-(3.39) (cf. Proposition 5.4 in Sayas and Selgas®® in the case (1.10) with
u=1and A =0). O

Remark 2.

(i) Formula (3.36) shows that the adjoint of the single-layer operator Vg : H: 0Q)" - H 3 (0Q)" corresponding to
the Stokes system from (3.17) is the operator V,yq : H 3 Q)" - H 2 (0Q)" given by formula (3.34) (see Definition
4) and corresponding to the adjoint Stokes system from (3.29).

(i) In the isotropic case (1.10), Definition 4 reduces to Definition 3, and the single-layer operator V,q : H ‘i(ag)" -
H: (0Q)" is self adjoint. Thus, formula (3.36) becomes

(W, VaoWs) oo = (Wi, VaoW) oo Yy, W, € H 2(0Q)". (3.40)
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For a given operator T: X — Y, the set Ker {T : X > Y} := {x € X : T(x) = 0} is the null space of T. Let v be the
outward unit normal to Q, which exists a.e. on 0Q, and let span{v} := {cv : ¢ € R}. Let also

. J 1inQ,
22, =\ 0in Q_,

HE(GQ)” = {cb € H:(0Q)" : (®, V) = 0}.

(3.41)

Next, we mention the main properties of the single-layer operator, similar to the ones provided in Lemma 3.12 in Kohr
et al.*? in the case of a strongly elliptic viscosity tensor coefficient (see also Lemma 4.9 in Kohr et al.,>® Theorem 10.5.3 in
Mitrea and Wright,> Proposition 3.3(c) in Bicuti et al.,3® and Proposition 5.4 in Sayas and Selgas*? in the case (1.10) with
u=1and A =0).

Lemma 10. Let conditions (1.2)-(1.4) hold. Then,

Vogv=0in Rn, ;QV =—XaQ, (3.42)
Viv = 0 on 09, (343)

1 1
Voow € H2(0Q)" Yy € H :(0Q)". (3.44)

Proof. First, we note that the transmission problem (3.17) with the given datum v = v € H _i(aﬁ)" is well-posed.
Let us show that the pair
W, 7)) = (0,—yq,) € H'(R")" X Ly(R") (3.45)

is the unique solution of this transmission problem. Indeed, (u,, x,) satisfies the equations and the first transmission
condition in (3.17), and by formulas (2.25), (2.35), and (3.45), and by the divergence theorem, we obtain that

([tw,, 7)1, @)og = — (7, div(;' @) o, = (v, ®@)se VP € H:(0Q)", (3.46)

and hence, [t(u,,7,)] = v. Consequently, the pair (u,, z,) given by (3.45) is the unique solution of the transmission
problem (3.17) with the given datum yw = v € H 2(dQ)". Then, relations (3.42) and (3.43) follow from Definition 3.
Thus, span{v} C Ker {V,;Q H ‘i(dﬂ)" - H i(dﬂ)” } Similarly, we obtain

V*,)Q\/ =0 in Rn, V*,;gv = 0 on 0Q. (3.47)

Next, we apply formula (3.36) for the densities v € H‘%(ag)n and v € H‘%(ag)" and use the second relation
in (3.47). Then, we obtain that (Vqw, v) 90 = (v, ViaaV) oo = 0, and hence, (3.44) follows. O

3.3.2 | Isomorphism property of the single-layer operator

Next, we show the following invertibility property of the single-layer potential operator (cf. Lemma 3.13 in Kohr et al.,*3
Theorem 10.5.3 in Mitrea and Wright,> Proposition 3.3 (d) in Bicuti et al.,*¢ and Proposition 5.5 in Sayas and Selgas3? in
the case 1.10 with 4 = 1 and 4 = 0).

Lemma 11. Let conditions (1.2)—(1.4) hold in R". Then,
Ker{vag L H3(0Q)" — Hi(ag)"} — span{v}, (3.48)
and the following operator is an isomorphism:

Vo : HH(0Q)" /span{v} — H:(0Q)", (3.49)
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Proof.

(i) Let yy, € Ker {v,m CH3 0Q)" - H 3 0Q)" } and let (uy,,7,,) = (Vaawo, Q5 wo) be the unique solution in
H(R™)" x Ly(R") of the transmission problem (3.17) with the given datum y. In view of formula (2.37) and since
yuy, = 0 on 0Q2, we obtain that

AA;Rn (uy/O» ullfo) = <[t(uw0» ”y/o)]’ yuy/(,) @ =0. (350)
In addition, since divu,, = 0, we have Ej;(u,, ) = 0, and due to assumption (1.4),
—1 2
apRe (Uy Wy, ) 2 c IECOy )L s (3.51)

which implies that E(u,,) = 0 and hence u,,, = 0 in R"; compare Section 2.2.4.
Moreover, u,, and r,, satisfy the Stokes equation in R"\0Q and z,,, belongs to L,(R"). Thus, there exists ¢, € R
such that z,,, = ¢ yo, in R". Then, formulas (2.25) and (2.35) and the divergence theorem yield that

([t 7y ) Bagy = — (7, dIVGT'®)) 0, = —Co(v, D)o VP € H3(9Q)",

and accordingly that yo = [t(uw,,, 7, )] = —cov. Taking into account (3.43), formula (3.48) follows.

(ii) Next, we use the notation [-] for the classes of the space H‘i(aﬁ)" /span{v}. Thus, [w] = w + span{v}, with
1
v € H 2(0Q)". We show that there exists a constant ¢ = ¢(dQ, cp,n) > 0 such that the single-layer potential
operator satisfies the coercivity inequality

(vl Voo lw]) o0 = cll w12 V[y] € H :(0Q)"/span{v} (3.52)

H’% (0Q)* /span{v}

(cf. Lemma 4.10 in Kohr et al.>® and Proposition 5.5 in Sayas and Selgas®?).
1
Let [[w]] € H 2(0Q)"/span{v}. In view of formula (2.37), Definition 3, relations (3.44) and (3.48), and the Korn
inequality, we obtain (cf. 3.7),

(Iwll, Vaallwl) oo = (W, Vaaw) sa = ([t(y, 7,)], yuy Yoo (3.53)
= ap ey, 8y) 2 CHIE@)IT e > 27 ¢4 iy 113 oy '

1
where u,, = Vyoy and z, = Q) ,w. Moreover, the trace operator y : H&iV(R”)” — H;(0Q)" is surjective having a
1

bounded right inverse y! : HZ(0Q)" — Hy, (R™" (cf., e.g., Proposition 4.4 in Sayas and Selgas* in the case n = 3.
Arguments similar to those for Proposition 4.4 of Sayas and Selgas®® imply that the result remains valid also in the
case n > 3). Moreover, there exists ¢’ = ¢/'(0R2, n) > 0 such that

Klwl, @Yoal = (v, @oal = [([t@y, 7,)], Poa| = lapr(y, ™ @)

, 1 (3.54)
< 1Al @ 1y ooy IRy o V@ € HE (O™,
1 1
Inequality (3.54) and the duality of the spaces H? (dQ)" and H™ 2 (0Q)" /span{v} show that
(w1 < ||A||Lm(Rn)C/||uy/||H1(Rn)n- (3.55)

H™2(0Q)" /span{v}

Then, the coercivity inequality (3.52) follows from inequalities (3.53) and (3.55), and the Lax-Milgram lemma yields
that the single-layer potential operator (3.49) is an isomorphism, as asserted. O
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3.4 | The double-layer potential operator for the anisotropic Stokes system with L,
viscosity tensor coefficient

Note thatifu € Lyjo(R™)" issuch thatulo, € H'(Q,)", ulo_ € H'(Q_)", then, due to Definition (2.16), u € H*(R"\0Q)"
and can be endowed with the norm ||u||;1(Rn\aQ)n = ||u||1211(g+)” + ||u||;1(97)” that is equivalent to the norm (2.17).

By following a similar approach to that used to define the Stokes single-layer potentials, we now show the
well-posedness of a transmission problem that allows us to define the L,-coefficient Stokes double-layer potentials with
the densities in the space H i(ag)n, n >3 (cf. Theorem 3.14 in Kohr et al.*® for the Stokes system with strongly elliptic
tensor coefficient and Propositions 6.1 and 7.1 in Sayas and Selgas3? for the isotropic case 1.10 with 4 = 1, A = 0, and
n=273).

Theorem 5. Let conditions (1.2)-(1.4) hold on R". Then, for any ¢ € H 3 (0", the transmission problem,

Ly, 7,) =0, divu, =0 in R"\0Q,
Yuy| = —@ on 9Q, (3.56)
t(u,, ,)| =0 on 0Q,

has a unique solution (u,, z,) € H(R"\0Q)" X L,(R"), and there exists C = C(0Q, cs, n) > 0 such that

lupll 7 ®ma0y + |1 7oL, @ < C||(P||H%(am,,- (3.57)

Proof. First, we show the uniqueness. Let (ug, 7o) € H(R™"\0Q)" x L,(R") be a solution of the homogeneous ver-
sion of problem (3.56). Therefore, the couple (uy, 7¢) is a solution of the homogeneous version of the transmission
problem (3.17), which, in view of Theorem 3, has only the trivial solution.

Next, we show that the transmission problem (3.56) has the following equivalent variational formulation.

Find (u,, 7,) € H}(R"\0Q)" X L,(R™) such that

<a;.”jﬁEj,;(u(,),Em(v)>Q + <a‘i’;ﬂEjﬂ(u(p),Ei,,,(v)>Q — (7, divV)R. = 0 Vv € HI(R™)",
(divay, q) gmaq = 0 Yq € Ly(RM), (3.58)

[ru,] = —ponoQ.

Indeed, if (u,, 7,) € H}(R"\0Q)" x L,(R") satisfies transmission problem (3.56), then the Green formula (2.37)
yields the first equation of problem (3.58). The second equation of (3.58) is the distributional form of the second
equation of (3.56). Conversely, assume that (u,, z,,) € H'(R"\0Q)" x L,(R") satisfies the variational problem (3.58).
Then, from the first equation of (3.58), we deduce that

<<aa (@ Eipg) ) = 0imy ) oy v > 0, =0VV= (. ... .v) € DQ)", (3.59)

which is the distributional form of the first equation in (3.56). The second equation of (3.56) follows from the second
equation of (3.58). In addition, the first equation of (3.58) and the Green formula (2.37) applied to the pair (uy, 7,)
yield that

([t(g, 7)), 7V ) 00 = 0 Vv € H'(R™)". (3.60)
Moreover, the surjectivity property of the trace operator y : H'(R")" — H : (0)" shows that Equation (3.60) can
be written in the equivalent form
([tg, 7). ¥ ) 00 =0 VY € H2(0Q)", (3.61)
which yields the second transmission condition of (3.56). The first transmission condition in (3.56) follows from the
transmission condition in (3.58). Therefore, problems (3.56) and (3.58) are equivalent.
By using again the existence of a right inverse yjrl : H2(0Q) — H'(Q4) of the trace operator y+ : H'(Q+) —

H> (0Q) (see Theorem 1), we deduce that for ¢ € H : (0Q)" given, there exists w, € H(R"\oQ)" continuously
depending on ¢ such that [yw,p] = —@ponodQ. For example, we can take w, =0in Q_and w, = —y;l(p inQ,.
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Therefore, v, := u, — w, satisfies the condition [yv,] = 0, and hence, by Lemma 16 can be extended to v,, €
H(R™", In addition, (3.58) reduces to the following variational problem:
ap.R(Vp, V) + bra(V, ) = £,(V) Vv € HY(R™)", (3.62)
bR"(th Q) = C(p(q) Vq € LZ(Rn), ’
with the unknown (v,, 7,) € H!(R")" x Ly(R"), where ap.ga(-,) : HY(R")" x H}(R™)" — R and bg. : H'(R")" x

L,(R") — R are the bounded bilinear forms given by (3.1) and (3.2), respectively. Conditions (1.2) and the Holder
inequality show the boundedness of the linear forms

£, P HIRY! > R, &,(v) = —<a‘;ﬂEJ-ﬂ(w¢),Em(v)>Q - <afjﬂEjﬂ(w¢),Eia(v)>Q , (3.63)
Co P LRM" = R, §,(q) := — ((divwy, @), + (divw,, q)a_) Vq € Ly(RM). (3.64)

Then, Lemma 5 implies that the variational problem (3.62) has a unique solution (v, z,) € H'(R")" x Ly(R").
Hence, the pair (u,, 7,,) = (W, +V,,, 7,,) is a solution of the variational problem (3.58) in the space H!(R"\0€2)" XL, (R")
and depends continuously on ¢. The equivalence between problems (3.56) and (3.58) show that (u,, 7,,) is the unique
solution of the transmission problem (3.56). O

Theorem 5 suggests the following definition of the double-layer potential operator for the anisotropic Stokes system (1.8)
in the case n > 3 (cf. Sayas and Selgas33, p.77 for the constant-coefficient Stokes system in R3, formula (4.5) and Lemma
4.6 in Barton?® for general strongly elliptic differential operators, and Definition 3.15 in Kohr et al.* for the Stokes system
with L, strongly elliptic viscosity coefficient).

Definition 5. Let conditions (1.2)-(1.4) hold. Then, the double-layer velocity and pressure potential operators,
Woo 1 H:(0Q)" - H'(R™\9Q)", Q% : H3(9Q)" — Ly(R"), (3.65)

are defined as
Wooe =1, Q% ¢ =1,V € H:(0Q)", (3.66)

and the boundary operators,

Koo : H(0Q)" — H3(0Q)", Dyq : H3(0Q)" — H™:(0Q)", (3.67)
are defined as )
1
Koo i= 5 (r+uy +7-u,) Vo € H2(0Q)", (3.68)
Dyag 1= t" (Wi, Q3,0) =t (Waap,Ql0) Yo € H2(0Q)", (3.69)

where (u,, 7,) is the unique solution of the transmission problem (3.56) in H!(R"\0Q)" X Lo(R").

Moreover, the well-posedness of the transmission problem (3.56) and Definition 5 lead to the next result (see also formu-
las (10.81) and (10.82) in Mitrea and Wright® and Propositions 6.2 and 6.3 in Sayas and Selgas> for the constant-coefficient
Stokes system in R3, and Lemma 5.8 in Barton? for strongly elliptic operators).

Lemma 12. Let conditions (1.2)-(1.4) are satisfied. Then, the following assertions hold.

(i) Operators (3.65) and (3.67) are linear and continuous and for any ¢ € H (o))",
L(Wyop,Q%,0) =0, divWsop =0 in Qx.
(ii) Foranyp € H : (0Q)", the following jump formulas hold on 0Q

1
7+ (Woop) = F50 + Koo, t- (Waae, Qggfﬂ) = Dyaop. (3.70)
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(iii) The operator K.9q : H ‘i(ag)" - H_é(dﬂ)” defined in (3.34) is the transpose of the double-layer operator K;q :
H:(0Q)" - Hz2(0Q)" defined in (3.68), that is,

(Wi, Ko@) a0 = (KwoaWs, @) oo Vo € H2(0Q)", w,. € H 2(0Q)". (3.71)

Proof. The continuity of operators (3.65) and (3.67) follows from the well-posedness of transmission problem (3.56)
and Definition 5. By invoking again Definition 5 and the transmission conditions in (3.56), we obtain jump formu-
las (3.70).

Next, we show equality (3.71), by using an argument similar to that in the proof of Proposition 6.7 in Sayas and
Selgas3? for the constant-coefficient Stokes system. Let ¢ € H 3(0Q)" be given, and let (u,, 7,) = (Wo0.Q4%,0) €

HY(R™\0Q)" x Ly(R") be the unique solution of the problem (3.56) with datum ¢. Let also v, € H_%(aQ)" and
Yy, Qy,) = Visows, QW) € HY(R™" x Ly(R"™) be the solution of the problem (3.29) with datum ., that is, the
single-layer velocity and pressure potentials with density y .. for the adjoint Stokes system (see Definition 4). Then, by
formulas (2.37) and (3.69),

0 = ([t(Wsao, Qgg(ﬂ)], VoW oo = <a;ﬂEjﬁ (Wia®) , Eiq (V*aQW*)>R”\aQ- (3.72)
Moreover, the Green formula (2.47) for the adjoint Stokes system and equality (3.72) yield that
(" (Viaawi @ jqws) - 7+(Waaw) ) aq = <a;ﬂEia (Vioows) . Ejp (VVaQ(P)>Q
" (3.73)
= _<ag~ﬂEia (Viqws) . Ejp (W09§0)>Q = (' (Visaw. @ 10%+) . - Waa0) ) aa.
Therefore, we obtain the equality
(" (Vi @ jqWs) - 74(Wag@) ) aa = (t*7 (Viaaw, @ jows) - 7- W) ) s (3.74)
Then, the second formula (3.35), the first formula (3.70), and formula (3.74) lead to the equality
1 1 1 1
<§ll/* + KioqWs, et Kas2<0> Q= <—§ll/* + KioqWs, 5P KaQ(P> Fron (3.75)
and hence to equality (3.71), as asserted. O

Remark 3. If the operator L is self-adjoint, that is, A*f = Abe afl." = a;’;ﬂ ,a,0,i,j =1, ... ,n, see (2.40), and par-

ticularly in the isotropic case (1.10), then Definition 4 reduces to Definition 3 and the operator K.pq : H ‘%(ag)n -
“2(0Q)" given by (3.34) coincides with Kyq : H 2(0Q)" - H 2(0Q)" given by (3.26).

3.4.1 | Invertibility of the operator D,
Let R be the set of rigid body motion fields in R", see (2.18), and let

Rog :=7yR,  RL = {EP € H3(0Q)" : (¥,1)gq =0Vre Rag} . (3.76)
Also let H;{(aQ)" be the closed subspace of H i(ag)" defined by

HA(0Q)" := {p € Hi(0Q)" : /(p -rde =0 Vr € Rog). (3.77)
0Q

It is easy to see that
Ex) =0, divr=0Vre R. (3.78)
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Next, we show the isomorphism property of the operator D;q defined in (3.69) (cf. Lemma 3.17 in Kohr et al.*? for
a different structure of the kernel and range of the similar operator when A is an L, strongly elliptic viscosity tensor
coefficient and Propositions 6.4 and 6.5 in Sayas and Selgas>? for the Stokes system with constant coefficients).

Lemma 13. Let conditions (1.2)—(1.4) hold. Then,

Ker {D@Q © Hi(0Q)" — H‘i(ag)n} = Ryo, (3.79)

Doag € R, Voo € H3(0Q)", (3.80)

and the following operator is an isomorphism,

Dyq 1 HL(0Q)" - Ry (3.81)

Proof.

(i) First, we show formula (3.79). Let us assume that ¢ € H : (0Q)" satisfies the equation Dy = 0 on 0Q. Let
u, = Wyep and 7, := Qgg(p. Since divu, = 0 in Q., we have Ej(u,) = 0 implying that assumption (1.4) is
applicable for Ej,(uy). According to Lemma 1, the jump relations (3.70) and (3.69), and assumption (1.4), we obtain
that

af af
0= <—D()Q(p, (p)ag = <al.j Ejﬂ (uw) ’Eia (u¢)>9 + <al.j Ejﬁ (u(,,) aEia (uq,)>

+

—1 2 2
> ¢! (IE@IE s + IE@IE o )

and accordingly E(u,) = 0 in Q.. Hence, by the statement in Section 2.2.4, there exist a constant b € R"” and an
antisymmetric matrix B € R™" such that u, = b + Bxin Q,, while u, = 0 in Q_. Then, by using again the jump
relations (3.70), we obtain that ¢ = —(b + BX)|4q. This relation shows that

2 (3.82)

KerDjyq C Roq. (3.83)

Now, let r € R and let u, and =, be the fields given by

—-r in Q .
u, = { 0 in Q: andz, = 0 in R". (3.84)

By (3.78), E(u,) = 0 and divu, = 0 in R"\0Q, and hence, in view of Lemma 1,
+(tE Uy, 7p), 74V oo = 0 Vv € HY(Qq4)", (3.85)
which show that ti(ur, 7y) = 0, and accordingly that [t(u,, 7;)] = 0 on 0Q. Moreover, we have that [yu,] = —r|sq
on 0Q. Consequently, the pair (uy, ;) belongs to H!(IR"\dQ)"x L,(R") and satisfies the transmission problem (3.56)
with given boundary datum r|yqo € H2(d2)". Then, Definition 5 yields that Wy (r|se) = u, and Qgg(rbg) =0in
R™\0Q, and by formula (3.69), we obtain that Dy(r|s0) = 0 on 0Q. Therefore,
Raa C KerDA;aQ. (386)
Relations (3.83) and (3.86) imply (3.79).

Now, letp € H : (0Q)". By applying the Green formula (2.27) to the pair (Wyq e, Q‘;Q(p) and by using relation (3.69)
along with (3.78), we obtain the formula

(Do, 74+T)oq = (a;‘,ﬂEm(wm(m,Em(r)) o, —{Q%,@.divt) o =0VreRr, (3.87)

implying formula (3.80).
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(i)
To prove that operator (3.81) is an isomorphism, we show that there exists a constant C = C(0Q, cy,n) > 0 such
that
(-Doag. @)oa 2 Cllgl>, Vo € Hy(0Q)" (3.88)
H2 (0Q)"

(cf. Sayas and Selgas*® Proposition 6.5 in the constant-coefficient Stokes system). Indeed, by applying Lemma 1 to the

pair (U, 7,) 1= (Whqe, Q‘;ng) with ¢ € Hfz(aﬂ)", and using the jump relations (3.70) and condition (1.4), we obtain
the inequality

(~Do. )i = ¢! (IE@IE g e + IEWHIE g e ) (3.89)

In addition, the continuity of the trace operators y+ : H'(Q4+)" - H i(dQ)” and the jump formulas (3.70) imply
that there exists a constant C; = C1(9€2, ca, n) > 0 such that

2
ol , =l < € (100 + 1 e ) = CullBIZ g s (3.90)

H2 (0Q)" H2 (0Q)"
Now, let {rj 1j=1,...,n(n+ 1)/2} be a basis of the n(n + 1)/2-dimensional space R. Then, the formula

n(n+1)/2

W gmon 2= IEOWIE o sgymes + > / [yw] - r;do|* Vw € H'(R"\0Q)" (3.91)
j=1
0Q

defines a norm on the space H(R"\0Q)", which is equivalent to the norm || - 71 ®m\00)r (see Lemma 18, cf. also Sayas
and Selgas33, p.78 for n = 3). Therefore, there exists a constant C, > 0 such that

W0 Rma0r < CollWll1.pRma0 YW E H' (R™\0)". (3.92)

1
Now, by consideringw = u,, in (3.91) and by using the jump formulas (3.70), and the assumption that ¢ € H (0Q)",
as well as inequality (3.92), we obtain that

2 2 _ 2 =2 2
|IE(u(p)|IL2(Q+)nxn + ||E(u(ﬂ)||L2(g_)n><n - “u(plll;p;R"\aﬂ 2 C2 Ilu(p“HI(R"\@Q)”' (393)

Finally, by exploiting inequalities (3.89), (3.90), and (3.93), we obtain the coercivity inequality (3.88) with the con-
stant C = cl&lCl‘ 1C2‘ 2, Then, the Lax-Milgram lemma and the isomorphic identification of the dual of the space

3 —
H,(0Q)" with RL,,

imply that operator (3.81) is an isomorphism, as asserted. O
3.5 | Poisson problems of transmission type for the anisotropic Stokes system in R"

For given data ?i,?_, g+,8-, ¢, v, we consider the following Poisson problem of transmission type:

Lug, 74) =?i|gi, divuy =g+ in Qy,
yilp —y_u_=¢@ on 0Q, (3.94)
tt (., s f) -t (uo, 7 f) =y on 0Q,

where £ denotes the Stokes operator defined in (1.9). The left-hand side in the last transmission condition in (3.94) is
understood in the sense of Definition 1.
Theorem 6. Let conditions (1.2)—(1.4) hold. Then, for all given data (7'+,J~°_,g+,g_, @, ) in the space ﬁ‘1(9+)" X
7?[‘1(9_)" X L(Q)) X Ly(Q_) X H2(0Q)" x H 2(0Q)", the transmission problem (3.94) has a unique solution
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Uy, mp,u_, w) € HY(Q)" X Ly(Q) X H(Q_)* X L,(Q_). Moreover, there exists a constant C = C(0Q, ¢, n) > 0such that

luillm@,y + Izl + lu-llzn@ ) + 17—l ) < C (llf+||f[—l(g+)n + Wl gy

(3.95)
Hige @, + gl + 1913 o + Wl 00 )
Proof. Theorem 3 yields uniqueness. Now, we show existence, by considering the potentials
uy = (J\/Rn?i> log + (CroBrg) lay, + Voaw® — Woae in Oz, (3.96)
Ty = (Q]Rn?i> o + (gﬁénéigi) oy + Qo — Qe in Qs (3.97)

where

@ 1= @ — 1y Npofs +7-Npof- — 74 CpiErgs +7-Crofig_,
l[/o = l[/ - t+ (NRn’f_'., QRH’F—{-;?_'.) + t_ <NRn’E_, QRn’?_;’E_) - t+ (anE+g+, Q?RnE+g+> + t_ (anE_g_, QO nE_g_> .

Note that ¢° € H 3 (0Q)" and y° € H_%(()Q)”. From Lemmas 6,7, and 12, we deduce that (u., 7+) given in (3.96)
and (3.97) provide a solution of the transmission problem (3.94) in the space (H(Q;)" X L,(Q4)) X (HX(Q_)" X L,(Q_))
satisfying inequality (3.95). O

3.6 | The third Green identities for the anisotropic Stokes system

Next, we prove the representation formulas (the third Green identities) for solutions of the anisotropic Stokes system with
L, tensor coefficient (cf. Proposition 6.8 in Sayas and Selgas®? for the homogeneous Stokes system in case (1.10) with
u=1,41=0,and n = 3 and Theorem 6.10 in McLean*® for the strongly elliptic systems with smooth coefficients). They
can be employed, for example, for reduction of the boundary and transmission problems to direct boundary equations,
similar to the classical direct boundary integral equation approach, see, for example, Costabel,! McLean,* and Hsiao and
Wendland.*

Theorem 7. Let conditions (1.2)-(1.4) hold and let L denote the Stokes operator defined in (1.9). Let u, € H'(Q,)",
u_ € HY{(Q_)" and r+ € L,(Q.) satisfy the Stokes system

LU+, m4) = E|_-|Qi, divuy =g+ in Qi (3.98)

for some f. e Q) e H Qo) g+ €LX(Q,) g_ eLy(Q). Let}‘ =f, +f, g := E,g. + E_g_. Then, the
following representations in terms of jumps hold:

uy = —Wglyul + Vo [t(u, n;})] + Npof + Greg in Qu, (3.99)

e = —Q [yul + 05, [t(u, n;})] + Qpf+ G2 g in Q. (3.100)

Moreover, the following single-side representations also hold:

s = FWoors e +Vool™ (e, 723 f1) + Nt + CpiBags in Qu, (3.101)

7 = FQU U+ QS (U, 7ai fi) + Qpife + G, Barg in Qu. (3.102)



KOHR ET AL. Wl LEY 25

Proof. In view of the assumptions on us, 7+, and ?i, we have the inclusions ¢ := [yu] € H 3 0Q)" and v =
[t(u, ﬂ;?)] € H™} (0Q)". Let

V= -Wjya@ + Voqy + NRn¥+ Orn8, q := —Qgg(p + Qfml[/ + QRVI+ G .gin R™M\oQ. (3.103)

By definitions of the potentials and according to Lemmas 6, 7, and 12(i), the pair (v, q) belongs to the space
HY(R™\0Q)" x L,(R") and satisfies the Stokes system

LV+,q+) =1 divvy =gin Q4. (3.104)

Due to Lemma 6, Ng.f,Cr.g € H'(R")" implying that [y Ng.f] = 0, [yGreg] = 0. Then, by formulas (3.27)
and (3.70),

[yv]l = ¢ on 0Q. (3.105)
Let rq be restriction operators to Q., that is, ro, g := glq, . By Definition 1, the generalized conormal derivative

is linear with respect to the triple of its arguments, implying that

ti(V|Qi,Q|Qi;fi) = —ti(VQiWaQQJ, oy Q4 0;0) + ti(rgiV,;gy/, ra; Qv 0)

+ - ~ 9 - (3.106)
+t—(rgi (NRnf+ GRrn8), l’gi (Or-f+ ang); fi).

By formulas (3.28) and (3.69), we obtain
[t(Vaay, Qow; 0)] = v, [t(Wiee, Q‘;Q(p;ﬂ)] =0. (3.107)
On the other hand, from (2.25), we have for any w € H ; (0Q)" that

(16N T+ Creg, Qe+ €%, 8B W) oo
= (A" 0pra, (N F+ Gre). 0a67'W) Y 0, + (A7 0pra (Nie + Ceg), 0™ 'W) Y o

~ (ro. @+ C,0).4VG W) ) o, = (ro Qe+ G 0. divi W) o + (Ey'who, +(Er'w)a  (3108)
= (A0 + Cre). 0.7 W) ) 2 — (QuE + G, 8. dive W) ) o + (B v W) g

- <_£(NRE+ Grog, Qrof+ %, 9) + 1, y—1w> "

where y~! : H i(asz)" — H'(R™" is a (nonunique) bounded right inverse of the trace operator y : HY(R")" —
H:>(0Q)". The last equality in (3.108) follows since L(Ngnf+Cgrng, Oraf+ g(I)Rin g) = fin R". Combining (3.106)-(3.108),
we obtain that the couple (v, g) satisfies the transmission condition

[t(v,q;?)] =y on 0L, (3.109)

and thus, the transmission problem (3.104), (3.105), and (3.109). The pair (u, ) satisfies the same transmission
problem, which, in view of Theorem 6, has at most one solution in H!(R"\0Q)" x L,(R"). Consequently, u = v and
r =g, and then, formulas (3.103) yield the representation formulas (3.99)-(3.100).

To obtain formulas (3.101) and (3.102) for (u., z), we can employ representations (3.99) and (3.100) withu_ = 0,
z_=0,f =0,and g_ = 0. Formulas (3.101) and (3.102) for (u_, #_) can be obtained in a similar way. O



26 Wl LEY KOHR ET AL.

4 | BOUNDARY VALUE PROBLEMS FOR THE ANISOTROPIC STOKES
SYSTEM IN WEIGHTED SOBOLEYV SPACES

Girault and Sequeira®' used in Theorem 3.4 a variational approach to show the well-posedness in H(Q')"* x L,(Q')
for the exterior Dirichlet problem for the constant coefficient Stokes system in an exterior Lipschitz domain Q' of R",
n = 2,3. Dindos and Mitrea® (see Theorems 5.1, 5.6, 7.1, and 7.3) used a boundary integral approach and properties of
Calder6n-Zygmund-type singular integral operators to show well-posedness results in Sobolev and Besov spaces for Pois-
son problems of Dirichlet type for the Stokes and Navier-Stokes systems with smooth coefficients in Lipschitz domains
on compact Riemannian manifolds (see also Theorem 7.1 in Mitrea and Taylor'® and Proposition 4.5 in Bicuti et al.3¢ for
an evolutionary exterior Stokes problem).

Recall that £ is the Stokes operator defined in (1.9), such that the corresponding viscosity tensor coefficient A =
(A“P) satisfies conditions (1.2)-(1.4).

1<a,p<n

4.1 | Exterior Dirichlet problem for the anisotropic Stokes system in the compressible case

Let us consider the following Dirichlet problem for the anisotropic Stokes system with L, coefficients:

{ Lu,z)=f divu=gin Q_, 4.1)

y-a=¢q on dQ,

where L is the Stokes operator defined in (1.9) and the given data (f, g,p) belong to H=1(Q_)" X Ly(Q_) X H 3 (0Q)". We
show the well-posedness of this problem in the space H(Q_)" X L,(2_) and express its solution in terms of the Newtonian
and single-layer potentials defined in Section 3 (cf. Theorem 5.2 in Kohr et al.?° in the isotropic case 1.10, Theorem 3.4
in Girault and Sequeira3! for the constant coefficient Stokes system, Theorem 10.1 in Fabes et al.,>® and Theorem 5.1 in
Lang and Méndez®° for the Laplace operator).

As in the previous sections, Q; € R" (n>3)is a bounded Lipschitz domain with connected boundary 0Q2, and Q_ :=
R” \Q_+. Recall that £ is the Stokes operator defined in (1.9), and that E_ is the operator of extension by zero outside Q_.

Theorem 8. Let conditions (1.2)-(1.4) hold in Q_. Let f € H1(Q_)", g€ Ly(Q_)and ¢ € Hi(ag)". Ifp € HE (0Q)",
then the exterior Dirichlet problem (4.1) has a unique solution (u, ) € H*(Q_)" X L,(Q_), given by

u= NRnf+ CreE_g + Vagzv(;é <(p - Y_NRnF - y_QRnE"_g) in Q_, 4.2)

7 =Qpf+C% B g+ Q5 Via ((p — 7-Npof — V—QR"E—g) in Q_, (4.3)

where f is an extension of f to an element of ﬁ‘l(ﬂﬂ) c H Y(R™". In addition, there exists a constant C = C(0Q, cp, n) >
0 such that

llallzo@y + Izl < C <||f||H*1(Q,)” + gl + ||€0||H%(ag),,) : (4.4)
Proof. Letf € H~1(Q_)" and g € L,(Q_). Then, Theorem 3.2 and Definition 3.3 imply that

Npof, GroE_g € H'(R™Y" (4.5)

and divV] R'} = 0, divGr.F_g = E_g in R". Hence, both potentials are divergence free vector fields in Q, and the
divergence theorem in ©, implies that

7+ Nk, 7. Gpebig € H} (0Q)". (4.6)
From inclusions (4.5), we have

Y-Neof =, Nrof, 7-GroE_g = y.CpaE_g,
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which, together with (4.6), implies that y_./\/'RnE y_CrnE_g € H?(0Q)". Then, by the assumption ¢ € H2(0Q)", we
conclude that ¢ — y_ Ng.f — y_Cp.fi_g € HZ(9Q)", and, in view of Lemma 11, vy ((p T y_QRnLo?_g> isa
well-defined element of the space H -3 (0Q)" /span{v}.

Moreover, Lemmas 6, 7, 8, and 11 imply that (u, r) represented by formulas (4.2) and (4.3) solve the exterior
Dirichlet problem (4.1) in H'(Q_)" x L,(22_), and the continuity of the operators involved in these formulas yields
inequality (4.4).

Let us now show uniqueness. Assume that problem (4.1) has two weak solutions in H(Q_)"XL,(Q_) and let (u°, z°)
be their difference. Therefore, (u°, 7°) € H(Q_)" X L,(Q_) and by the Green formula (2.27), we obtain that

<a§'j/”E,ﬂ(u°),Em(u°)> 0 =0, 4.7)
Moreover, the ellipticity condition (1.4) implies that
(a7 Ejp@®), Eu@®) Yo 2 g IE@IZ g o (48)

Therefore, E(u®) = 0 in Q_ and hence u® = 0 in Q_; compare Section 2.2.4. In addition, since u® and z° satisfy the
Stokes equation in Q_ and z° belongs to L,(Q2_), we conclude that z° = 0 in Q_, as asserted. O

4.2 | Exterior Neumann problem for the anisotropic Stokes system

The Neumann problem for the constant coefficient Stokes system in an exterior Lipschitz domain in R”, with boundary

datum in L, spaces, has been studied in Theorem 9.2.6 of Mitrea and Wright® by a potential approach (see also Theorem

10.6.4 in Mitrea and Wright® for the Neumann problem for the same system in a bounded Lipschitz domain). Next, we

consider the following exterior Neumann problem for the L, coefficient Stokes system:
La,7r)=0,divu=0in Q_,

{ )=y eR: on Q. (4.9)

Recall that R, is defined in (3.76), Doq : HZ(0Q)" — R, isgivenby (3.70)and D} : R, — H}(0Q)" isa continuous
operator due to Lemma 13.
Theorem 9. Let conditions (1.2)—(1.4) hold in Q_. If y € Rgg, then problem (4.9) has a unique solution (u,r) €
HY(Q_)" x Ly(Q_), given by
u=Wo (Dhw). m=0% (Dpw) inQ._. (4.10)

Moreover, there exists a constant C = C(Q_, cp, n) > 0 such that

llullzo@y + Izl < Cllwllry, - (4.11)

Proof. Lemmas 12 and 13 imply that (u, z) represented by (4.10) solve problem (4.9) and the operators involved
in (4.10) are continuous, which implies inequality (4.11).

To show uniqueness, let us assume that a pair (ug, 7y) € H;iV(Q_)” X L,(Q_) satisfies the homogeneous version of
the exterior Neumann problem (4.9). Then, Lemma 1 and assumption (1.4) imply that

0 = —(t"(uo, 7o), ¥-(Wo))oq = <ag-ﬂEjﬂ(u0)sEia(uO)> Q 2 CA1||]E(110)||22(9_)W,

and hence, E(ug) = 0in Q_. Then, compare Section 2.2.4, uy = 0 in Q_. Moreover, the Stokes equation in (4.9) shows
that 7o reduces to a constant ¢, € R, but the membership of 7, in L,(Q_) yields that ¢, = 0, and accordingly that
mo=0in Q_. O
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5 | AUXILIARY RESULTS

5.1 | Abstract mixed variational formulations

A major role in our analysis of mixed variational formulations is played by the following well-posedness result by
Babuska®! and Theorem 1.1 in Brezzi® (see also Theorem 2.34 and Remark 2.35(i) in Ern and Guermond®? and Brezzi
and Fortin%*).

Theorem 10. Let X and M be two real Hilbert spaces. Let a(-,-) : X XX — Rand b(-,-) : X Xx M — R be bounded
bilinear forms. Let fe X' and g € M'. Let V be the subspace of X defined by

V:i={veX:bvq=0Vqge M}. (5.1)
Assume that a(-,-) : V XV — Ris coercive, which means that there exists a constant C, > 0 such that
a(w,w) > C'[|w||3 Yw e V, (5.2)

and that b(:,-) : X X M — R satisfies the Babuska-Brezzi condition

b B
inf su & > C;l, (5.3)
qeM\{0) yexy (o) [IVIIxIIgllam
with some constant Cy > 0. Then, the mixed variational formulation,
a(u,v) + b(v,p) = f) Vv e X,
_ (5.4)
b(u,q) =g(q) Vg e M,
has a unique solution (u,p) € X X M and
llullx < Callfllx + Co(1 + llallCIIglIae» (5.5)
Ipllac < Co@ + llalICII flIx + llallC; A + llallCa)llglae- (5.6)

where ||a|| is the norm of the bilinear form a(-, -).

We need also the following extension of the Babuska-Brezzi result (see Theorem 4.2 in Amrouche and Seloula;® see
also Lemma A.40 in Ern and Guermond®?).

Lemma 14. Let X and M be reflexive Banach spaces. Let b(-,-) : X X M — R be a bounded bilinear form. Let B : X —
M and B* : M — X' be the linear bounded operator and its transpose operator defined by

(Bv,q) = b(v,q), (v,B*'q) = (Bv,q) Vv € X,Vq € M, (5.7
where (-,-) := x/(,-)x denotes the duality pairing between the dual spaces X' and X. The duality pairing between the

spaces M’ and M is also denoted by (-, -). Let V :=KerBand V* =X’ L V :={ge€ X' : (g,v) = 0Vv € V}. Then, the
following assertions are equivalent:

(i) There exists a constant Cp, > 0 such that b(-, -) satisfies the inf-sup condition (5.3).
(ii) The operator B : X/V — M’ is an isomorphism and

IBwllpe > C; Iwllxyv Yw € X/V. (5.8)
(iii) The operator B* : M — V* is an isomorphism and

IB*qllx = C;lIglia Vg € M. (5.9)
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5.2 | The Agmon-Douglis-Nirenberg ellipticity of the anisotropic Stokes system

The principal symbol of the anisotropic Stokes system (1.1) and (1.8) is the (n+ 1) X (n + 1) matrix

LA 0E, £j=1, .. .m

—i&,, £=1,...,nj=n+1;

orxe=1" . (5.10)
_l§j7 f=n+1,‘]=1,...,n;
0, f=j=n+1

Here, i = —1,and & = (&, ... , &y).

The Stokes system is elliptic in the sense of Agmon-Douglis—Nirenberg at x € R" if o(x,£) is defined and nonsingular for
any & € R"\ {0} (see, e.g., Definition 6.2.3 in Hsiao and Wendland*). This property is well known for the Stokes system in
the isotropic case (1.10) with y = 1 and A = 0 (cf,, e.g., Hsiao and Wendland*, p.329). Next, we show that this ellipticity
property remains valid also in the more general anisotropic case.

Lemma 15. Let conditions (1.2)-(1.4) hold on R". Then, the anisotropic Stokes system defined by (1.1) and (1.8) is elliptic
in the sense of Agmon-Douglis-Nirenberg at almost any x € R".

Proof. First, we observe that the symbol matrix given by (5.10) is nonsingular if and only if the modified symbol
matrix
LA X, £j=1, ...

~ e, £=1,..,nj=n+1;

ori(X,8) = , (5.11)
g £f=n+1l,j=1,...,n
0, f=j=n+1

is nonsingular as well. Let x € R” be such that the coefficients a;ﬁ (x) are well defined and finite and the ellipticity
condition (1.4) holds. In order to show that 6,,(x, £) is nonsingular for any ¢ € R"\{0}, we use Theorem 10. To this
end, for a fixed £ € R"\{0}, we consider the bilinear forms ag : R"* X R" - Rand by : R" XR - R,

ao(D,9) 1= 2 &,a5) (0ED; VO, ¥ € R, (5.12)

bo(¥,9) = &0, VO R, § €R, (5.13)

as well as the closed subspace V¢ of R" given by
Ve i={VER" : by(¥,§) =0,V R} = {V€R" : £9; =0} . (5.14)
It is immediate that these bilinear forms are bounded, as they satisfy the estimates:
|ao(@, 9)| < [JAllL @y |E121al 191, [bo(¥, @) < 1€ V11| V@, ¥ € R", VG € R.
The symmetry conditions (1.3) allow us to write the bilinear form a, as
ay(8,9) = a{ (@ ® £, (¥ ® ). (5.15)
where (0t ® £)* is the symmetric part of the matrix @ ® &, that is,

(af§a+aa€f)a C,a=1, .. ,n (516)

N | =

@®ey, =
According to (5.15) and the ellipticity condition (1.4), we obtain that a, satisfies the estimate

a0(®,9) 2 €|V @ &7 = 2, ¥PIEf? V9 € R7such that ¥- £ =0, (5.17)
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where V- & = Zgzl(‘? ® &)}, is the trace of the symmetric matrix (V ® £). Therefore, the bounded bilinear form
ao : Ve X Ve = Ris coercive when & # 0.
In addition, an elementary computation shows that
bo(V, @)

inf sup —— = |§], (5.18)
geR\{0} yeRm\ {0} [¥11ql

and accordingly that the bilinear form b, satisfies the inf-sup condition with the inf-sup constant |€|.

By applying Theorem 10, we conclude that the modified symbol matrix &(x, &) given by (5.11) is invertible for any
&#0 and hence that the symbol matrix o(x,£) given by (5.10) has the same property. Thus, the anisotropic Stokes
system is elliptic in the sense of Agmon-Douglis-Nirenberg, as asserted. O

5.3 | Extension result in the weighted Sobolev space H!(R")
Lemma 16. Let Q. C R" be a bounded Lipschitz domain with connected boundary and Q_ := R"\Q_+.

(i) Let qy €L2(Q4) and q- € Lx(Q-). Then, there exists a unique function q € Ly(R") such that qlo = q+. Moreover,

2 = 2 2
gl gy = N4l ) + 19-117 0

(ii) Letu, € H(Q,)andu_ € H*(Q_) be such that y,u, = y_u_ on 0S2. Then, there exists a unique function u € H'(R")
such that u|g L = Ust. Moreover, there exists a constant C > 0 depending on n and Q.+, such that

Nullzngey < C (lusllme,) + lu-llo@,)) - (5.19)
(iii) Ifu € HY(R"), then [yu] = 0, where [yu] = re(ula,) —r-(ula_).

Proof.

(i) Wecantakeq = EQ+ g+ +FEo g € Ly(R), where E“Qi are the operators of extension by zero defined in (2.32). Then,
evidently glo, = g+. To prove the uniqueness, let us assume that there are two such functions, g, and g,. Then,
do:=¢q1 — g2 belongs to L,(R") and qo|o,. = 0. Hence, go = 0 in R" in the sense of Lebesgue classes.

(i) We follow similar arguments to those for Theorem 5.13 in Brewster et al.?” Let &q, be abounded linear extension
operator from H*(Q,) to H'(R") (see, e.g., Theorem 2.4.1 in Mitrea and Wright®). Let us take

ur = (& uylo in Q. (5.20)
Then, u* € H(Q_) c H'(Q_). Moreover, there exists a constant ¢ > 0 depending on n and Q., such that
Uz < cllusllm@,)-

In addition, in view of (5.20), we have y_u* = y_(£q, u;) = y1uy = y_u_, and hence, u_ — u* belongs to f[l(Q_).
Thus, ng(u_ — u*) belongs to H'(R"), and there exists a constant ¢; = ¢;(n, Qx), such that

1Eo_(u- — uH)lln@e < a1 (lusllme,) + lu-lboe,)) - (5.21)
Let us now define the function
u:i=FEo (u- —u)+ Eo Uy (5.22)
It belongs to H'(R"), and there exists a constant C; >0 depending on n and Q., such that the inequality (5.19)
holds. According to (5.20) and (5.22), we have also the following relations:

ula, =0+ (Eq, uy)lo, =usae. in Q,

ulo. =u_ —ul + (€ ulo =u-—u +ul =u_ ae.in Q_,

and thus, the existence of a function u is proved.
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To prove that the function u is unique, let us assume that there are two such functions, u; and u,. Then, ug: =u; — u,
belongs to H'(R") and ugy|q 4 =0.Thus,up € H L(R™) c L,(R") and its support is a subset of dQ. Hence, uy = 0 in
R" in the sense of Lebesgue classes (cf. also Theorem 2.10(i) in Mikhailov>*).

(iii) Letu € H'(R"). Consequently, u € Hlloc(]R"), and then, y,u = y_u, that is, [yu] = 0. -

5.4 | Equivalent norms in the weighted Sobolev space H!(R"\0Q)"

We will further employ the following assertion concerning the equivalence of norms in Banach spaces (cf. Lemma 11.1
in Tartar®®).

Lemma17. Let (X, ||- || x) be a Banach space, and let (Y, ||- || v), (Z, |- || z), (Y, |- || v) be normed spaces. Let P : X - Y,
C:X—>ZandT : X - Y belinear and continuous operators, such that

(i) The operator € : X — Z is compact.
@) IPO)|ly + I€()||z is a norm on X equivalent to the norm || - || x-
(iii) The operator T : X — Y satisfies the condition T (u) # 0 whenever P(u) = 0 and u#0.

Then, ||u]| := |[P@)|ly + |T Wy, u € X, is a norm on X equivalent to the given norm || - || x.

The following result for n = 3 is implied by Proposition 2.7(a) in Sayas and Selgas,* and its proof is based on the Korn
inequalities (see, e.g., Theorems 10.1 and 10.2 in McLean*®) and Lemma 17. The result for n > 3 follows with the same
arguments.

Theorem 11. Let n> 3. Let Q C R" be a bounded Lipschitz domain with connected boundary 0Q, and Q_ := R”\ﬁ.
Then, |EC)||L,@_y» is a norm in the weighted Sobolev space HY(Q_)", which is equivalent to the norm || - |30y given
by (2.8) with Q_ in place of R". Therefore, there exists a constant C = C(Q2_, n) > 0 such that

Cllullzng y < IE@)lz, @y < l[ullze yVu € HH(Q)" (5.23)

Recall that p is the weight function given by (2.4), H'(R"\0Q) is the space defined in (2.16)-(2.17), R is the space of
rigid body motion fields in R" defined in (2.18), and R, is its trace. Note that dim R = n(n+1)/2, compare Section 2.2.4,
andlet {r; : j =1, ... ,n(n+1)/2} be a basis of R.

Lemma 18. Let Q C R", n> 3, be a bounded Lipschitz domain with connected boundary 0Q. Then, the formula

n(n+1)/2
I, s = IEODIE e+ D | / [yw] - yr;do]? Yw € H'(R"\0Q)" (5.24)
Jj=1
oQ

defines a norm in the weighted Sobolev space H'(R™"\0Q)", which is equivalent to the norm

2 2 + [|[VW])? (5.25)

_ -1
”w”Hl(R"\dﬂ)” - ”,0 w”LZ(R"\dﬂ)n LRm\ oy

Proof. First, we note that by Theorem 11, ||E(-)||z,_y» is a norm in H(Q_)", which is equivalent to the norm || -
l72_), defined as in (5.25) with Q_ in place of R"\dQ. Moreover, in view of the second Korn inequality (see, e.g.,
Theorem 10.2 in McLean*® and Proposition 11.4.2 in Mitrea and Wright®), || E(-)|| L@,y + |l - llL,@,) is an equivalent
norm in the space H'(Q,)". Therefore,

IEW)Iz,@ y»n + IEW Iz, @, + WLy, = IEW LR + (IWlL,@, (5.26)

is a norm in the space H!(R"\0Q)", equivalent to the norm (5.25) of this space.
Now, we consider the operators

P : HY(R™0Q)" — L,(R"\oQ)™", P(w) := E(w), (5.27)
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€ : HY(R™0Q)" — Ly(Q4)", C(W) = Wlg,, (5.28)
T @ HY(R™\0Q)" — RMHD/2 7 (w) 1= / [yw] - yrido, ..., / [yW] - ¥Tnns1y/2d0 |, (5.29)
0Q 0Q

which are linear and continuous. Moreover, the operator € is compact due to the compact embedding of the space
HY(Q,)" in L,(Q,)". In terms of these operators, the norm in (5.26) becomes

IEW)IL,®m o0y + (WL, @,y = IPOW|L, o0y + [EW)||L,@, ) (5.30)

In addition, the operator 7 satisfies the condition 7 (w) # 0 whenever P(w) = 0 and w # 0. Indeed, the condition
P(w) = 0 is equivalent to w|o, € R|q, and w|go = 0; compare Section 2.2.4. Assume that 7 (w) = 0 and P(w) = 0.
Then, y+wW € Ryo and

/[yw] cyr;de=0,j=1, ... ,.n(n+1)/2. (5.31)
0Q

Since Ry = span {yrj j=1,..,n(n+ 1)/2}, (5.31) yields that [yw] = 0 on 0Q, and accordingly that w &
H(R™)" (cf. Lemma 16) implying that w € ﬁl(ﬂ+)". Then, by the first Korn inequality (see, e.g., Theorem 10.1 in
McLean*®),

2||grad (W)||r,@,ymn < IEW)|L @,y = [[PW)||L,@, e = O,
and thus, w|o, = a,, which, together with the condition y,w = y_w = 0, implies that w|o_ = 0. Hence, w = 0 in
R", which contradicts the assumption w # 0. Thus, 7 (w) # 0 whenever P(w) = 0 and w # 0, as asserted.

Consequently, the conditions of Lemma 17 with X := H!(R®\0Q)", Y = Ly(R"\0Q)*", Z = L,(Q,)*, and Y :=

RM+1/2 gre satisfied, and hence,

n(n+1)/2
POl + 1T Wlly = Bl s+ 3, | [ 1wl prydo (5.32)
=19

is a norm on H!(R"\0Q)" equivalent to norm (5.25). This result and the equivalence of the norms (5.24) and (5.32)
show that (5.24) is also a norm in H*(R"\0Q)" equivalent to norm (5.25). O
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