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ABSTRACT. The first aim of this paper is to show well-posedness of Dirich-
let and transmission problems in bounded and exterior Lipschitz domains in
R™, n > 3, for the anisotropic Stokes system with Lo, viscosity tensor coef-
ficient satisfying an ellipticity condition in terms of symmetric matrices with
zero matrix trace, with data from standard and weighted Sobolev spaces. To
this end we reduce the linear problems to equivalent mixed variational formu-
lations and show that the variational problems are well-posed. Then we use
the Leray-Schauder fixed point theorem and establish the existence of a weak
solution for nonlinear Dirichlet and transmission problems for the anisotropic
Navier-Stokes system in bounded Lipschitz domains in R3, with general (in-
cluding large) data in Sobolev spaces. For exterior domains in R3, the analy-
sis of the nonlinear Dirichlet and transmission problems in weighted Sobolev
spaces relies on the existence result for the Dirichlet problem for the anisotropic
Navier-Stokes system in a family of bounded Lipschitz domains. The obtained
estimates for pressure in R? look new also for the classical isotropic case.
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1. Introduction. Variational methods play a main role in the analysis of boundary
value problems for the Stokes and Navier-Stokes systems. Girault and Sequeira [25]
have used a mixed variational formulation for the exterior Dirichlet problem for the
constant coefficient Stokes system in weighted Sobolev spaces on exterior Lipschitz
domains in R™ n = 2,3, and obtained well-posedness and regularity results for
such a problem. Alliot and Amrouche [4] have used a variational approach to
obtain weak solutions for the exterior Stokes problem in weighted Sobolev spaces.
Existence and pointwise bounds of the fundamental solution for the Stokes system
with measurable coefficients in R™ (n > 3) have been obtained by Choi and Yang
in [17] under the assumption of local Hélder continuity of weak solutions of the
Stokes system. They also discussed the existence and pointwise bounds of the
Green function for the Stokes system with measurable coefficients on unbounded
domains where the divergence equation is solvable, particularly on the half-space
(see also [15, 16]).

Mitrea and Wright [41] have used the layer potential theory and obtained well-
posedness results for boundary problems for the constant coefficient Stokes system
in arbitrary Lipschitz domains in R” and in L,, Sobolev, and Besov spaces. The
authors in [29] used a layer potential method and a fixed point technique to show
an existence result for a nonlinear Neumann-transmission problem for the constant-
coefficient Stokes and Brinkman systems in L,,, Sobolev, and Besov spaces (see also
[30)).

Dindo§ and Mitrea [19] developed layer potential methods for the smooth coef-
ficient Stokes system on compact Riemannian manifolds, and used them to show
well-posedness of the Poisson problems for the Navier-Stokes system with Dirich-
let condition and large data in Sobolev spaces on Lipschitz domains in compact
Riemannian manifolds with dimension at most 4.

An alternative approach, which reduces various boundary problems for variable
coefficient elliptic partial differential equations to boundary-domain integral equa-
tions (BDIEs), by means of explicit parametrix-based integral potentials, was ex-
plored, e.g., in [13, 14, 40] and the references therein.

In [31] we have used a variational approach in the analysis of transmission prob-
lems in weighted Sobolev spaces and in the pseudostress setting for anisotropic
Stokes and Navier-Stokes systems with an L., strongly elliptic tensor coefficient.
For the nonlinear problems we have considered small data (see also the well-posedness
results in [33, 34] for the Stokes and Navier-Stokes systems with non-smooth coef-
ficients in compact Riemannian manifolds).

In this paper we continue the analysis of transmission problems for anisotropic
Stokes and Navier-Stokes systems, by imposing a less restrictive ellipticity condition
than that in [31]. Indeed, we consider the L., viscosity tensor coefficient satisfying
a strong ellipticity condition only with respect to all symmetric matrices in R™*"
with zero matriz trace (see (1.4)). First, we explore equivalent mixed variational
formulations and prove the well-posedness of some Dirichlet and transmission prob-
lems for the anisotropic Stokes system in bounded Lipschitz domains of R™ with
given data in standard Sobolev spaces. Then we analyze the well-posedness of
the exterior Dirichlet and transmission problems for the Stokes system in weighted
Sobolev spaces. Next, we use the Leray-Schauder fixed point theorem and prove the
existence of weak solutions of the Dirichlet and transmission problems in bounded
Lipschitz domains in R? for the anisotropic Navier-Stokes system with general (in-
cluding large) data in weighted Sobolev spaces. Finally, we prove the existence of
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weak solutions u of the exterior Dirichlet and transmission problems in R? and in
exterior Lipschitz domains in R? for the anisotropic Navier-Stokes system with gen-
eral data in Lo-based weighted Sobolev spaces. The analysis relies on the existence
result for a Dirichlet problem for the anisotropic Navier-Stokes system in a family of
bounded Lipschitz domains (or, equivalently, for a Dirichlet-transmission problem
for the Navier-Stokes system in a family of bounded composite Lipschitz domains)
in R3. For R? and exterior domains in R?, we particularly show the existence of a
pressure field 7, which belongs locally to La, such that (u, ) solves the transmission
problem, or the exterior Dirichlet problem, for the Navier-Stokes system.

The main results presented in this paper include:
e Analysis of the Stokes and Navier-Stokes equations for anisotropic fluids with

a new non-standard relazed ellipticity condition for the viscosity tensor coef-
ficient.

e Analysis of rather general anisotropic transmission problems with jumps of
generalized conormal derivatives.

o FExplicit estimates for solutions of the linear problems for the anisotropic Stokes
system that are used to obtain new estimates for the pressure in the nonlin-
ear problems for the anisotropic Navier-Stokes system in exterior Lipschitz
domains. These estimates look new also for the classical isotropic case.

The well-posedness results in the Hilbert Lo-based Sobolev spaces developed in
this paper for linear boundary value problems can be extended to a more general
setting of L,-based Sobolev or Besov spaces with p in some open interval containing
2, by exploiting the continuity in H; x Ly-Sobolev spaces, p > 1, of an operator
related to such a boundary value problem, its invertibility for p = 2, and the prop-
erty that such spaces and their duals determine complex interpolation scales (see
[41], [31] and [34] for further details). One can also extend the variational approach
to mixed conditions on polyhedral domains and domains with cuts following [36].

The analysis of boundary problems for the anisotropic Stokes and Navier-Stokes
systems may be employed in modelling physical, engineering, or industrial phenom-
ena related to immiscible fluid flows, as well as inhomogeneous fluid flows with
density dependent viscosity (see, e.g., [15]).

1.1. The anisotropic Stokes system with L., symmetrically elliptic tensor
coefficient. All along the paper we use the Einstein summation convention for
repeated indices from 1 to n, and the standard notation d, for the first order
partial derivative %, a=1,...,n. Let Q CR™ n > 2, be an open set and let L
be a second order differential operator in the divergence form

Lu = div (AE(u)) <= (Lu); := s (aQﬂEjﬂ(u)), i=1,...,n, (L1)

)

where u = (uy,...,u,) ", and E(u) = (Ejs(0)),<; s<p is the symmetric part of the
gradient Vu. Therefore, the components of the tensor field E(u) are defined by
Ejp(u) := 3(djus + Opuy).

The viscosity tensor coefficient A in the operator IL consists of nxn matrix-valued
functions A% = A®#(z) with essentially bounded, real-valued entries, i.e.,

_ « _ af af ..
A= (A ﬂ)lga,ﬂgn = (aij )1<aﬁij<n @y € Leo(Q), 1<, B,4,5 <n, (1.2)

satisfying the symmetry conditions

a%ﬁ(aj) = aii(x) = a?ﬂj(x), z € (1.3)

[0}
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(cf. [42, Eq. (3.2)], [20, Egs. (6), (7)]). Note that the symmetry conditions (1.3)
do not imply the symmetry a%’g (z) = aﬁ ' (x), which will be generally not assumed
in the paper. In addition, we assume that the coefficients satisfy the following
ellipticity condition, which asserts that there exists a constant ¢, > 0 such that for
almost all z € §,

alf (2)€iakjp > i€, V€= (Lia)ia=t1,...n € R™™ with € = ¢ and > &i=0,
=1
(1.4)

where |€]? = ;o &ia. Note that the ellipticity condition (1.4) is assumed only for all
symmetric matrices & = (&a)ia=1,...n € R™™, cf. [42, Egs. (3.1), (3.3)], having
zero matrix trace, Y ., & = 0.

In view of (1.2), A is endowed with the norm

1Al = max {lai @) (1.5)

The conditions (1.3) allow us to express the operator L in the equivalent forms

(Lu); = ( E;s(u )) e (ag’;ﬁaﬁuj), i=1,...,n, (1.6)
Lu = 9, (A*0gu). (1.7)

Note that the first equality in (1.6) has not been encountered in [31], where the
coefficients of the forth order tensor A have been assumed to satisfy the strong
ellipticity condition similar to the second condition in (1.4) but for all (not only
symmetric and zero-trace) matrices € (see [31, Egs. (2)-(3)]). The more restrictive
ellipticity condition in [31] allowed to explore there the associated non-symmetric
pseudostress setting. In this paper we require the symmetry conditions (1.3) and the
ellipticity condition (1.4) only for symmetric zero-trace matrices €, and develop our
results in the symmetric stress setting. This approach allows us to obtain properties
of layer potentials for the Stokes system with L., variable coefficients generalizing
well known results for constant coefficients.

Let u be an unknown vector field, m be an unknown scalar field, and f be a given
vector field defined in 2 C R™. Then the equations

Lu,m):=Lu—-—Vr=f, divu=ginQ (1.8)

determine the Stokes system, which, under conditions (1.4), is elliptic in the sense
of Agmon-Douglis-Nirenberg, see [32, Theorem 5.3]. In the case n = 3, this system
describes viscous compressible fluid flows with variable anisotropic viscosity tensor
coefficient A depending on the physical properties of the fluid, such as, e.g., the
given fluid temperature (cf. [20]). If g = 0 then the fluid is incompressible.

In view of (1.6) and (1.7), the Stokes operator £ can be written in any of forms

Lu,m (Ao‘ﬁagu) v,

(£ umr) )i = Oa ( Ejs(u ))—&77, i=1,...,n (1.9)

1.2. Isotropic case. For the isotropic case, the viscosity tensor A in (1.2) has the
form (cf., e.g., Appendix III, Part I, Section 1 in [48]),

aif (@) = N)8iadjs + n(x) (0aj8pi +8asdij), 1 <i,j,a,f <n (1.10)

)
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where \, i1 € Loo(2) and ¢;;* < p(z) < ¢, for a.e. x € Q with some constant ¢,, > 0.
Then

a‘iajﬁ(x)giafjﬁ = )‘(x)(é-n)2 + 2M(x)§ia£ia = 2M($)§ia§ia = 2M($)|5|2 Z C;1|£|2

for a.e. x € Q and for any symmetric matrix £ = (§a)1<i,a<n € R™*™ such that
i, &i = 0. Therefore, the symmetric ellipticity condition (1.4) is satisfied as well,
and hence our results are also applicable to the Stokes system in the isotropic case.
If > 0 is a constant and g = 0, then (1.8) reduces to the well known isotropic
incompressible Stokes system with constant viscosity u.

2. Functional setting and preliminary results. Given a Banach space X, its
topological dual is denoted by X”, and the notation (-, -) x means the duality pairing
of two dual spaces defined on a set X C R™. We further assume that n > 2 unless
explicitly stated otherwise.

In this paper we are concerned with Lipschitz domains in R™ as defined in,
e.g., [22, Definition II.1.1]. Therefore, a Lipschitz domain in R™ is a non-empty
open connected set, either bounded or unbounded, with compact (not necessarily
connected) boundary, which can be locally represented as the graph of a Lipschitz
function.

We say that Q is a Lipschitz set in R™ if it is a finite union of Lipschitz domains
in R™ with disjoint closures. Particularly, any Lipschitz domain can be considered
as a Lipschitz set. The notion of Lipschitz set will be useful in the description of
transmission problems.

2.1. Lo-based Sobolev spaces. Let D(R™) := C§°(R™) denote the space of in-
finitely differentiable functions with compact support in R™, equipped with the
inductive limit topology. Let D'(R™) denote the space of distributions, i.e., the
dual of the space D(R™). Let Lo(R™) denote the Lebesgue space of equivalence
classes of measurable, square-integrable functions in R”, and L., (R™) is the space

of equivalence classes of essentially bounded measurable functions in R".
Let H'(R") and H'(R™)" denote the Lo-based Sobolev spaces

HY(R™) := {f € Ly(R") : Vf € Ly(R™)"}
= {F € La®") 13 zmy = 113y + IV Iy oy < 0},

H'®"" :={f=(f,....[a): ; € H'R"), j=1,...,n}.
The space H'(R™) can be equivalently described as

H'®R") = {f € S®") + |F(1+ €2 F S| oy < 0} »

where S'(R™) is the space of tempered distributions and F is the Fourier transform
(cf., e.g., [37, Theorem 3.18]). The dual of H!(R") is the space H !(R").

Let Q be a non-empty open subset of R®. Then similar to the definition of
the space D(R™), let D(Q) := C§°(2) denote the space of infinitely differentiable
functions with compact support in €2, equipped with the inductive limit topology,
and let D'(Q2) be its topological dual. Let D(Q2) denote the space of restrictions
of functions from D(R") onto Q. Also, L2(2) is the Lebesgue space of equivalence
classes of measurable, square-integrable functions on 2, and L, (£2) is the space of
equivalence classes of essentially bounded measurable functions on 2. Let also

HYQ) = {f € Ly(Q) : Vf € Ly(Q)"} (2.1)
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endowed with the norm

1flla @) = \/||f|| @ T IV, @ - (2.2)

The space H() is the closure of D(Q) in H*(R™). The dual of H() is the
space H~1(Q). On the other hand, since D(Q) is dense in H*() (see, e.g., [37, p
77]), the dual of H'(Q), denoted by H~1(9), is a space of distributions.

Let H'(Q)™ and H' ()™ the spaces of vector-valued functions whose components
belong to the spaces H(Q) and H(Q), respectively. Similar notations will be
employed also for all other Sobolev spaces of vector-valued functions, as well as
for the Sobolev spaces of matrix-valued functions, whose components belong to the
above mentioned Sobolev spaces of scalar functions.

Let now € be a Lipschitz set with boundary 9€2. Then the boundary Sobolev
space, H*(0R), 0 < s < 1, can be defined by

¥)I?
H* (oY) = {f€L28Q /89//89 |X7 ‘n 1+2Sd0xd0y<oo ,

where oy is the surface measure on 02 (see, e.g., [41, Proposition 2.5.1]). The dual
of H*(99) is the space H*(99Q), and we set H°(9Q')= L, (99).

All Ls-based Sobolev spaces mentioned above are Hilbert spaces.

We will further consider transmission problems and will often use the indices +
and — to denote adjacent Lipschitz sets, such as e.g. for 2, and 2_. Sometimes we
will also use the notation 24 for bounded Lipschitz sets, and €2_ for unbounded sets
(even if they are not necessarily adjacent sets). The well-known trace theorem for
Lipschitz domains (see [18], [38, Lemma 2.6], [41, Theorem 2.5.2]) can be written
for Lipschitz sets as follows.

Theorem 2.1. Let Q be a Lipschitz set in R™, n > 2, with the boundary 0S2.
Then there exists a linear bounded trace operator ~,, : H'(Q) — H2 (0Q) such that
Yo = blaa for any ¢ € C>(Y). The operator v, is surjective and has a linear
and bounded right inverse operator v, : H2(8Q) — HY(Q). The trace operator
Yo + HYR™) — H2(8Q) is also bounded linear and surjective and there exists a
linear and bounded right inverse operator v,! : H? (0Q) — HYR™)'. In addition,
(R™) satisfies the condition ~,,u € H?(99).

any function u € H\

We will use the simplified notation « instead of «,, or «,, whenever the set €2
or the space R" is clear from the context and this simplification does not produce
any confusion. In addition, if the set, over which the trace operator is considered,
is labeled with the sign +, then this operator will be denoted by 4. For example,
we adopt the notation v+ instead of 7, .

Note that the assumption that the set €2 has a compact Lipschitz boundary shows
that H'(Q) can be identified isomorphically with the space H'(€2) of all functions
in H'(Q) with null traces on the boundary of Q (cf., e.g., [37, Theorem 3.33]).

Further properties of Sobolev spaces can be found in [1, 37, 41].

2.2. Weighted Sobolev spaces. Let |x| = (z2+---+22)2 denote the Euclidean
distance of a point x = (x1,...,%,) € R™ to the origin of R™, n > 3. Let p be the

IThe trace operators defined on Sobolev spaces of vector fields on Q or R™ are also denoted by
Yo and g, , respectively.
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weight function
p(x) = (1+[x*)=. (2.3)

2.2.1. Weighted Sobolev spaces on R™. The weighted Lebesgue space La(p~1;R™)
defined by

La(p™R") = {f € D'(R") : p~f € Lo(RM)}, (2.4)
is a Hilbert space with respect to the inner product and the associated norm

(fa g)L'z(p*l;R") = /R fgp_dea Hf”%rz(p*l;R”) = (fv f)LQ(p*l;R")' (25)

We also consider the weighted Sobolev space

HYR™) :={f € D'(R"): p~ ' f € Ly(R"), Vf € Ly(R™)"} (2.6)

(cf. [4, Definition 1.1], [26, Theorem I.1]), which is a Hilbert space with the norm
142

Hf”%—[l(]R") = HP lfHLQ(Rn) + ||Vf||i2(w)n . (2~7)

The space D(R") is dense in H*(R") (cf., e.g., [2, p. 727], and [26, Théoreéme 1.1]
and [45, Proposition 2.1] in the case n = 3), and, thus, the dual #~}(R") of H*(R™)
is a space of distributions. Let us consider the semi-norm

|f|7_[l(Rn) = ||Vf||L2(]Rn)n. (28)
This semi-norm is a norm on the space H!(R") and is equivalent to the norm

| - ll2¢1 (rny, given by (2.7) (cf., e.g., [2, Theorem 1.1]).

2.2.2. Weighted Sobolev spaces on exterior Lipschitz domains and sets. Let Q CR"™
be a non-empty open set, n > 3. The weighted Sobolev space H!(£2) can be defined
as in (2.6) with € in place of R™ (see [26, Definition 1.1, p. 229-230]),

H'(Q) = {veD(Q):p 've LyQ), Ve Ly(N"}, (2.9)
and is a Hilbert space with a norm given by
1.2
£ 13 @) == lle 1fHL2(Q) +IVAIZ, @ - (2.10)

The space H~1(€2) denotes the dual of the space H* ().

If  is a bounded open set, then H!(Q) coincides with H'(Q) with equivalent
norms. Moreover, the restriction of any function from #!(Q2) to any bounded open
set Q contained in Q belongs to H' (). The space H! (1) is defined as the closure
of the space D(2) with respect to the norm || - |41 (o) defined in (2.10) (cf., e.g., [6],
[4, Definition 1.1]), and is a Hilbert space.

The space D(Q) is dense in H*(2). Hence, the dual of %! (Q) denoted by H ()
is a subspace of D/(Q). We need also the space H(Q) C H!(R"), defined as the
closure of D(Q) in H!(R"™).

Let Qo C © be a bounded Lipschitz set containing the boundary of €. Since the
restriction of any function from H!(Q) to Qg belongs to H' (), the statement of
Theorem 2.1 extends also to the weighted Sobolev space H!(Q2). Particularly, for
any unbounded Lipschitz set 2 with boundary 02 there exists a bounded linear
and surjective trace operator

v, HYQ) = H?(09), (2.11)
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which has a bounded linear right inverse v : Hz (9Q) — H(Q) (see [28, Lemma
2.2], [38, Theorem 2.3, Lemma 2.6], [45, p. 69]).

The trace operator 7., : H'(R") — H2(99) is bounded linear and surjective
as well (cf., e.g., [38, Theorem 2.3, Lemma 2.6]). The space H!() can be also
characterized as

HY(Q) = {veH (Q):v,v=0o0n 00}
= {v|q : v € H(R™) and yv = 0 on 9N} (2.12)
(see, e.g., [6, (1.2)]), while the space H!(Q) can be characterized as
HY(Q) = {u € HY(R™) : suppu C O}, (2.13)

and can be identified isomorphically with Hl(Q) via the operator Eq of extension
by zero outside Q (cf., e.g., [37, Theorem 3.33]).
If Q is an unbounded (exterior) Lipschitz domain, then the semi-norm

[flr @) = IV llLa@n (2.14)

is a norm in H*(€2) that is equivalent to the full norm |- || () given by (2.10) (cf.,
e.g., [6, Theorem 1.2], [4, Theorem 1.2 (ii)]).

2.3. The conormal derivative for the anisotropic Stokes system. Let Q.
and _ be two adjacent Lipschitz sets in R™, n > 2, and let 024 and 0€2_ be
the corresponding boundaries of them. Then 0Q,NON_ is their interface. Let
vt = (vf,...,)T denote the outward unit normal to €2, , which is defined a.e.
on 09, . To facilitate the analysis of transmission problems in further sections, we
assume that the unit normal v~ to Q_ that exists a.e. on 0€)_ is oriented inward
to this set, which implies that v~ = v™ =: v on the interface 9Qy NN _.

As before, L is the divergence form second-order elliptic differential operator
given by (1.7), and the coefficients A*? of the anisotropic tensor A = (4*7), o p<n
are n X n matrix-valued functions in L., (R™)"*", with bounded measurable, real-

valued entries a%ﬂ , satisfying the symmetry and ellipticity conditions (1.3) and (1.4).

Moreover, £ is the Stokes operator given by (1.9).
In the special case when afjﬁ € C°%Q4) and (u,7) € C1(Q4)" x C°(Q4), the
classical conormal derivatives (i.e., the boundary traction fields) of the Stokes system

Lunm)=Lu—-Vr=f divu=g in Qy, (2.15)
where f € Lo(Q4)", g € La(21), are defined on 9Q4 by the formula
tF (u, 7) i= —(yam)vE 4+ T, (2.16)

where T*u are the conormal derivatives of u on 9§04 associated with the operator
L and defined by

T u = 74 (AP 9gu) vz (2.17)
(cf., e.g., [16]). In view of (1.3), we obtain (cf. [20]) that?
(TCiu)i =i (a%ﬁaﬂuj)uf =74 (a?jﬁEjB(u))u(f , (2.18)

where Ejg(u) := 3 (9;up + 0gu;).

2Here and in the sequel, the notation 4 applies to the conormal derivatives from Q4.
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Note that in the isotropic case (1.10), the classical conormal derivatives t°* (u, )
reduce to the well known formulas (cf., e.g., Appendix III, Part I, Section 1 in [48])

(tF(a, 1)), =—yar vE4ye (Adiva) v +2v5 (uEin(0)) v, i=1,...,n. (2.19)

g

For the classical conormal derivatives defined by (2.16)-(2.18), the Green formula

+ <tci(u7 ), <,0>aQi = <a?j5Ejﬁ(u), E'm(<P)>Qi — (m,divep)a,
+({L(u,m),¢)q, Ve e DR")" (2.20)

holds in Lipschitz sets and suggests the following definition of the generalized conor-
mal derivative for the Stokes system with L., viscosity tensor coefficient in the set-
ting of weighted Sobolev spaces generalizing [37, Lemma 4.3], [28, Lemma 2.9], [38,
Definition 3.1, Theorem 3.2], [41, Theorem 10.4.1], see also [31, Definition 2.4].

Definition 2.2. Let €2, and Q_ be two adjacent Lipschitz sets in R™, n > 2, and
let 021 and 02— be the corresponding boundaries of them. Let conditions (1.2),
(1.3) hold. Then for any (uy, 7y, fr) € H(Qx)" X Lo(Qy) x H™1(Q4)", the formal

conormal derivatives t*(uy, 74;fr) € H™2(004)" are defined in the weak form

by the formulas

+ . F e B -1 : —1
(6 (e mai ). @) o= (0 Byp(us). Bua (031 @) |~ (ma div(yi ' @),

+(fz'e) (2.21)
Q4

for any ® € Hz(8Q4)", where y! : H2(90x)" — H'(Q+)" are bounded right
inverses to the trace operators 74 : HL(QL)" — H%(aﬂi)".
Moreover, if (ug, w4, fy) G'Hl(Qi, L), where

H' (0, £) = { (va. g 1) € H Q)" % Lo(Q) x HH(Q0)"
L(vi,qz) = ¢ilo. in Qi}> (2.22)

then (2.21) define the generalized conormal derivatives ti(ui,wi; fi) € H’%(aﬁi)“.

Some properties of the conormal derivatives are presented (cf. [37, Lemma 4.3,
[38, Theorem 3.9], [39, Theorem 5.3], [28, Lemma 2.9], [41, Theorem 10.4.1]).

Lemma 2.3. Let the assumptions of Definition 2.2 hold. Then the following prop-
erties hold.

(i) The formal conormal derivative operators
t 1) X Ly(Qy) x HHQL)" — H™3(004)"
are linear and bounded.

(ii) The generalized conormal derivative operators t= : H*(Qx, £) — H2 (90"
with £ given by (1.8), are linear and bounded, and do not depend on the choice
of the right inverse operators yg" in (2.21). In addition, for all wy € H' (Q4)"
and (ug, Wi,f'i) € 'Hl(Qi,ﬁ), the following first Green identity holds

i<ti(uia77i§?i)77iwi>8gi :<a%‘BEj/3(ui)7Em(Wi)>Qi — (e, divwi)o,

+ (e, wida, . (2.23)
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Proof. We use similar arguments to those in [30, Lemma 2.2] (see also [38, Definition
3.1, Theorem 3.2], [39], [41, Theorem 10.4.1]). First, we note that for (us,n4;fy) €
H(QL)" X Lo(Qx) x H1(Q+)", the right hand side in (2.21) defines a bounded
linear functional acting on ® € H %(aﬁi)", and, hence, the left hand side deter-
mines the formal conormal derivatives t* (u, 74 ; f'i) in H—3% (09+)™ and the formal
conormal derivative operators t= : H!(Qx)" X Ly(Q4) x H1(Q1)™ — H 2 (9Q4)"
given by (2.21) are bounded. Therefore, the generalized conormal derivative oper-
ators t* : H1(Qy, L) — H~2(99Q+)" are bounded as well.

Now, the property that the conormal derivative operators t* : H!(Q4, L) —
H~2(804)" defined by (2.21) are invariant with respect to the choice of a right
inverse of the trace operator v4 : H'(Q4)" — H%(GQ)” can be obtained with an
argument similar to that for Theorem 3.2 in [38].

Going on, let (ug, 74, ) e HY(Q4, L£). In view of formula (2.21), we have that

+ <ti(lli,7fi;fi)ﬂiwi>mi = (A" 05(us), 00 (V' (e ws))),, (2.24)

— (me, div (72 (2 W) ), + <f"i,v;1(7iWi)>Qi
= <Aa585(u:t)aaa(wi)>9i — <7T:‘:,diVW:‘:>Qi + <f‘:tyW:|:>

+ (A5 (ur), Oa (VI (W) = W)

— <7ri,div(7;1(7iwi) — wi)>Qi + <fi,’y;1 (yawg) — wi>9¢ Vw e Hl(Qi)".

Qt

Because 7£1 are right inverses of the trace operators 74, we have the equalities
T+ (’Y;l(’YiWi) — w4 ) =0 on 904, and hence

Ve (yewe) —we € HH Q)" (2.25)
where the spaces H!(Q4)" are characterized as, cf. (2.12),
ﬁl(Qi)" = {Vi e H' (L) i yLve =0on 8Qi} i (2.26)
Therefore, the Green formula (2.23) follows from formula (2.24) if we show that

(A%P95(us), 0a(va)) yo, — (M divva)g, +(Fe,va), =0 Vva € HL(QL )™
(2.27)

Since the space D(Q4)™ is dense in H!(Q+)", we need to show identity (2.27) only
for the test functions vy in D(Q4)". Indeed, the membership of (ui,ﬂi,ﬁ) in
H'(Q4, £) implies the equality L(uy,74) Zf'ik)i in the sense of distributions, and
accordingly identity (2.27) holds for any vy € D(Q4)".

Finally, we note that conditions (1.3) lead to the second equality in (2.23). O

In the sequel we use the simplified notation t*(u,7+) for t*(uy, 74;0).

Remark 1. It is easy to verify that Definition 2.2 and all assertions of Section
2.3 can be stated also if the weighted Sobolev spaces are replaced by the standard
Sobolev spaces.
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2.4. Abstract mixed variational formulations. A major role in our analysis of
mixed variational formulations is played by the following well-posedness result by
Babuska [7] and Brezzi [11, Theorem 1.1] (see also [21, Theorem 2.34 and Remark
2.35(i)] and [12]).

Theorem 2.4. Let X and M be two real Hilbert spaces. Let a(-,-) : X x X — R
and b(-,-) : X x M — R be bounded bilinear forms. Let f € X' and g € M’. Let V
be the subspace of X defined by

Vi={veX:bv,q)=0 Vqge M}. (2.28)

Assume that a(-,-) : V xV — R is coercive, which means that there exists a constant
Cy > 0 such that

alw,w) > O w|% YweV, (2.29)
and that b(-,+): X x M =R satisfies the Babuska-Brezzi condition

b
inf  sup 0D >0t (2.30)
g€ M\{0} ye x\{0} vl x gl am

with some constant C, > 0. Then the mized variational formulation

b(u, q) =9(q) YgeM, '
has a unique solution (u,p) € X x M and
ullx < Callfllx + Co(1 + [lal|Ca)llgllre, (2.32)
Iplla < Co(1+ [lal|Ca) | fllxr + lallCF (1 + [lall Ca)llgllagr, (2.33)

where ||a|| is the norm of the bilinear form a(-,-).

We need also the following extension (cf. [21, Lemma A.40]) of the Babuska-
Brezzi result.

Lemma 2.5. Let X and M be reflexive Banach spaces. Let b(+,-) : X x M — R be
a bounded bilinear form. Let B : X — M’ and B* : M — X' be the linear bounded
operator and its transpose operator defined by

(Bv,q) =b(v,q), (v,B"q) =(Bv,q) VveX, VgeM, (2.34)

where {-,-) := x:(-,-)x denotes the duality pairing between the dual spaces X' and
X. The duality pairing between the spaces M’ and M is also denoted by (-,-). Let
V:=KerB and V*=X'1V := {g€ X' : (g,v) = 0 Yv € V}. Then the following
assertions are equivalent:

(i) There exists a constant Cy, > 0 such that b(-,-) satisfies the inf-sup condition
(2.30).
(#3) The operator B : X/V — M’ is an isomorphism and

1Bwl = Gy Hlwllxyv Vw e X/V. (2.35)
(iii) The operator B* : M — V= is an isomorphism and

1B*qllx = Cy Mllgllm Vg€ M. (2.36)
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3. Dirichlet and Dirichlet-transmission problems for the anisotropic Stokes
system in a bounded Lipschitz domain. In this section we show well-posedness
of Dirichlet and Dirichlet-transmission problems for the anisotropic Stokes system
in a bounded Lipschitz domain of R™, n > 2. This property will facilitate the
analysis in Sections 5 and 6 of the same boundary problems for the anisotropic
Navier-Stokes system in bounded and exterior Lipschitz domains. All along Section
3, Q is a bounded Lipschitz domain in R™, n > 2, with boundary 92 (not necessarily
connected).

3.1. Notations and auxiliary results. Let us denote by H!(Q)™ the closed sub-
space of the Sobolev space H'(f2) consisting of functions with zero traces on 9.
The semi-norm

ul g gy = [l = [V, @)nxn - (3.1)
is also a norm in H'(), which is equivalent to the norm
[allz1@)n = ullza @) + [Vullz, @)nxn (3.2)
(cf., e.g., Theorem IL.5.1 and Remark I1.6.2 in [22]).
Since H~1(Q)" can be identified with (ﬁ[l(Q)”>/, let || - |l z-1(q)» denote the

corresponding norm in H~1(Q)" generated by the seminorm | - lir1(0)e in (3.1), L,

@l -1 () = sup (@, v)e] VEEHT(Q)"  (3.3)

Veﬁll(ﬂ)na HVVHLz(Q)anzl

Let us introduce the spaces

Daiv(Q)" :={w € D(Q)" : divw = 0 in 2}, (3.4)
H ()" :={w e H'Y(Q)" : divw = 0 in Q}, (3.5)
(Hin (™) = H™H Q)" LH ()"

={®ecH ()" :(®,V)qg=0 VveHi ()"} (3.6)

. / . .
The dual (H_l(Q)"LHéiV(Q)”) can be identified with H*(Q)"/H} (Q)", and the
dual (La.0(Q))" with the space Ly(Q)/R, (see, e.g., formula (5.118) in [41]).
For v e H'(Q)"/H 3o ()™ we also introduce the following norm in this quotient
space,
|v|f{1(ﬂ)n/ﬁléiv(ﬂ)n = inf¢€f1§iv(9)" ||V(V — ¢) ||L2(Q)7L><7L . (38)

The next result provides an isomorphism property of the divergence and gradient
operators in bounded Lipschitz domains (cf., e.g., [47, Lemmas 7-9 in p. 30], [24,
Corollary 2.4 and Theorem 2.3 in Chapter 1], [48, Proposition 1.2(i) and Remark
1.4 in Chapter 1], and [5, Theorem 3.1]).

Theorem 3.1. Let Q be a bounded Lipschitz domain in R™, n > 2. Then the
operators

div : HY(Q)"/HY, ()" = Lao(Q), (3.9)
grad : Ly(Q)/R — H-Y(Q)" LH}, (). (3.10)
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are isomorphisms. The following norms of the operators inverse to operators (3.9)
and (3.10) are equal,

v, o gy a1 (ayn 2= sup |V gl 1y i1y
20D HH O HE " @), gl o=t @)/ H ()

-1
= [lgrad |”H71(sz)uﬁ;iv(sz)vqb(Q)/R

= ~ sup ngad_lf‘”LQ(Q)n/R =Cqo<oo, (3.11)
feH-H( Q)" LH, (D)7, Ifllg-1oym=1
and hence
|V|ﬁ1(g)v»/ﬁéiv(g)n < Coldivvlp,@) Vve HY(Q)"/Hgi, ()", (3.12)
lallzo)/r < Callgrad gllm-1(@)» Vg € L2(Q2)/R. (3.13)

Moreover, the norm value, Cq, may depend on the shape of  but not on the domain
scaling.  Particularly, if Q is a ball B, then Cq = Cp does not depend on its
diameter.

Proof. In view of Lemma 2.5, norms of the operators inverse to (3.9) and (3.10) are
equal. Moreover, the independence of Cq of the domain size follows by considering
the simple scaling & = Az in all the operators and norms, e.g., in (3.9) and in the
first two lines of (3.11), cf. [35, Corollary 2.1]. O

3.2. Dirichlet problem for the Stokes system in a bounded Lipschitz do-
main. Let £ be the anisotropic Stokes operator defined in (1.9). Let us consider
the following Dirichlet problem for the anisotropic Stokes system

Lu,r)=f, divu=g in,

yu=20 on 082,
with the unknowns (u, 7) € H ()" x L2(2) /R and the given data (f, g) € H~1(Q)"x
Ls.0(€2). A variational approach (as in the proof of Theorem 3.4 corresponding to the
transmission problem) implies that the Dirichlet problem (3.14) has the following

equivalent mixed variational formulation with F = —f .
Given F € H=Y(Q)" and g € La.o(2), find (u,7) € HY(Q)" x L2(Q)/R such that

{ ano(u,v) +bo(v,m) = (F,v)q VYveH(Q)",

(3.14)

ba(u,q) = —(9,9)a Vg e Ly(Q)/R, (3.15)

where ap.q: HY ()" x HY(Q)" =R and b : H ()" x Ly(Q)/R—R are the bounded

bilinear forms

apo(u,v) = <aq»ﬁEj (u),Em(v)>Q Vu,ve HY(Q)", (3.16)

ij
bo(v,q) == —(divv,q)a Vv eH ()" Vqe Ly(Q)/R. (3.17)
Then we obtain the following well-posedness result.

Theorem 3.2. Let Q be a bounded Lipschitz domain in R™, n > 2. Let conditions
(1.2)-(1.4) hold in Q. Then for all F € H Y (Q)" and g € L2o(Q), the linear
variational problem (3.15) and the Dirichlet problem (3.14) with £ = —F have a
unique solution (u,m) € H*(Q)™ x Ly(Q)/R and the following estimates hold,

VUl 1, @pnxn < 2eallFllz-10)n + Collgll Lo (3.18)
7] sy /r < COllFN -1 + Callgl Lo (3.19)
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where the ellipticity constant cy is defined in (1.4),
Cq = Co(1 4 2can Al L @),  Cq = n*[|AllL. () CaCq,
and the constant Cq is defined in Theorem 3.1.

Proof. The bilinear form az.q : HY(Q)™ x H'(Q)" — R is bounded on the Hilbert
space H* ()" and by (1.5), we have the following estimate

laa, (v, w)| < n4||A||Lm(Q)n||Vv||L2(Q)nxn||VW||L2(Q)7L><TL Vv, w € Hl(Q)" (3.20)
The first Korn inequality in H (€)™ (see, e.g., [37, Theorem 10.1]) and the ellipticity
condition (1.4) show that

1 _ _
§CA1||VV||2LQ(Q)"><" = CAIHE(V)H%Q(Q)"X"

< (0t Ejs(v), Bia(v) )
=apq(v,v) Vve I—oldliv(Q)”, (3.21)
implying that as.o is also coercive on ﬁéiV(Q)”.

By Theorem 3.1 and Lemma 2.5, the bilinear form b,, (-, -) : H*(Q)" x Ly(Q) — R
satisfies the inf-sup condition

: by (v, q)
inf su
9€L2(Q/B\0} e 1 (yn oy IV VILa@ymxn llall o) /r

> C5t (3.22)

Then due to estimates (3.20), (3.21), (3.22), Theorem 2.4 with X = HY(Q)", V =
HL ()" and M = Ly(€2)/R implies that for any (F, g) € H~(2)" x La.(€2), there
exists a unique solution (u, 7) € H(Q)"x Ly () /R of the variational problem (3.15)
and inequalities (3.18), (3.19) hold. O

3.3. Dirichlet-transmission problems for the Stokes system in a bounded
domain. Let n > 2. We make the following geometrical assumption.

Assumption 3.3. Let Q C R™ be a bounded Lipschitz domain, with (not necessar-
ily connected) boundary 9. Let Q° be a bounded Lipschitz set such that Q0 c Q.
Let Qg_ =0%and Q0 :=Q \W. Thus, the composite domain €2 can be written as
Q = 0% UQ, and the boundary 99Q° = 909 of QY is also the interface between
QY and Q% (see Figure 1).

FIGURE 1. Bounded composite domain 2 = 973_ uQe
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Let us introduce the following spaces

HY(Q0;00)" .= {ve H' (Q")" :v4v =0o0n 09}, (3.23)

H Q2000 .= {p e HY(Q)": p=00n Q% }, (3.24)

Xao oo = {(vi,q4,v_,q-) vy € HY(QY)", v_ e H'(QO)™,

q+ = Q|Qg> g- =qloo, ¢ € L2(Q)/R},  (3.25)

Vg a0 = H Q)" x H7H(Q2;00°)" x Lo () x H2(92°)".  (3.26)
The space H~1(0° ; 9Q°)™ can be identified with the dual of H(Q0;00)" (cf., e.g.,
arguments of Theorems 3.29 and 3.30 in [37]).

Next, we consider the Dirichlet-transmission problem for the anisotropic Stokes
system

Lus,m) =Floy . divuy =gl in Q9 (3.27)
Lu_,m_)=f_|g , divu_ =g|g in Q°, (3.28)
Yyuy —y_u_ =0 on 9Q°, (3.29)
ttug, ) —tT(uo,mosf) = b on 90Q°, (3.30)
v_u_ =0 on 092, (3.31)

with given data (f,,f_, g, ) € D09 00 and unknown (uy,mp,u_,m_) € Xq9 a0 -
Let us consider F € H~1(Q)" defined as

(F,v)q = —<f+aV|Qg>Qgr - <f—aV|Q(1>QO_ + (¢, 7v)aqo
= (£, v), — (f.. V) + (YU, v)a VveH(Q)", (3.32)
ie.
F=—(f+f)+7y, (3.33)

where v* : H™2(0Q°)" — H~Y(R™)™ is the adjoint of the trace operator v :
HY(R™)" — H= (800", and the support of v*1 is a subset of 9Q0.
Then we obtain the following well-posedness result.

Theorem 3.4. Let n > 2 and Assumption 5.3 hold. Let conditions (1.2)-(1.4) hold
in Q. Given (f.,f_,g,%) € Dag o, let (u,7) € H(Q)" x Ly(Q)/R be the solution
of wvariational problem (3.15) provided by Theorem 3.2 for the data (F,g) with F
given by (3.33). Then the linear Dirichlet-transmission problem (3.27)-(3.31) has a
unique solution in XQR,QQ given by

uy = u|Q(i, u_ =ufg, Ty = 7T|Qo+, T_ =7|qo, (3.34)
and estimates (3.18) and (3.19) hold.

Proof. To show the equivalence between the transmission problem (3.27)-(3.31) and
the variations problem (3.15), let us first assume that (uy,7y,u_,7_) € Xao o0
satisfy transmission problem (3.27)-(3.31). Then transmission condition (3.29) and
Lemma A.1(i,ii) along with boundary condition (3.31) imply that there exists a
unique pair (u,7) € H*(Q)" x Ly(Q)/R satisfying conditions (3.34).
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Due to the first equations in (3.27) and (3.28) along with Lemma 2.3 and Remark
1, the first Green identities (2.23) are valid. Employing transmission condition
(3.30) they show that the pair (u, ) satisfies

<aio;‘ﬁEjﬁ(u+), Em(V)>QO — (4, div V>Qﬁ’r + <f+’V>Qg

+

+ (a3 Bp(u ), Bua(v)) ) — (m-divvige +{F-,v)go = (#h,7v)oae . (3.35)

0o
for any v € H'(Q)™. Together with (3.32) this leads to the first equation in (3.15).
The second equation in (3.15) follows from the second equations in (3.27) and (3.28).

Let us now show that (u,7) € H'(2)™ x Ly(2)/R solving the variations problem
(3.15) with F € H=(Q)™ given by (3.33) provides also a solution given by (3.34) of
the Dirichlet-transmission problem (3.27)-(3.31). The membership relation (u,7) €
HY(Q)" x La(2)/R yields (uy, 7, u_,7-) € Xqq qo -

Choosing v € D(Q%.)™ and ¢ € D(2Y.), equations in (3.15) imply that the couples
(uy,my) satisfy equations (3.27) and (3.28) in the sense of distributions. For any
v € D(R™)™ in the first equation in (3.15), using again relation (3.33), we obtain
that (3.35) is satisfied.

Then by Lemma 2.3 and Remark 1 the first Green identity (2.23) shows that
equation (3.35) reduces to the equation

<t+ <u+77r+; £, + (ug - V)u+) -t~ (u,, i f_ + (u_ ~V)u,> 77v>(9
= (P, 7V) g0 YV ED)",

0O

or, equivalently, to the equation
<t+ (u+7 T3 f.+ + (u+ : V)u+) -t (u,, ™3 f'* + (u* : v)u*)ﬂ ¢>aQO = <'l,b, ¢)>6520

for any ¢ € H? (09°)™, due to the dense embedding of the space D(Q)" in H! (Qm
and the surjectivity of the trace operator y from H'(Q)" to H?2 (99°)". Therefore,
transmission condition (3.30) follows, as asserted. Transmission condition (3.29)
and boundary condition (3.31) are obviously satisfied since u € H(Q)". O

4. The anisotropic Stokes system in R"™ and in exterior Lipschitz domains.
Girault and Sequeira in [25, Theorem 3.4] used a variational approach to show the
well-posedness in H!(Q_)" x Ly(2_) for the exterior Dirichlet problem for the
constant coeflicient isotropic Stokes system in an exterior Lipschitz domain 2_ of
R™, n = 2,3, see also [4] for n > 3 and settings in a wider range of weighted spaces.
We present here well-posedness of the corresponding problems for the anisotropic
variable-coefficient case with n > 3.

4.1. The Stokes system in R". The spaces H!(R™)" and H~!(R™)" used in this
section are described in Section 2.2.1 together with some their properties. Recall
also that the semi-norm

|V|H1(Rn)n = ||Vv||L2(Rn)nxn Vv e Hl(Rn)n,
is a norm in the space H'(R™)", which is equivalent to the norm |[| - |41 (gn)» given

° !
by (2.7). Hence the dual H~1(R")" = (Hl(R")"> can be endowed with the norm

I Iy— sup (®,v)pn| V¥V ®€H LR (4.1)
VEHI RN, |9V ]y anynn =1
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Let us also denote
Hi R = {w e H'(R")" :divw =0 in R"}.
The subspace H};, (R™)" of H*(R"™)™ has also the characterization
Hiw R = {w € H'(R™)™: (divw, q)re =0 Vg€ Ly(R™)}. (4.2)

We need the following assertion due to Proposition 2.1 and Theorem 2.5 in [2].
Theorem 4.1. Let n > 3. Then the operators

div : 1 (RY)" [ Hl (RY)" — Ly(R"),

grad : Ly(R™) — H ™Y (R™)" LHE,, (R™)"
are isomorphisms,

.1 iv!
H|d1V |”L2(Rn)*>7.[1(Rn)n/’}_tclﬁv(]Rn)n = sup |d1V g|7—tl(]Rn)n/H}hv(Rn)n
g€L2(R™), [lgllL,y@ny=1

= H|grad71|||”7'-L*1(R")"LH}jW(R")"aLg(R")

= sup ||grad*1f||L2(Rn)n =: Crn < 00,
feEH LR LHE (R™)™, fll5—1@nyn=1
(4.5)
and hence
‘V|Hl(Rn)n/HéiV(Rn)n S CRaniv vHLz(R") Vv e H1<Rn)n/Héw(Rn)n, (46)
lallz,®n) < Crellgrad gfl3-1@n)n Vg € La(R™). (4.7)

Proof. In view of Proposition 2.1 in [2], the operator div : H'(R™)"/HL, (R™)" —

Ly(R™) is an isomorphism. Then by Lemma 2.5 its adjoint, —grad : La(R™) —

HL(R™)"LHL (R™)™ is an isomorphism as well (cf. Theorem 2.5 in [2]) and the

corresponding norms of the operators div™' and grad™' as defined in (4.5) are

equal. O

Let A satisfy conditions (1.2)-(1.4) and let aprn : H'(R™)"™ x H}(R™")" - R and
b : H(R™)™ x Ly(R™) =R be the bilinear forms given by

apre (U, v) = <Aaﬁ85u, 8av>Rn
= (0 Bip(w), Bia(v)),  Yue MR, veHI(RY)", (48)
bpn (v, q) : = —(divv,q)gn Vv EH (R™)", Vqec Ly(R"). (4.9)

Now we can show the following well-posedness result for the anisotropic Stokes
system in R™, n > 3, (cf. [31, Lemma 3.1] for the anisotropic case with the strong
ellipticity condition).

Theorem 4.2. Let conditions (1.2)-(1.4) hold in R™, n > 3. Let aprn and brr be
the bilinear forms defined in (4.8) and (4.9), respectively. Then for all given data
f € H7L(R™)" and g € Ly(R"), the mized variational problem
{ Ap;R™ (u7 V) + bRn (V, 71—) = _<f7 V>Rn Vv e HI(RTL)TL’
bre(u,q) = (9, q)r»  Vq € La(R")

has a unique solution (u,m) € HX(R™)"™ x Ly(R™) and the following estimates hold

(4.10)

IVl gy < 2681 myn + Cln |9l Loz, (4.11)
17l Loy < Crollfll-1@nyn + Callgll Lo @ny. (4.12)
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where the ellipticity constant cy is defined in (1.4),
Cin := Cin (14 2can* |All Lo @n)n),  Cgn := n{|A]| L grnyn Crn G,

and the constant Cgn is defined in (4.5).
Moreover, (u,m) is the unique solution of the Stokes system

Lu,m)=f divu=g in R". (4.13)

Proof. The theorem has been proved in [32, Lemma 3.1 and Theorem 3.2] except
for the explicit expressions of the constants in estimates (4.11), (4.12), which can
be obtained by using similar arguments to those in the proof of Theorem 4.7. O

4.2. Transmission problem for the Stokes system in R”.

Assumption 4.3. Let Q° be a bounded Lipschitz set in R?, n > 3, with boundary
9900, Thus, the Lipschitz set Q0 := R™\ Q0 contains an unbounded (exterior)
Lipschitz domain. Let Qg := QO The boundary 9Q° = an = 00° is the
interface between Q9 and Q° (see Figure 2).

a02v

”°
anv
a5 0
e

: — 00 (100
FIGURE 2. Composite space R" = QY U Q%

Let us consider the transmission problem

L(uy,my) :€+|an divuy = g4 in QF,
Lu_,7)=f_|g_, divu_=g_ in QO
Yiuy —y-_u_ =0 on 990, (4.14)

tT (u+,7r+;f'+) -t~ (u_,ﬂ_;f'_) =1 on 9N,

with given data (f,g,,f_,g9_,%) € Yao 00 and unknown (uy,my,u_,7_) €
Xﬂi,ﬂg. Here,

Koo qo = H'(Q5)" x La(Q5) x HH(QL)" x Ly(Q2), (4.15)
Va0 = HHQL)™ x Ly(Q%) x HTHOQL)™ x Ly(Q0) x H™2(90°)" . (4.16)

Following arguments similar to the ones for the well-posedness of transmission
problem in a bounded domain (see Theorem 3.4), one can prove the well-posedness
of the transmission problem (4.14) for the anisotropic Stokes system in R”.

Theorem 4.4. Let Assumption 4.3 hold. Let conditions (1.2)-(1.4) be satisfied in
R™, n > 3. Let (f’+,g+,f'_,g_,¢) € yg(jr’ﬂ(l be given and let (u,7) € H(R™)™ x
Loy(R™) be the solution of the variational problem (4.10) provided by Theorem 4.2
forF=—(f, +f )+ e H YR and g = ED’Qig_‘_ + Eggg_ € Ly(E™), where
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v* - H™2(9Q0)™ — H-Y(R™)™ is the adjoint of the trace operator  : H'(R")™ —
Hz(8Q%)™. Then the linear transmission problem (4.14) has a unique solution in
Xgi_ﬂg given by

u+:u|93_a 117:11\90_77T+:7T|90+77T7:7T|Qg» (4.17)
and estimates (4.11), (4.12) hold.

Proof. Lemma A.1 (iii) implies that the transmission problem (4.14) has the mixed
variational formulation (4.10). Then the well-posedness result in Theorem 4.2 shows
that the transmission problem (4.14) is also well-posed. Moreover, the connection
between the solution (u,7) € H(R")"™ x Ly(R") of problem (4.14) and the solution
(uy,my,u_,7m_) € Xoy qo of problem (4.10) is given by relations (4.17), and each
of them satisfies estimates (4.11) and (4.12). O
4.3. Exterior Dirichlet problem for the Stokes system. Let n > 3 and Q_ C

R™ be an exterior Lipschitz domain with compact boundary 0f2, not necessarily
connected. Thus,

0 =RrR"\[J%, (4.18)
i=1
where m > 1, ©;, i = 1,...,m, are bounded Lipschitz domains with connected

boundaries 9€2;, such that Q; N Q; = 0, i # j. Let Q := -, @ and let 9Q :=
Ui~ 99 denote the boundary of Q. Moreover, 92 is the boundary of Q_ as well.
Recall that £ is the Stokes operator defined in (1.9), with the viscosity tensor
coefficient A satisfying conditions (1.2)-(1.4).
The spaces H(Q_)", H=H(Q_)", H ()" and H~1(Q_)" used in this section
are described in Section 2.2.2 together with some of their properties. Recall also
that the semi-norm

‘V|Hl(97)n = ||VVHL2(Q_)”X” Vv e Hl(Q_)n,

is a norm in the space H(Q_)" and in its subspace H*(Q_)", which is equivalent to
the norm [|-{|21(q_y» given by (2.10). The closure of the space D(Q2_)" with respect

to the semi-norm | - [31(q_)» coincides with H1(Q)™. Hence the dual H~1(Q_)" =

R /
(7—[1(9,)"> can be endowed with the norm

I®ll-1 0y = sup (B, v)g | V®eH Q)" (4.19)
VGHI(Q*)nv |‘VVHL2(Q7)7LX7L:1

Let also
HL Q)" = {v e HY Q)" : divv =0in Q_} . (4.20)

4.3.1. Properties of div and grad operators in an exterior domain. The next result
follows from Theorem 4 and Corollary 3 of Bogovskii [8] (see also [9, Theorem 3.3,
Theorem 4.2b and Corollary 4.5b]).

Theorem 4.5. Let Q0_ be an exterior Lipschitz domain in R™, n > 3. Then the
following operators are isomorphisms

div : H Q)" /HL ()™ — La(Q2), (4.21)

div

grad : Ly(Q_) = HH Q)" LHL (Q)™. (4.22)
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Proof. In view of Theorem 4 and Corollary 3 of Bogovskil [8], the operator in (4.21)
is an isomorphism. Then by Lemma 2.5 its adjoint, the operator in (4.22), is an
isomorphism as well. O

Theorem 4.6. Let the conditions of Theorem 4.5 hold. Then the following norms
of the operators inverse to operators (4.21) and (4.22) are equal,

|||diV71|HL2(Q,)—>7f£1(97)"/7f£c11. @) = sup |divilg|7ft1(ﬂf)"/79té- @)n
v g€L2(Q2-), lgllLya_)=1 v

-1
= |lgrad ”|H—1(Q,)nm%1 (Q_)"—Lo(Q_)

div

= ~ sup lgrad ™" €| L,y_yn =: Ca_ < oo, (4.23)
FEHL@Q)™ LA, (02)", IEllyy—1 (g _yn=1
and hence
|V|ﬁ1(Q*)7l/ﬁéiv(Q*)n < CQf ”diVV”Lg(Q_) Vv e Hl(Qf)n/Héiv(Q*)na (424)

lallzo2) < Ca_llgrad glly-1(@_y» Vg € La(92-). (4.25)

Moreover, the norm value, Cq_, may depend on the shape of Q_ but not on the
domain scaling. Particularly, if Q_ is the exterior of a ball B, then Cq_ = CRH\E
does not depend on the ball diameter.

Proof. In view of Proposition 2.1 in [2], the norms of the operators inverse to opera-
tors (4.21) and (4.22) are equal. Moreover, the independence of Cq_ of the domain
size follows by considering the simple scaling £ = Az in all the operators and norms,
e.g., in (4.21) and in the first two lines of (4.23) (cf. [35, Corollary 2.1] for bounded
domains). O

4.3.2. Well-posedness for the exterior Dirichlet problem for the Stokes system. First,
we consider the following problem for the anisotropic Stokes system with homoge-
neous Dirichlet condition in the exterior Lipschitz domain 2_ with boundary 02
(as described in (4.18)),

L(u,7)=1f, divu=g inQ_,
{ y-u=0 on 01, (4.26)
for (u,m) € H1(Q2_)" x Ly(Q_), which can be reformulated as the problem
Lu,m)=1f, divu=g in Q_ (4.27)

for (u,7) € HY(_)" x Ly(2_). We show that problem (4.27) has a unique solution
whenever f € H=1(Q_)", g € Ly(Q-)
Let ap,0 : HY Q)" x HY Q)" = Rand b, : H'(Q-)" x La(2_) — R be the

bilinear forms

ap0 (V,w) = <AO‘5(‘3BV,8O¢W>SL = <af‘jﬂEj5(v),Em(w)>Q Vv,we H' (Q)",
(4.28)

b, (v,q):=—(divv,q)o. VveH Q)" ge Ly(Q ). (4.29)

A standard variational argument (cf. the proof of Theorem 3.4 for the transmis-
sion problem) implies that the Dirichlet problem (4.26) is equivalent to the following
mixed variational formulation for F = —f.

Given F € H71(Q_)", find (u,m) € H(Q-)" x L2(Q-) such that

{ apa_ (0, w)+bo_(w,m) = (F,w)o_  VweH(Q )",
bn (u7Q) = _<g>Q>Qf Vqe€ LQ(Q,)

(4.30)
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Then we are in the position to prove the following well-posedness result.

Theorem 4.7. Let conditions (1.2)-(1.4) be satisfied in an exterior Lipschitz do-
main Q_CR™, n > 3, with boundary 02 not necessarily connected. Then for all F €
HHQ_)™ and g € La(Q-), the linear variational problem (4.30) and the Dirichlet
problem (4.26) with f = —F have a unique solution (u,m) € H(Q_)" x Ly(Q_),
and the following estimates hold

IVullzz @y < 2eallFlly-10-)n + Co_llgllza(a) - (4.31)
ITlly0y < sz,”|F|||7-kl(Q_)n +Co_l9ll 220y, (4.32)
where the ellipticity constant cy is defined in (1.4),
Ch_ =Cq_(1+2ean*|All @ )n), Ca_ =n*AlL_ 0 12Ca_Ch_,
and the constant Cq_ is defined in Theorem 4.6.
Proof. In view of (1.2), (1.5) and the Holder inequality, we obtain that

n

lana_ (v, W) < Al 0 ) IVVI Lo ynxn VW] 1y ynxn, Vv, w e HY Q)

(4.33)
Due to the ellipticity condition (1.4),
a3y < IVUlll,q yuxn
< 2/E(u)l|2, 0 yuxn
< 2cpano_(wu) Yue Hy, (Q0) (4.34)

Note that the second inequality in (4.34) is a version of the Korn type inequality in
the weighted Sobolev space H(Q_)" (cf. [45, Bq.(2.2)] for n = 3). It follows, e.g.,
from the proof of [37, Theorem 10.1], where it is shown that the Korn inequality is
valid for any function in D(R™)™. Then the density of the space D(Q_)" C D(R™)"
in #'(Q_)" implies that it is valid also in H!(Q_)".

Moreover, arguments similar to those for inequality (4.33) imply that the bilinear
form b, (-,) : HL(Q_)" x Ly(Q_) — R given by (4.29) is also bounded. Then
Theorems 4.5 and 4.6 and Lemma 2.5 imply that it satisfies the inf-sup condition

. be (W, q)
inf sup
q€L2(Q2-)\{0} weTil(Q_)m\ {0} ||WH7.11(97)71 HQHLz(Q,)
(cf. [25, Theorem 3.3]).

Then due to estimates (4.33), (4.34), (4.35), Theorem 2.4 with X = H!(Q_)",
V= ﬁéiv(Q_)” and M = Ly(Q_) implies that for any (f,g) € H=1(Q_)"xLy(Q-),
there exists a unique solution (u, ) € H ()" x Ly(_) of the variational problem

(4.30) and hence of problems (4.27) and (4.26), while inequalities (4.31) and (4.32)
hold. O

> Cg! (4.35)

4.4. Exterior Dirichlet-transmission problem for the Stokes system.

Assumption 4.8. Let n > 3 and 2_ be an exterior Lipschitz domain in R™ with
compact (not necessarily connected) boundary 9. Let QY C R™ be a bounded
Lipschitz set such that Q9 ¢ Q_. Let Qg_ = Q% and Q° = Q_ \@ Thus, Q°
is an unbounded Lipschitz set, and the boundary 99" of Q0 is also the interface
between Q(jr and QY (see Figure 1 where the outer boundary should be dropped).
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Let us introduce the following spaces
HH(QY;00Q)" == {veH (QV)" :7,v=0o0n0Q}, (4.36)
HL Q%000 = {p e H L Q)" :p=00n 0%}, (4.37)
Koo 0 = H'(Q5)" x La(Q4) x HI(QL)" x Ly(Q2), (4.38)
Vi o = HY(Q0)" x Ly(Q9) x HH(Q;00°)" x Ly () x H™2(9Q°)™ . (4.39)
The space H (00 ; Q%)™ can be identified with the dual of H(Q°;9Q)" (cf., e.g.,
arguments of Theorems 3.29 and 3.30 in [37]).

Next, we consider the exterior Dirichlet-transmission problem for the Stokes sys-
tem

Lluy,my) =Filgy, divay =gy in Q9 , (4.40)
Lu_,m_)=Ff|g , divu_ =g_ in Q°, (4.41)
Yiup —y-u_ =0 on 9Q°, (4.42)
tHug, ) —tT(ul, o) = b on 990, (4.43)
y_u_=0 on 01, (4.44)

with data (f'+,g+, f',7g,71/J) € ygmo and unknown (uq, 74, u_,7_) € XQ&,QO_.

Following arguments similar to the ones for Theorem 3.4, which refers to the
transmission problem in a bounded domain, one can prove the following assertion
about the equivalence of the Dirichlet-transmission problem (4.40)-(4.44) and the
variational problem (4.30), and hence the well-posedness of the exterior Dirichlet-
transmission problem (4.40)-(4.44) for the anisotropic Stokes system.

Theorem 4.9. Let Assumption 4.8 hold. Let conditions (1.2)-(1.4) hold in 2_.
Let (£, 94,1, 9-,) € VE, oo and (u, ) € H' ()™ x Ly(Q) be the solution of the
+7 —

variational problem (4.30) provided by Theorem 4.7 for F = —(f, +f_) + y*¢ €
H(Y)"™ and g = Eo'ing+ + Eoggg,, where v* © H™2(9Q0)" — H=H(Q)" s the
adjoint of the trace operator vy : H ()" — H? (0Q°)™. Then the linear exterior
Dirichlet-transmission problem (4.40)-(4.44) has a unique solution in Xoo o given
by the relations qu:u|QoJr7 u_=ulgo, 7T+:7T|QU+, m_=7|qo , and estimates (4.31),
(4.32) hold.

5. Dirichlet and transmission problems for the anisotropic Navier-Stokes
system with general data in a bounded Lipschitz domain. In this section
we combine a well-posedness result for the Stokes system with the Leray-Schauder
fixed point Theorem and show existence of solutions for the nomnlinear Dirichlet
and Dirichlet-transmission problems for the anisotropic Navier-Stokes system in
a bounded Lipschitz composite domain (see Theorem 5.2). Further, in Section
6, we will use these results to construct solutions of the transmission and Dirichlet
problems in the sense of distributions in R and exterior domains for the anisotropic
Navier-Stokes system with general (including large) data.

We need the following version of the Leray-Schauder fixed point theorem (see,
e.g., [23, Theorem 11.3]).

Theorem 5.1. Let X be a Banach space. Let T : X — X be a continuous and
compact operator. If there exists a constant K > 0 such that ||z||x < K for each
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pair (x,x) € X x [0,1] satisfying x = xTx, then the operator T has a fized point g
(and ||zol|x < K).

5.1. Dirichlet problem for the Navier-Stokes system in a bounded do-
main. Let us consider the following mixed nonlinear variational problem in a
bounded Lipschitz domain € of R?® with Lipschitz boundary 99 (not necessarily
connected).

Given F € H-Y(Q)", find (u,7) € H'(Q)* x Ly(Q)/R such that

{ apo(,v) +bo(v,m) = (F,v)o —((u-V)u,v), Vve f[l(Q)g,
ba(u,q) =0 Vqe Ly(Q)/R,

where the bilinear forms a.q HY(Q)3xHY(Q)®> >R and bg : HY(Q)3xLy () /R—R
are defined in (3.16) and (3.17).

Let £ be the Stokes operator defined in (1.9). Then a standard variational
argument (as in the proof of Theorem 3.4 for the linear transmission problem)
implies that the variational problem (5.1) is equivalent to the following Dirichlet
problem with F = —f.

Lurm)=f+(u-V)u, divu=0 inQ,
{ yu=0 on 012,

with the unknown fields (u,7) € H'(Q)? x La(Q)/R.

Now we can prove the existence result for the variational problem (5.1), and hence
for the Dirichlet problem (5.2) corresponding to the anisotropic L., —coefficient
Navier-Stokes equation in a bounded Lipschitz domain (see also [46, Proposition
1.1] in the constant coefficient case).

(5.1)

(5.2)

Theorem 5.2. Assume that Q is a bounded Lipschitz domain in R3. Let conditions
(1.2)-(1.4) hold in Q. Then for any F € H~1(Q)3 there exists a pair (u,m) €
HY ()3 x Ly(Q)/R which satisfies the nonlinear variational problem (5.1), as well

as the nonlinear Dirichlet problem (5.2) with f = —F. Moreover, the estimates
||Vu||L2(Q)an S 20A”|F|”H*1(Q)3 (53)
17l Loy /m < CallFlla-1(ays + ColQY IR -1 (5-4)
hold, where cp is the constant defined in (1.4),
16
Cq = Co(1+2ea3" Al L), Cq = ?CQC?%a (5.5)

the constant Cq is as in Theorem 3.1 and does not depend on the diameter of §2.
Moreover, Q| = [, dz and the norm || - ||g-1(q) is defined in (3.3).

Proof. For any F € H~'()? and an arbitrary, fixed element w € Hl_ ()3, we
define the functional

Fu : H'(Q)? 5 R, (Fy,V)q = (F,v)g — (W-V)w,v), Vve H(Q)?3 (5.6)
Inequality (B.2) implies that Fy, is well-defined, linear and continuous (cf. [46,
Proposition 1.1]), and hence Fy, € H1(Q)3.

By Theorem 3.2, there exists a unique solution (Uw,Tw) € H(Q)3 x Ly(Q)/R
of the variational problem

{ an0(Uw, v) + ba(v, Tw) = (Fy, V)g Vv e H'(Q)?,

(5.7)
bo(Uw,q) =0 Vaqe La(Q)/R
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and, in view of estimate (3.18), uy, satisfies the inequality

[Vuw|l,@)sxs < 2¢al|Fwllg-1(0)s- (5.8)
The second equation in (5.7) yields the membership relation uy, € HL (Q)3

the first equation in (5.7) implies that uy, satisfies the equation

<a;BEj5(uw),Eia(v)>Q = (Fu, V) VveHL Q)3 (5.9)

, and

Note that the coercivity condition (3.21) yields that u, is the unique solution of
equation (5.9).
Consequently, we can define the operator

U: HL () = HL (Q)32, Uw) = uy, (5.10)

which associates to any w € HL (Q)® the unique solution uy € HL ()3 of the
variational problem (5.7), and, thus, of the variational equation (5.9).

Next we show that the nonlinear operator U has a fixed point u € ﬁéiV(Q)
(U(u) = u), and accordingly that u will be a weak solution of the nonlinear Dirichlet
problem (5.2). We intend to use the variant of the Leray-Schauder fixed point
Theorem given in Theorem 5.1.

First, we show that U is continuous. Let w,wo € HL (Q)3. Then by (5.8), (5.6)
and (B.2) there exists a constant C; = C1(2) > 0 such that

IV(UW) = UWo))ll Lo @ymen < 2¢a[[Fw = Fa -1 (s
= 2call(w - V)w — (wo - V)woll -1 (5.11)
= 2ell((w = wo) - V)W + (wo - V)(W — wo)[[z -1 ()3

3

< 2Ciealw — wollgys (Wl @)z + [wolla)e) -
Therefore, the operator U defined by (5.10) is continuous.

Let us now show that the operator U is compact. To this end, assume that
{(Wg)}ren is a bounded sequence in the space H} (£2)3. Thus, there exists a
constant M > 0 such that [|[Vwy| 1, q)sxs < M, for any k € N. We claim that the
sequence {U(wy,) }ren contains a convergent subsequence in H, ()3

Indeed, the Rellich compactness theorem (see, e.g., [1, Theorem 6.3, Part I])
implies the compactness of the embedding of the space H}, ()% into the space
L3(2)3. This, in turn, implies that there exists a subsequence of {wy, }xen, labeled
as the sequence, which converges in L3(2)3, and, thus, is a Cauchy sequence in
L3(2)3. Then we show that the corresponding subsequence {uy }ren, up = U(wy),
is a Cauchy sequence in H}, (Q)3.

By (5.8), (5.6), (B.4) and (B.7), we obtain similar to (5.11),

IVU(Wk) = U(wo))llLo()3xs < 2¢allFw, = Fw,llz-1()
< 2cpll(wi - VIwy — (We - V)Wl -1 (q)
=2call((wi = we) - V)wi + (We - V)(Wie — W) r-1(0)
< 2¢p[wi — Wel )8 (Collwilla9)s + Csllwell a1 (0)2)
< Cullwi = welly ()3, (5.12)

with some constants C3,C5 > 0 depending on Q, and C, := 2¢5(Cy + C5)M.
Therefore, the convergence of {wy ren in L3(Q)? implies that {U(wy)}ren is a
Cauchy sequence and, thus, it converges in the space H dliv (£2)3. Consequently, the
operator U defined by (5.10) is compact.
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In order to apply the statement of Theorem 5.1 to the operator U, it remains to
show that the following set is bounded

A= {weﬁgiv(9)3;w:AU(w), 0<A< 1}, (5.13)

i.e., there exists a constant K > 0 such that for each pair (w, \) € f[&iv(ﬂ)?’ x [0, 1]
satisfying w = AU(w), we have [|[Vw|[1,q)sxs < K. (We use the property that
IV()ll£y(0)3xs is a norm on the space ﬁéiv(Q)?’.)

Let A € (0,1] and w € HL ()3 be such that w = AU(w). Thus, 1w =U(w).
Then taking uy, = yw in (5.9), we obtain that

(a8 Ejo(w). Euav)) | =A(Fuv)a

= MF,v)q — M(w-V)w,v), Vv e HL (Q7. (5.14)

Let us take v = w in (5.14). Then by relation (B.9) we obtain the equality

<a?ij5(W),Em(W)>Q = MF, w)q. (5.15)

Finally, as in (3.21), the first Korn inequality, condition (1.4), definition (3.3) of the
norm || - || g-1(a)s of the space H~(Q)3, and equality (5.15) imply that

1 _
§CA1||VW||2L2(Q)M3 < CA1||E(W)||2L2(Q)3><3

< (a3 Ejp(w), Bia(w))

S AMFN -1 VW Ly (0)3x3-
Therefore, for any A € (0, 1], we have the inequality
||VW||L2(Q)3XS < 2)\CA|”F”|H*1(Q)3 < QCAMFl”H*l(Q)i" 5 (516)

and thus the set A is bounded (with respect to the norm ||V (-)]| 1) on H'(2)?).

Consequently, the operator U in (5.10) satisfies the assumption of Theorem 5.1
(with X = If.f(}iV(Q)3 and K = 2¢c, ||F||g-1(q)3), and then there exists u € ﬁéiv Q)3
such that U(u) = u. Moreover, the couple (u,n) with some © = 7, € L2(2)/R
provided by Theorem 3.2 satisfies the variational problem (5.7) (with Fy, = Fy
given by (5.6)) and, thus, is a solution of the nonlinear Dirichlet problem (5.2), as
asserted. In addition, estimate (5.16) holds with w = u and implies estimate (5.3).

To show estimate (5.4) we proceed as follows. The first equation in (5.2) yields

Vr=F =F +div(AE(u)) — (u- V)u in Q. (5.17)

We already remarked that Fy = F — (u- V)u € H(Q)3, and since u € HL_(Q)?,
we obtain that F € H~1(Q)3. Moreover, (5.9) implies that F is bi-orthogonal
to ij(}iv(Q)3 and hence F € H’l(Q)3J_I§T&iV(Q)3. Then by inequality (3.13) in
Theorem 3.1 along with equation (5.17), we obtain that

17 Lo (2)/k < Ca (I -1 (2 + lldiv (AE(W) [l77-1(@)2 + l(w - V)ullg-1(0)s), (5.18)
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By (1.5) and (5.3) we obtain that

ldiv(AE(@W) g = sup (div (AB(w) %),
WeH ()3, V¥, o)3=1

= sup (AE(u), V®), ’
BEH (D)2, |V, )3 =1
< AR ()|l £y appxs < 3HAl L @) IV ull £y ()2
< 2CA34||AHLOO(Q) IEl -1 ()3, (5.19)
From (B.13) and (5.16) we have

4 16
(- V)ullg-1 ) < §|Q|1/6”VUH%2(Q)3x3 < §|Q\1/6Ci||\F|||§{—1(Q)3- (5.20)
By substituting (5.19) and (5.20) in (5.18), we obtain (5.4), as asserted. O

5.2. Dirichlet-transmission problem for the Navier-Stokes system in a
bounded composite domain. Let the geometry be as described in Assumption
3.3. Let us consider the Dirichlet-transmission problem for the Navier-Stokes system
L(u+,7r+):§+|go++(u+-V)u+, divuy =0 in QF,
Lu_,m_)=f_|p +(u_-V)u_, divu_ =0 inQ?,
Yiuy —y-u_ =0 on 990,
t* (u+77T+;f'+ + EO’Q& ((ay - V)u+))

-t~ (u_,ﬂ_;f‘_ + Eﬂg ((u_ - V)u_)) =1  on 9N°,
y_u_ =0 on 0f)

(5.21)

P ~ ~ 3

with given data (f,f_,4) € H=1(Q9)% x H~1(Q%;00°)" x H~2(90Q°)? and un-
~ 3
known (ui, 7, u_,m_) € Xqo o, where the spaces H=YQ%;00% and X9 00
are defined in (3.24) and (3.25). Here Q, Q9 and Q°, 9Q and 9Q° are the Lipschitz
sets and boundaries satisfying Assumption 3.3, £ is the Stokes operator defined in
(1.9), and EQoJr and Eqo are the operators of extension by zero outside Qg and QO
respectively.

A variational argument similar to the one in the proof of Theorem 3.4 for the lin-
ear transmission problem and based on Lemma A.1 shows that the nonlinear trans-
mission problem (5.21) is equivalent to the mixed variational formulation (5.1). This
result and Theorem 5.2 bring us to the following existence result for the nonlinear
Dirichlet-transmission problem (5.21).

Theorem 5.3. Let the geometry be as in Assumption 3.3. Let conditions (1.2)-
(1.4) hold in Q. Given (£,f_,4) in H-1(Q)? x H-1(Q%;000)3 x H~7(dQ0)>
let (u, ) € HY(Q)? x Ly(Q)/R be the solution of variational problem (5.1) provided
by Theorem 5.2 for the data (F,g) with F = —(f, +f_) +~*p. Then there exists a
solution (uy, i, u_,7_) € xmm of the nonlinear Dirichlet-transmission problem

(5.21) given by the relations uy = u|Qo+, u_ =ufg, T4 = 7T|Q<i, T_ = |qo , and
estimates (5.3), (5.4) hold.

5.3. Uniqueness for the Navier-Stokes problems with small data in a
bounded Lipschitz domain. Let 2 C R? be a bounded Lipschitz domain. Then
the space H'()? is continuously embedded in L,(2)®. Moreover, the semi-norm
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V¥l Ly(ysxs is a norm on H'()?, which is equivalent to the norm [|v||z1(q)s
given by (2.2). Then, in view of (B.11) and (B.12), there exists a positive constant
Cq independent of v such that

IVl La)s < CallVViimy@ypxs Vv e H (Q). (5.22)

This inequality and an additional constraint to the given data of the nonlinear
problem (5.21) imply the following uniqueness result (see also [46, Lemma 3.1] and
[43, Corollary 1] in the isotropic case (1.10) with ¢ = 1, A = 0 and homogeneous
Dirichlet condition, and [31, Theorem 4.2] for a pseudostress approach).

Theorem 5.4. Let Q be a bounded Lipschitz domain in R3. Let conditions (1.2)-
(1.4) hold on Q. Let F € H=1(Q)? be such that

4G CEIF 1110 < 1, (5.23)

with the constants ¢y and Coq given in (1.4) and (5.22), respectively. Then the
nonlinear Dirichlet problem (5.2) has a unique solution (u, ) € H*(Q)3 x L2(Q)/R.

In addition, if Q is a composite domain satisfying Assumption 3.3 and the given
data (ﬁ, f, 1) belong to the space ﬁ'_l(Qi)?’ x H=1(Q0;00°)3 x H—2(99°)3, and
F = —(fy +f_) + v*4, then the nonlinear Dirichlet-transmission problem (5.21)
has a unique solution (u4, 7y, u_,m_) in the space %QQ’QQ defined in (3.25).

Proof. Assume that the variational problem (5.1) has two solutions (u, ) and
(ug,72) in the space H(Q)? x Ly(2)/R. Then we obtain the following equality
<a;?‘jﬁEjﬁ(u1 — u2), Eia(v)>Q + <(u1 . V)u1 — (u2 . V)UQ,V>Q
—(divv,m —m)a =0 VveDQ)>  (524)

Moreover, the dense embedding of the space Dgi, () in ﬁjiv(Q)g (see, e.g., [47, p.
32, Lemma 10]) shows that relation (5.24) is satisfied also for any v € H} ().
Then by choosing v = u; — ugy in (5.24), we obtain that

(o) Bjp(m = u2), Bia (w1 —u2)) = = (w1 — u2) - V) wp,wy — wa)g
—((uz- V)(u; —uz),u; —ug), . (5.25)
Due to the membership of u; and uy in ﬁéiv(Q)‘?, relation (B.9) yields the equality
((ug - V)(u; —uz),u; —ug)y =0, (5.26)

which shows that equation (5.25) reduces to
<a%ﬁEj5(u1 —uz), Big (a1 — u2)>Q =—{(((uy —u2) - V)uy,u; —ua2),, . (5.27)
On the other hand, in view of condition (1.4) and the first Korn inequality,
IV (= wa)l, yons < 2en (0 By (w1 = w2), Eia(ws —wa)) . (5:28)

Note that inequality (5.16) implies that any solution of (5.1) satisfies inequality
(5.3). Thus, by the Holder inequality and inequalities (5.22) and (5.3), we obtain

((w —ug) - V) up,up —uz)g < |Juy — wol|7, 0y [ V[l (ysxs
< GV (a1 — w2)[|7,0yexs VU]l Ly (ysxs

< 264 CIIF -1 ys [V (0 — W),y (5.29)
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Then equality (5.27) and inequalities (5.28) and (5.29) imply that
IV (w1 = w2)llZ, (s < AECAIF 105V (a1 — u2) 17, qyos - (5.30)

Assumption (5.23) shows that estimate (5.30) is possible only if u; —uy = 0.
Hence, equation (5.24) reduces to (divv,m; — ma)q = 0 for any v € D(Q)3, and
thus V(71 — m2) = 0 in Q. Then 71 — 72 is a constant, i.e., m = mo in L2(Q)/R.
Finally, the equivalence of the nonlinear Dirichlet problem (5.2) and of the non-
linear Dirichlet-transmission problem (5.21) with the mixed variational formulation
(5.1) completes the proof. O

6. The anisotropic Navier-Stokes system and the transmission problem
with general data in R? and in an exterior Lipschitz domain. In this section
we construct a sequence of weak solutions for the homogeneous Dirichlet problem
for the incompressible anisotropic Navier-Stokes system in a sequence of increasing
bounded Lipschitz domains which approximate R®, or an exterior Lipschitz domain.
From such a sequence we extract a convergent subsequence to a weak solution of the
nonlinear transmission problem in R2, or of the exterior Dirichlet problem for the
anisotropic Navier-Stokes system with general (including large) data in weighted
Sobolev spaces.

In the isotropic case (1.10) with 4 = 1 and A = 0, we refer to [3, Theorem 1.3] for
the existence of a weak solution of the exterior Dirichlet problem for Navier-Stokes
system, [43] for the Dirichlet problem for the Navier-Stokes system in a bounded
Lipschitz domain in R?, under singular sources, and to [28, Theorem 5.2]. Exis-
tence in the case of the anisotropic tensor A satisfying a more restrictive ellipticity
condition than in (1.4) was analyzed in [31, Theorem 4.2] in a pseudostress setting,
assuming small given data.

6.1. The Navier-Stokes system in R3. First, we show the existence of a solution
(u,7) € H'(R?)? x Lo 0c(R?) of the Navier-Stokes system

Lu,7)=f+(u-V)u, divu=0 in R? (6.1)

in the sense of distributions. This result will imply that the pair (u, 7) € Hp;, (R?)3x
L2,1OC(R3) satisfies the equivalent mixed variational formulation with F = —f,

(a3 i), Bua(v))_| + (- V)u,v)g — (divy, m)s
= (F,v)gs Vv e DR, (6.2)
(divu,q)gs =0 Vg€ D(R?).
In particular, we will obtain some estimates of the pressure norm growth, which
seem to be new even in the simpler isotropic constant-coefficient case.

Theorem 6.1. Let conditions (1.2)-(1.4) hold in R® and let L denote the Stokes
operator defined in (1.9). Then for any F € H™1(R?)3 there exists a pair (u,m) €
HY(R3)3 X Lo joc(R3), which satisfies the nonlinear variational problem (6.2) as
well as the Navier-Stokes system (6.1) with £ =—TF in the sense of distributions. In
addition,

IVl aroys < 2eal Bl groys. (6.3)
170y < Chos 1Bl oys + Gl TE U 1 s (6.4)
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for any bounded domain Q in R®. Here ca 1s the ellipticity constant introduced in

(1.4),
! . 4 A "o 16 2
Cis := Cg(1+ 243" |A L woy),  Ciis = 5 Cach,

and the constant Cg is as in Theorem 3.1, while Q| = Jadz. The norm ||- |31 (rs)s
is defined in (4.1). The constant Cg and hence the constants Cys and Cgs in (6.4)

do not depend on Q zfﬁ s a ball.
Proof. We follow the steps similar to those in the proof of [3, Theorem 1.3]. To this
end, we consider an increasing sequence of real numbers { Ry } >0 with Ry > 0, and
Ry —00 as k — oo. Let Q. := By, be the ball of radius R, and center 0 in R3.
If FEHL(R?)3, then Flg, € H ()3, and by Theorem 5.2 there exists a pair
(ug, m) € HL ()% x Lo (£2), which satisfies the anisotropic Navier-Stokes system
L(ug, ) = —F|Qk + (ug - V)ug, divug =0 in Q, (6.5)
and the inequality
[Vl Ly @uaxs < 2eallFloyla-1u)s - (6.6)
Equations (6.5) imply that
<a?jﬁEj,3(uk)v Em(V)>Q +{(up-V)ug, v)o, = (Fla,, v)a, ¥V € Daiv(%)*. (6.7)

k

Note that F € H~1(R?)3 satisfies the relations

Il riogs=  sup | (Flo, ®)g,
WeH (Q)3, ||V\Il\|L2(Qk)3:1
= sup [(F. B, @)y
‘IIEHl(Qk):S,‘|VEQ]€‘I’”L2(U{{3)3:1
< sup [(F, @) | = IFlp-r oy - (6:8)

¢€H1(R3)3’ HV¢HL2(]R3)3><3:1

Further, let us denote by 1, the extension of u; by zero in R®\ €. Hence
u € Héiv(ﬂ@)?’ (since 1 does not have jump across 02, and then divu, = 0 in
R3). Moreover, by inequalities (6.6) and (6.8), we have

HVﬁk||L2(R3)3><3: |\Vuk||L2(Qk)3xa < 2CA"|F”|H*1(]R3)3- (69)

By inequality (6.9), the sequence {1 }ren is bounded in the Hilbert space H' (R?)?
and also in its closed subspace H};, (R®)3. Hence {uy }ren contains a subsequence
(still labeled as the sequence) weakly convergent to an element u € HY, (R*)3. This
particularly implies that

(a5 Bip(00). Bua(@)) | = (Ess(in),aff Bua(9))_, = (Ess(u).aff Bua(e))

= (2 Bjp(), Bua(9)) | as k00, V€ H (R
(6.10)

R3

According to the property that ||V (-)||,rs)sxz is a norm in H*(R?)? and by using
[22, Theorem II.1.3(i)] and (6.9), we obtain that

||Vu||L2(R3)3><3 < hminfk—woHVﬁk||L2(R3)3><3 < 26A|”FH|’}-L*1(R3)3 5 (611)

i.e., u satisfies estimate (6.3), as asserted.
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Next we show that u satisfies the equation
<a%ﬂEj3(u),Em(v)>R3 +{((u- V)u,v)ps = (F,v),, Vv eDg(R??  (6.12)

To this end, let ¢ € Dgi, (R?)? and let ky € N be such that supp ¢ C Qy, C Q for
any k > ko. Then ¢ € Dqiy(Q)? for any k > ko and by (6.7),

(687 Bip(0), Bua(9)), + (- V)i @i = (Foghmo Vh > koo (6.13)

Moreover, the compactness of the embedding H!(Q4,)* < La(Q4,)? yields that
there exists a subsequence of the sequence {uy }ren, labeled again as the sequence,
such that {uy }ren converges strongly to u in La(Q4,)3. Let us prove that

(Gg - V)tag, @)ps — ((u-V)u, d)ps as k — oo Vep € D(R?)3. (6.14)

Indeed, the Holder inequality, (6.9) and the limiting relation |G — ul[z,(0,,) —
0 as k — oo yield that

[ w9y o] =] [ (i =) 9 i) -

< bk = ullpy )2 VRl 2o ®s)s e[|l Lo (24 )2
< 2cp||F[lr-1 moye 1@l Lo (002 106 — 0ll £y, )2
— 0as k — oo. (6.15)

In addition, by using the assumption that supp ¢ C Qy,, identity (B.8), and again
the strong convergence property of {11 }xen to u in Lo(Q4,)3, we obtain that

[ V)i g = | [ (V) (- i
R3 kg
< IV ) 10 a2 [k — sy 035 k500, (6.16)

Then relations (6.15) and (6.16) lead to relation (6.14). Finally, passing to the limit
in formula (6.13) and using relations (6.10) and (6.14), we conclude that u satisfies
equation (6.12), and accordingly that u is a weak solution of the Navier-Stokes
equation (in the Leray sense).

Note that div (AE(u)) € H™1(R3)3 — D'(R?)3 (9, continuously maps the space
Ly(R3) to H™1(R3)). In addition, the embedding H*(R3) — Lg(R?) (see, e.g.,
Remark 3.8(i) in [2]) and the Holder inequality imply for u € H!(R?)? that

(u-V)ueLg(R*)? = Ly 0c(R*)? = H [ (R?)® = D'(R?)®.
Thus, for given F € H~1(R3)3 — D'(R?)3, we have
F :=F +div(AE(u)) — (u- V)u e H . (R?)? = D'(R%)?, (6.17)
and, by (6.12),
(F,d)ps =0 V€ Daie (R?)3. (6.18)

Then due to the De Rham Theorem (cf., e.g., Proposition 1.1 in [48, Chapter 1],
see also Theorem 4.1), there exists 7 € D'(R3) such that Va=F in D'(R?)3, i.e.,

(Vr,v)gs = (F 4 div (AE(u)) — (u- V)u,v)gs Vv € D(R?)3, (6.19)

and hence, the first equation in (6.2) is satisfied, while the second equation is sat-
isfied since u € H};, (R3)3.
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Moreover, by (6.18) F defined by (6.17) belongs locally to H~1(R3)3 L HL_(€)3.
Then equation Vrr = F implies that 7 € Lajoc(R3) (cf. Proposition 1.2 (ii) and
Remark 1.4 in [48, Chapter 1], [47, Lemma 9], [22, Lemma X.1.1]) and in addition,

by Theorem 3.1, we obtain for any bounded domain Q C R3 that
Il < CalFlly s e (6.20)
In addition, by (6.17) we obtain that
1F -1 @y < WFl -2 gy + Idiv (AE(W)) -2 @ys + (- V)ull -2 s, (6:21)
Similar to (6.8), we have
|||F”|H—1(§)3 < |||F|||H*1(]R3)3 (622)
By (1.5), and (6.3),

ldiv (AE@) Iy g = sup (div (AE(w) , ¥)g
YeH! (Q)3> HV‘I’”LQ(Q)le

= sup (AE(u), V¥)q
e (@), [V, g5 =1

< NAE@), yses < 3041Vl s

< 3YIAllL_ @) IV ullzy@sysxs

< 2643l @ Pl sy, (6:23)
From (B.14) and (6.3) we have,

4
I(w- V)ull - g *IQII/GIIVHIILQ (R3)3x3 < *Iﬂll/64 AN goys-  (6:24)

Hence, substituting (6.22), (6.23) and (6.24) in (6.21) and then (6.21) in (6.20),
we obtain (6.4). Finally, the independence of the constant Cg of € whenever the
domain € is a ball follows from Theorem 3.1. O

6.2. Transmission problem for the Navier-Stokes system in R3. Let n =3
and Assumption 4.3 about the geometry hold. Let us consider the transmission
problem for the anisotropic Navier-Stokes system
Lug,my)= f'Jr\Qgr + (uy-Vuy, divup =0 inQY,
Lu_,m)=f_|q_ +(u_-V)u_, divu_=0 inQ°,
Yiuyp —y-u_ =0 on 900, (6.25)
tt (u+,7r+; £+ By ((uy - V)u+))

—t (u,,ﬂ',;f', +E_((u_ ~V)u,)) = on 990,

with given data (f_,f_, %) € yﬂo o and unknown (uy, 7 u_,m_) € X 00 00
Here,

Xé\é o = HY(Q9)? x Lo(Q) x HM(Q2)? X La10e(22), (6.26)
ysz“ Q0 = H7N QL) x HH(Q0)® x H2(90°)° . (6.27)

Next we show the existence of a solution of the nonlinear transmission problem
(6.25) with general (including large) given data.
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Theorem 6.2. Let n = 3 and Q(j_ and Q° be as in Assumption 4.3. Let conditions
(1.2)-(1.4) hold in R3. Let (£4,f_,4) € VY, o and (u,m) € Hij, (R?)? x Lo 100(R™)
9,00
be the solution of the variational problem (6.2) provided by Theorem 6.1 for F €
HYH(R3)? given by
F=—(f +f)+7, (6.28)

where y* : H=2(9Q°)% — H1(R3)3 is the adjoint of the trace map ~ : H'(R?)® —
H3 (0Q°)3. Then there exists a solution (uy, 7, u_,m_) € Xé\é oo Of the nonlinear
Q.00

transmission problem (6.25) in the sense of distributions, given by the relations
uy = u\ﬂi, u_ =ufgo, Ty = 7T|Qgr, m_ = m|qo , and estimates (6.3), (6.4) hold.

Proof. We have to show that (u,7) € HL, (R?)3 x Lg 1oc(R?) solving system (6.1)
with F € H~1(R?)? given by (6.28) provides also a solution uy := ulgq , Tt = Tlag
of the transmission problem (6.25) in the sense of distributions. Since (u,7) €
HE (R3)3 X Lo joc(R?), we have uy € H} (29)3, us € HL, (Q0)3, my € Lo(09),
T_ € L210c(Q%). System (6.1) implies that the couples (uy, w4 ) satisfy the Navier-
Stokes equations

Lug,my) = fi|gi + (ug - V)uy in QY. (6.29)

For any v € D(R?)? in (6.2), using again relation (6.28), we obtain that

<a?jﬁEjﬁ(u+), Em(V)>Qi + ((ug - V)uy,vige — (my,divv)ge + <f+aV>Qg

+ <(u— . V)u_,V>Q(i - <7T_,diV V>Qg + <f_’V>QO,
= (¥, 7)o - (6.30)

Now let * be a bounded Lipschitz domain (e.g., a ball) such that @ C Q* and
let Q* :=0Q°% N Q*. By choosing v € D(Q*)3, Q° in (6.30) can be replaced by Q* .
Then the first Green identity (2.23) shows that equation (6.30) reduces to
<t+ <u+77r+; £y + (ug - V)u+) -t (u,, i f_ + (u_ ~V)u,) 77v>

= (Y, 7V)pq0 YV E D(Q*)37

+ <a;;ﬁEjB(u_), Em(v)>

0o

000

or, equivalently, to the equation
<t+(u+,7r+§f+ + (uy ~V)u+) -t (u—ﬂT—;f'— + (u_ - V)u_), ¢>aQo = (Y, P) g0

for any ¢ € Hz (99°)3, due to the dense embedding of the space D(Q*)3 in H!(Q*)3
and the surjectivity of the trace operator v from H(Q2*)® to Hz (9€°)3. There-
fore, the second transmission condition in (6.25) follows, as asserted. The first
transmission condition is obviously satisfied since u € H!(R3)3. O

Theorem 6.2 as proved is a corollary of Theorem 6.1. Note that it could be also
proved directly, modifying the proof of Theorem 6.1 so that one considers there
weak solutions of the Dirichlet-transmission problem in an increasing sequence of
bounded composite Lipschitz domains €2, covering the entire space R?, and then
employs the results of Theorem 5.3.
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6.3. Exterior Dirichlet problem for the Navier-Stokes system. As in Sec-
tion 4.3, let Q_ be an exterior Lipschitz domain with a compact (not necessarily
connected) boundary 9.

Let us consider the exterior Dirichlet problem for the Navier-Stokes system

{ (u,;r): +(u-V)u, divu_ =0 inQ_, (6.31)

u on 092,

with the given datum f € H~1(Q2_)? and unknown (u,7) € H*(Q-)3 X La 10c(2-).
Let us also consider the mixed variational problem

(a2 Bjs (), Bia(v))g +((u-V)u,v)g — (divv,m)a_
= (F,v)o_ VveDQ_)3 (6.32)
(divu,q)gs =0 YqeD(Q_?).

with given F € %~ 1(Q_)? and unknown (u,7) € H'(Q2_)3 X Ly joc(Q_).

Now we prove the following existence result for problem (6.31) (cf. [3, Theorem
1.3] for the exterior Dirichlet problem for the Navier-Stokes system with constant
coefficients).

Theorem 6.3. Let Q_ be an exterior Lipschitz domain in R3 with boundary €. Let
conditions (1.2)-(1.4) hold in Q_. Then for any F € H~1(Q_)3 there exists a pair

(u,7) € HY Q)3 x Lo 1oc(Q2_), which satisfies the nonlinear variational problem
(6.32) as well as the exterior Dirichlet problem (6.31) with f = —F in the sense of
distributions. In addition,

V|, ) < 2callFlly-10_)s (6.33)
1701, @/ < Cao_llFlln-1@ ) +Ca_ [ ) o A (6.34)

for any bounded domain QCQ_. Here ca is the ellipticity constant in (1.4),
/ 4 " 16 2
Cqo = Cﬁ(l + 2cp3 HA||LOO(Q7)3), Cqo = ?CQCA,

and the constant Cg is as in Theorem 3.1, while 0] = Jadz. The norm || - [l3-1(0_ys
is defined in (4.19).

Proof. Let Br C R? denote an open ball of radius R and center 0. We consider an
increasing sequence { Ry }r>0 C R such that limg_,o, Ry = 0o and Br, D R3\ Q_.
Let us define the bounded domains Qy := Q_ N Br,. Thus, 02 = 002U 0Bg, .
The rest of the proof is omitted as it is very similar to the proof of Theorem 6.1
after replacing there H!(R3)3 by H!(2_)? and also R3 by Q_. O

6.4. Exterior Dirichlet-transmission problem for the Navier-Stokes sys-
tem. Let Assumption 4.8 about the geometry holds and let us introduce the spaces

Xé\é o = HY(Q9)? x Ly(0) x H'(Q2)? X L 10e(22), (6.35)

Viilao =H 7 (924)* x HHQ0;00°) x H™2 (90°)? (6.36)

where the space H~1(Q%; 900)3 is defined in (4.37).
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Next, we consider the exterior Dirichlet-transmission problem
L(ug,my) = f+\90+ + (uy - Viuy, divay =0 in QY
Lu_,m_)=f_|g +(u_-V)u_, divu_ =0 inQ°,
Yiuy —y-u_ =0 on 90Y,
tt (11+77T+5f+ + By ((uy - V)u+))

-t~ (u,,w,;f', +E_ ((u_- V)u,)) = on 900,
y-u_ =0 on 0f).

(6.37)

with given data (f,f_, %) € V8 oo and unknown (uy, w4, u_,7_) € Xoo a0 -
0,00 Q0

Following arguments similar to the ones for Theorem 6.2, one can prove

Theorem 6.4. Let n = 3 and the geometry be as in Assumption 4.8. Let conditions
(1.2)-(1.4) hold on Q_. Let (£4,f_,4) € ygfm and let (u,7) € H(Q_)3x Ly (Q_)
be the solution of the distributional system (6.32) provided by Theorem 6.3 for F =
—(Fp 4+ £2) + 7%, where v* : H=2(9Q°)3 = H~1(Q_)? is the adjoint of the trace
operatory : HY(Q_)® — Hz(00°)3. Then there exists a solution (uy,m,u_,m_) €
xgﬂ’rﬂ‘i of the nonlinear exterior Dirichlet-transmission problem (6.37) given by the

relations u+:u|QcJ>r, u_=ugo, 7r+:7r|99r, m_=7|qo , and estimate (6.33) holds.

Remark 2. (i) In the case of small data, the existence results in Theorems 6.2, 6.3
and can be supplemented with uniqueness results, as in Theorem 5.4, see also [31,
Theorem 4.2].

(7i) The well-posedness results obtained in this paper can be extended, similar to
[31] and [34], to the setting of L,-based Sobolev spaces with p in an open interval
containing 2.

Appendix A. Extension result in weighted Sobolev spaces.

Lemma A.1. Let Q2 be R" or a (bounded or unbounded) Lipschitz domain in R".
Let Q° be a bounded Lipschitz set such that Q0 C Q. Let QY :=Q°, Q% :=Q\ Q0
and 09° denote the interface between Qg_ and Q0 .
(i) Let g4 € La(92%) and q— € Ly(Q%). Then there exists a unique function q €
Lo(9) such that q|Q& = ¢+. Moreover, ||‘ZH%2(Q) = ||q+||2L2(QS,r) + ||q7||2LQ(QO_).
(ii) Let uy € HY(QY) and u— € H'(Q2) be such that yiuy = vy_u_ on 90°.
Then there exists a unique function u € H'(Q) such that u|Qi = uy. More-
over, there ezists a constant C' = C'(n,Q%,Q%), such that lull g1y <
C/(||U+HH1(93) + HU*HHl(Q‘i))-
(i4i) Let Q be R™ or an exterior Lipschitz domain in R™. Let uy € H'(QY) and
u_ € HY(QY) be such that yyuy = vy_u_ on 9Q°. Then there exists a unique
u € HY(Q) such that u|gy = usx. Moreover, there exists C' = C(n, Q%,0%) >
0, such that |lull(0) < C(lutllm o) + lu-lli o))
(iv) Ifu € HY(Q) or u € HY(Q) then [yu] = 0 on 9Q°, where [yu] = ’Y+(U‘QO+) -
V- (ulgo ).

Proof. (i) We can take q= Egi q+ +E’Qg q— € Lo(Q), where ]57790i are the operators

of extension by zero to R™\ QY. Then q|Qi =q4+. To show uniqueness, assume that
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¢1 and go are two such functions. Then ¢qp := ¢1 — g2 € L2(Q2) and q0|Q& =0. Hence
qo=0 a.e. in .

The proof of item (i¢) follows the same arguments as those in the proof for
item (ii7), with the obvious replacement of the weighted Sobolev space H! by the
standard Sobolev space H'.

(7ii) We follow arguments similar to those for Theorem 5.13 in [10]. First, we
show that there exists a bounded linear extension operator 893_ from H'(Q9) to
HL(Q).

To this end, we consider the bounded Lipschitz set Q% (with QY C Q) as QY =
UL, Q;, m > 1, where ©; C R" are bounded Lipschitz domains with disjoint
closures. Then there exist bounded linear extension operators £q, from H'(Q;) to
H'(R™) (see, e.g., [1, Theorem 5.24]). Now let v° € H'(Q9), v := rq,0° € H(Q;),
and thus Eqg,v) € HY(R"),i=1,...,m. Let x; € D(R") be a cut-off function such

that x; = 1 in €; and suppx N, = 0 if i # j. Then the function v := Z xi€a,vY
i=1

is an extension of v € H'(Q9) to H'(R™). Therefore, Ego = iné'girm is a
i=1
bounded linear extension operator from H*(929) to H*(R™) and hence from H*(QY.)
to H1(Q), as asserted.
Assume now that uy € H*(Q%) and u_ € H'(Q2) satisfy y4uy =v_u_ on 9Q°.
Let

Then u* € H'(Q2), and there exists ¢ = ¢(n, Q%,Q%), such that
[uZ ll32 (00 ) < ellutllmag)-

In addition, in view of (A.1) we have y_u* =~_ (599ru+) = viuy =y_u_ on 9N
and hence v_(u_ —u*) = 0 on dQ°. Thus, E’Qg (u_ —u*) belongs to H!(Q) and
there exists ¢; = ¢1(n, Q%) > 0, such that

| Boo (- =)o) < 1 (s lamgon) + lu-llpny) s (A2)

where Egg is the operator of extension by zero outside Q% . Let us now define the
function

U= EO’QQ (u— —u*) + Eqo Uy (A.3)

It belongs to H'(Q). According to (A.1) and (A.3) we have also the following
relations

OO0
u|Qgr =0+ (c‘,’Qgr7uL+)|Qgr =uq ae. in O,
ulgo =u_ —u’ + (5Qo+u+)|9g =u_ —u* +u* =u_ae inQ’,
and thus the existence of a gluing function u is proved.
To show that the function u is unique, assume that there are two such functions,
up and uy. Then ug := u; — uy belongs to H!(Q) and uo\Qoi = 0. Thus, uy €

H(Q) C Ly(Q) and its support is a subset of 9Q° = 9QY%.. Hence ug=0 a.e in Q
(cf. also [38, Theorem 2.10(i)]).
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(iv). For u € H(2) the result is well known. Let u € H!(Q). Consequently,
u € HL (Q), and then viu = v_u, ie., [yu] = 0. A

Appendix B. Several norm estimates. In this appendix we provide some esti-
mates used in the analysis of the Navier-Stokes problems. Let n = 3 or n = 4 and
Q be a bounded domain in R".

e By the Sobolev embedding theorem (see, e.g., [44, Section 2.2.4, Corollary 2]),
the space H'(Q)" is continuously embedded in L 2n ()" and hence in Ly ().

Thus by the Holder inequality there exists a constant ¢; > 0 such that

n—1

[(vi-V)vallL o (@n < ||V1|\L%(Q)n||VV2||L2(Q)W
< ClHVl”Hl(Q)nHv2||Hl(Q)n VV17V2 S HI(Q)n

Consequently, (vi - V)vae L _»_ ()" for all vi,vo € H'(Q)", and, thus, (v-V)ve
L_n_(Q)" for any ve H L(Q)". Then by the Hélder inequality, we obtain for all
Vlav2av3eHl(Q)n7

[{(vi- V)va, va)ol < I(vi- V)Vl o @ lIvsliL. @)

<ellVille 2 @ IVV2llza@men Vsl ), (B.1)
with some constant ¢; > 0. Taking v € H'(Q)" in (B.1), we deduce that the term

(v1 - V)vy belongs to the dual of the space H'()", i.e., to the space H~1(€)".
Moreover, there exists a constant c3 > 0 such that, for all vi,ve € H(Q)",

1ve - VIvallg-s(qyn < c2llvillz o, @ [V Vallza@)nn
< cs|villmr )y I vallmr@)n- (B.2)

Similar to (B.1), we have for all vi,vq,vs € HY(Q)",

{(vi-V)ve,va)gl < IVsllz b, @ [IVVallLy@rxnIViliL, @)
n—2

< cafva]

L ()" VVQHL2(Q)11,><W,||V3HH1(Q)11.7 (BS)

with some constant ¢4 > 0. Taking v3 € Hl(Q)” and vi,ve € HY(Q)" in (B.3) we
obtain
[(vi-V)Vallg-1(q)s < callvillz, @ IV Vallz,@)nxn

S 05||V1HL,L(Q)”HV2||H1(Q)”- (B4)

with some constant c; > 0. )

e Let now vy, vy € HY(Q)", v3 € H(Q)". The density of the space D(2)" in
H'(Q)™ along with the divergence theorem and estimate (B.2) lead to the following
identity

((Vi-V)va,vz)q = /QV ~(vi(va - vs))dx = (V- vi)vs + (vi- V)vs, va)q
—((V-vi)vs + (vi-V)vs,va)q (B.5)
Vv, vy € Hl(Q)n, V3 € I’}I(Q)n
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Then in view of identity (B.5) and estimate (B.1), there exists a constant ¢g > 0
such that

(Vi Vv, va)ol < IV -vi)vs + (vi- V)vsllL_u@rllVallL,.@r

< collvillmr @ lIvalle, @n V3l g1 @)n (B.6)

and accordingly that

H(Vl . V)V2HH*1(Q)3 < CGHVl”Hl(Q)" V2||L,,,(Q)" YV vi,vg € Hl(Q)n (B?)
e From (B.5) we also have
((vi-V)va,va)g =—((vi-V)vs, va)q (B.8)
Vovi € Hy ()", vo € HY(Q)", vs € H(Q)",
implying the well known formula
(Vi V)va,va)g =0 Vv € Hi ()", vo € HY(Q)" (B.9)
Identity (B.8) also implies for v; € HZ, (Q)" and vo € H' ()",

I - Dvalla@p= s [ (2 Tvavaa|
VsEHH (@)™, [VVs| 1y gy xn =1

= sup ‘ (vi-V)v3,va)q ’
VBEHl(Q)n; HVV3HL2(Q)71><W:1

< ] sup lv1 ®V2||L2(Q)n><nvagHLQ(Q)nxn
vsEH ()", HVV3HL2(Q)TL><TL:1

and hence
I(vi - V)Vall -1 < [Vi @ Vol ny@)nxn ¥ vi € Hy(Q)", vo € HY(Q)™. (B.10)

e By the Holder inequality,

ol e < WolluI 2 190 [ do Voelo@, (B
and the Sobolev inequality (see, e.g., Eq. (I1.3.7) in [22]) gives
o] < (=D gy V v € D(R) (B.12)
Le(R™) = \/ﬁ(n —2) Lo (R™) . .

Since Dgiv () C D(R") is dense in Ifléiv(Q)3 (see, e.g., [47, p. 32, Lemma 10]),
(B.10) and (B.12) imply

|(V1 . V)V1H|H—1(Q)3 < HVl ®V1||L2(Q)3X3

2
< vallz, )
<1211 40y

IN

4 .
§|Q|1/6val‘|%2(9+)3><3 ¥ vi € Hy, ()7, (B.13)

cf. Lemma IX.1.1 in [22], where a similar estimate was obtained with ¥ instead
of .
3
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Similarly, since the space Daiv(R™) C D(R") is dense in H},, (2)? (see, e.g., [4,
Proposition 2.2]), inequalities (B.10) and (B.12) imply for all vi € H}, (R?)? that
(Vi V)Villa-rgaps < QY0 IVl e

< QYO gy

IN

4
§|Q|1/6“VV1||%2(R3)3><3 . (B.14)
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