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ABSTRACT
We obtain well-posedness results in L,-based weighted Sobolev
spaces for a transmission problem for anisotropic Stokes and
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Navier—Stokes systems with L, strongly elliptic coefficient tensor, in
complementary Lipschitz domains of R”, n > 3. The strong ellipticity
allows to explore the associated pseudostress setting. First, we use a
variational approach that reduces the anisotropic Stokes system in
the whole R” to an equivalent mixed variational formulation with
datain Lp-based weighted Sobolev spaces. We show that such mixed
variational formulation is well-posed in the space H:,(]R”)” x Lp(R™),
n > 3, for any p in an open interval containing 2. Then similar well-
posedness results are obtained for two linear transmission problems.
These results are used to define the Newtonian and layer potential
operators for the considered anisotropic Stokes system and to obtain
mapping properties of these operators. The potentials are employed
to show the well-posedness of some linear transmission problems,
which then is combined with a fixed point theorem in order to
show the well-posedness of a nonlinear transmission problem for the
anisotropic Stokes and Navier-Stokes systems in L,-based weighted
Sobolev spaces, whenever the given data are small enough.

COMMUNICATED BY
P. Musolino

KEYWORDS

Anisotropic Stokes and
Navier-Stokes systems; L,
coefficients; pseudostress;
mixed variational
formulation; Newtonian and
layer potentials; L,-based
weighted Sobolev and Besov
spaces; transmission
problems; well-posedness

AMS SUBJECT
CLASSIFICATIONS
Primary 35J25; 35Q35;
42B20; 46E35; Secondary
76D; 76M

1. Introduction

A powerful tool in the analysis of boundary value problems for partial differential equa-
tions is played by the layer potential methods. Mitrea and Wright [1] used them to obtain
well-posedness results for the main boundary value problems for the constant-coeflicient
Stokes system in Lipschitz domains in R” in Sobolev, Bessel potential, and Besov spaces
(see also [2, Proposition 4.5] for an unsteady exterior Stokes problem). The authors in
[3] obtained mapping properties of the constant-coefficient Stokes and Brinkman layer
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potential operators in standard and weighted Sobolev spaces by exploiting results of
singular integral operators (see also [4, 5]).

The methods of layer potential theory play also a significant role in the study of ellip-
tic boundary problems with variable coefficients. Mitrea and Taylor [6, Theorem 7.1] used
the technique of layer potentials to prove well-posedness of the Dirichlet problem for the
Stokes system in L,-spaces on arbitrary Lipschitz domains in a compact Riemannian man-
ifold. Dindo§ and Mitrea [7, Theorems 5.1, 5.6, 7.1, 7.3] used a boundary integral approach
to show well-posedness results in Sobolev and Besov spaces for Poisson problems of Dirich-
let type for the Stokes and Navier-Stokes systems with smooth coeflicients in Lipschitz
domains on compact Riemannian manifolds. A layer potential analysis of pseudodif-
ferential operators of Agmon-Douglis-Nirenberg type in Lipschitz domains on compact
Riemannian manifolds has been developed in [8]. The authors in [9] used a layer potential
approach and a fixed point theorem to show well-posedness of transmission problems for
the Navier-Stokes and Darcy-Forchheimer-Brinkman systems with smooth coefficients
in Lipschitz domains on compact Riemannian manifolds. Choi and Lee [10] proved the
well-posedness in Sobolev spaces for the Dirichlet problem for the Stokes system with non-
smooth coeficients in a Lipschitz domain € C R" (n > 3) with a small Lipschitz constant
when the coefficients have vanishing mean oscillations (VMO) with respect to all variables.
Choi and Yang [11] established existence and pointwise bound of the fundamental solution
for the Stokes system with measurable coefficients in the space R4, d > 3, when the weak
solutions of the system are locally Holder continuous.

Alliot and Amrouche [12] developed a variational approach to show the existence of
weak solutions for the exterior Stokes problem in weighted Sobolev spaces (see also [13,
14]). The authors in [15] developed a variational approach in order to analyse Stokes and
Navier-Stokes systems with Lo coefficients in Lipschitz domains on compact Riemannian
manifolds (see also [16]).

An alternative integral approach, which reduces various boundary value problems for
variable-coefficient elliptic partial differential equations to boundary-domain integral equa-
tions (BDIEs), by means of explicit parametrix-based integral potentials, was explored e.g.
in [17-20]. Equivalence of BDIEs to the boundary problems and invertibility of BDIE oper-
ators in L, and L,-based Sobolev spaces have been analysed in these works. Localized
boundary-domain integral equations based on a harmonic parametrix for divergence-form
elliptic PDEs with variable matrix coefficients have been also developed, see [21] and the
references therein.

Brewster et al. in [22] used a variational approach to show well-posedness results for
Dirichlet, Neumann and mixed problems for higher order divergence-form elliptic equa-
tions with L, coeflicients in locally (€, §)-domains in Besov and Bessel potential spaces.
Sayas and Selgas in [23] developed a variational approach for the constant-coeflicient
Stokes layer potentials, by using the technique of Nédélec [24]. Bacutd et al. [2] developed a
variational approach for the constant-coefficient Brinkman single layer potential and anal-
ysed the time-dependent exterior Stokes problem with Dirichlet condition in R", n=2,3.
Barton [25] used the Lax-Milgram Lemma to construct layer potentials for strongly elliptic
operators in general settings.

Throughout this paper, we use the Einstein convention on summation in repeated
indices from 1 to 1, and the standard notation 9, for the first order partial derivative with
respect to the variable x,, « = 1,...,n. Let L be a second-order differential operator in
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divergence form,
Lu:= Ou (A“‘ﬂa,gu) , (1)

where A = {A%}, 4 p<n is the viscosity coefficient tensor of the fourth order, and for fixed
a and B, A%P = AP (x) are n x n matrix-valued functions on R”, such that

AP — {aqﬂ

; «p n <ij <
p }1§i,j§n’ a; € Loo(R"), 1 <i,j,o, B < n. (2)

We will further shorten (2) as A € Ly (R”)”4. We assume that the boundedness condition
i’ ()] < ca
and the strong ellipticity condition

azﬁ(x)giaéjﬂ > Cglfi(xfi{x = c&1|§|2 VE= {(Ein1<io<n € Rm*n 3)

hold for almost any x € R", with a constant ¢y > 0 (cf. [22, (7.23)], [26, (1.1)]).

Let u be an unknown velocity vector field, 7 be an unknown pressure scalar field, and
f be a given vector field representing distributed forces, defined on an open set ® C R"
with the compact boundary 3®. Then the equations

L(u,7) =3y (A%P3pu) —Vr =f, divu=0inD (4)

determine the Stokes system with L, tensor viscosity coeflicient.
Let A € Loo(R™). Then the nonlinear system

o (A% 9pu) —A(u-V)u—Vr =f, divu=0inD, (5)

is called the anisotropic Navier-Stokes system with Lo viscosity tensor A = (A%?); <4 g<y.

The systems (4) and (5) can describe flows of viscous incompressible fluids with an
anisotropic viscosity tensor, A, related to the physical properties of such a fluid (see [26-28]).
Our goal is to treat transmission problems for the Stokes and Navier-Stokes systems (4)
and (5) in R™\ 0S2, where 02 is a Lipschitz boundary. Then we have to add adequate
conditions at infinity by setting our problems in weighted Sobolev spaces.

Remark 1.1: In the isotropic case
& = 1 (8ujopi + Bupdy), 1< ijiaf <n (6)

(see [27]), with € Lo (IR"), we assume that there exists a constant ¢, > 0, such that
c;l < u =< ¢y a.e. inR". The tensor Zzg-’s givep by (6) satisfies the strong ellipticity con-
dition (3) only for symmetric matrices § = {£/}1<io<n. If i is constant and divu = 0, the

operator L given by (4) takes the form
L, ) =div(uVu) — V. (7)
For arbitrary i € Loo(R"™), the operator £ given by (7) can be also represented as

Li(u,7) = dy(a dpuy) — 0, af = poupby, 1 < ije, p < 1, (8)

where af’ (0€agip = 1 ()Eabia = 26, |12 fora.e.x € R and for any & = (§iu)1<iec=n
e R™*". Hence the ellipticity condition (3) is satisfied for all matrices, and our analysis is
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also applicable to the isotropic Stokes system. Note that a ]ﬂ 0puj = oy u; can be associated
with the viscous part of the pseudostress (10, u; — 847, cf., e.g. [29]. The approaches based
on the pseudostress formulation have been intensively used in the study of viscous incom-
pressible fluid flows due to their ability to avoid the symmetry condition that appears in
the approaches based on the standard stress formulation (see, e.g. [29, 30]).

2. Preliminary results

Let further on €, := Q be a bounded Lipschitz domain in R” (n > 3) with connected

boundary Q2. Let Q_ := R" \ Q. Let Ex denote the operator of extension by zero outside
Q.

2.1. Standard Lp-based Sobolev spaces and related results

For p € (1,00), L,(IR") denotes the Lebesgue space of (equivalence classes of) measurable,
pth integrable functions on R”, and Lo, (R") denotes the space of (equivalence classes of)
essentially bounded measurable functions on R”. For any p € (1, 00), the conjugate expo-
nent p’ is given by 117 + 1% = 1. Given a Banach space &, its topological dual is denoted by
AX’. The duality pairing of two dual spaces defined on a subset X € R" is denoted by (-, ) x.
Let H;—LI(R”) and HI:,H(R”)” denote the standard L,-based Sobolev (Bessel potential)
spaces.

For any open set Q" in R”, let D(Q') := C{°(R2’) denote the space of infinitely dif-
ferentiable functions with compact support in ', equipped with the inductive limit
topology. Let D'(Q2) denote the corresponding space of distributions on €', i.e. the dual
space of D(€). Let H;tl(Q/) ={feD(Q):3F ¢ H;EI(R”) such that Fjo = f}, where
| denotes the restriction operator onto Q'. The space FI; () is the closure of D(') in
H; (R™). Also, H; (2)" and ITI;(Q/ )" are the spaces of vector-valued functions with com-
ponents in H;(Q/ ) and I~{;(Q/ ), respectively, and similar extensions to the vector-valued
functions or distributions are assumed to all other spaces introduced further. The Sobolev

space ITI; (£2') can be identified with the closure ﬁ;(Q’) of D(2') in H; () (see, e.g. [31],
and [32, Theorem 3.33] for p=2). The dual of ITI;(Q/ ) can be, in turn, identified with
the space Hl;l(Q/), and the dual of H;(Q’) with the space INJIJI(Q’). For p € (1,00) and
s € (0, 1), the boundary Besov space B, ,(3£2) can be defined by the method of real interpo-
lation, B;,,p(BQ) = (Lp(8S2),HP1, (0€2))sp (cf., e.g. [33, Chapter 1, & 1.3], [1, Section 11.1]).
The dual of B;’p(BQ) is the space B;;,(E)Q). For p=2, we use the standard notation
for the Ly-based Sobolev spaces H¥! (') = HF (), HF!(Q) = Hy (), H* (0Q) =
H5(3S2) = B;,(3€2). For further properties of standard Sobolev and Besov spaces we refer

the reader to [1, 31-35].
We often use the following result (see [36], [37, Lemma 2.6], [1, Theorem 2.5.2]).

Lemma 2.1: Let Q4 be a bounded Lipschitz domain of R" with connected boundary 9<2,
and let Q_ :=R" \ Q+ If p € (1,00), then there exists a linear bounded trace operator

Vi Hl(Qi) — BPPP(E)Q) such that y+f = flaq for any f € C®(Q4). The operator y4
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1-1
is surjective and has a (non-unique) linear and bounded right inverse y; ' : Bp’pp (0Q2) —

1-1
H;(Qi). The trace operator y : H; (R") — B,,," (32) is also well defined and bounded,
where yu =y u = y_uforanyu € H;(R”).

2.2. Weighted Sobolev spaces
Givenn € N, n > 3,let p : R” — R, denote the weight function
1
p(x) = (1+ [x])2. 9)
Letp € (1,00) and A € R. Then the weighted Lebesgue space L, (p*; R") is defined as
feLy(p’R") & p'f € LR, (10)

and Ly (p”;R™) is a Hilbert space. We also consider the weighted Sobolev space 'H}, (R™)
(cf. [12, Definition 1.1], [38, Theorem I.1]) consisting of functions f, for which the norm

|07 1L ey + IV oy ifp # n,
— —1 .
|7 (I + p2) " fI} ony + IVAIL, e i =1,

p

is finite. This is a reflexive Banach space. The space H;l(R”) is defined as the dual of
H,(R™).

For the functions from H;, (R™), the semi-norm
LﬂH})(Rﬂ) = ||Vf||LP(R”)" (12)

is equivalent to the norm || - ||H117(Rn), givenby (11),if1 <p <n(cf,, e.g. [39, Theorem 1.1]).
Consequently,

Al
M, (R") = Hp (R) (13)
for 1 < p < n, where H 11,;0 (R™) is the closure of the space D(R") with respect to the semi-

norm (12), cf. [40, Proposition 2.4]. Hence, the space D(RR") is dense in Hll, (R™) (ct., e.g.
[12, 38]). Moreover, for this range of p,

H,y(R") = {u €L R"):Vue LP(R”)"} , (14)

and the divergence operator div : H 11,;0 (R™M™ — L,(R") is surjective (cf. [40, Proposition
2.4 (i), Lemma 2.5]).
The set {HL(R™)}1~<n is a complex interpolation scale, which means that
P D p p

[H,, (R™), H,, (R)]s = H,(R™), (15)

whenever pi,p2 € (1,n), 6 € (0,1), and %: lp;lg—l—p% (see [41, Theorem 3], [42,

Theorem 2.1, Corollary 2.7]). By [-,-]g we denote the space obtained with the complex
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interpolation method, and the equality of spaces in (15) holds with equivalent norms. The
complex interpolation spaces backgrounds can be found, e.g. in [43, Chapter 4] and [33,
Section 1.9].

The space H},(SL) can be defined in terms of the norm || - ”H}, (e_)» Which has a similar

expression to the norm in (11), but with Q_ in place of R", and is a reflexive Banach space.
The space 'H;l (£2_) is defined as the dual of the space H},(Q,).
o 1
Let HP(Q_) C H},(Q_) denote the closure of the space D(Q2_) in H},(Q_), and let

7:211, Qo) C H}, (R™) denote the closure of the space D(2_) in Hfl, (R™). The space 7'7;, (Q2)
can be also characterized as

ﬁ},(Q_) = {u € H},(R”) ssuppu C §_} , (16)

ol o
and identified isomorphically with 7, (€2—) via the operator E_ of extension by zero out-
side Q_ (see, e.g. [22, (2.9)]). The space HQI(Q_) is defined as the dual of the space
~ ol ~
H},(SZ_). Since D(2_) is dense in HP(Q_), and in H},(Q_), ’HI;I(Q_) is a space of
distributions. X
The space HP(Q_) can be characterized as

7%;(9_) = {veH},(Q_) ty—v=00n0Q} (17)

(cf., e.g. [44, (1.2)], [22, Theorem 4.2, (4.16)]).
For p € (1, n), the semi-norm

lf|7—[11)(g_) = ||Vf||LP(S2_)" (18)

isanorm on the space ’HII,(Q_) that is equivalent to the full norm || - ”H}, () given by (11)
with Q_ in place of R”. Moreover, the semi-norm (18) is an equivalent norm on the space

ol
'HP(Q_) forany p € (1,00) (cf., e.g. [44, Theorem 1.2], [12, Theorem 1.2]). Consequently,

72[11,(52,) = ICIIIJ;O(Q,), for any p € (1, 00), where I:I;,;O(Q,) is the closure of D(£2_) in the
semi-norm (18) (cf, e.g. [12, Remark 1.3]).

In addition, the statement of Lemma 2.1 extends to the space H},(SL). Hence, there is
a bounded, surjective exterior trace operator

y- HAR-) — By, (09) (19)

(see, e.g. [23, p. 69]). Moreover, there exists a (non-unique) linear bounded right inverse
1—1
y__l : Bp,pp (0Q2) — H},(Q_) of operator (19) (see [3, Lemma 2.2]). [19, p. 1350006-4]).

1
The trace operator y : ’H},(R”) — Bll,,pp (02) is also linear, bounded and surjective (cf.,
e.g. [37, Theorem 2.3, Lemma 2.6], [2, Eq. (2.2)] for p=2).
In the case p=2, we employ the notations HEY(R?) = 'Hzﬂ(R”), HEY(Q) =
'Hzﬂ(Q_), H*(0Q) = H5(0Q) = BSZ’Z(E)Q), and note that all these spaces are Hilbert
spaces.
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For 1 < p < n,let us also introduce the space HII, (R™\ 92) consisting of functions u, for
which the norm

=

— =1,P p
”u””]—{fl)(Rn\ag) - (”,0 u”LP(R“) + Hvu”Lp(QJrUQ,)”) (20)

is finite. Evidently, if u € 'H},(R” \ 0Q) then u|q, € H; (R4), ulg_ € H},(SL), and the

P P 5 i . a1 n
norm (||u||H;(Q+) + ”u”H},(Q,))P is equivalent to the norm (20) in HP(R \ 92). The
jump of u across 9S2 is given by [y (u)] :=yr(u) —y_(u). f u e ’H;,(R" \ 9Q2) and
[y(u)] =0thenu € H;(R”), and conversely, ifu € H},(R”),then [y (w)] = 0(cf,e.g.[22,
Theorem 5.13]).

Remark 2.2: Let Br denote the ball of radius R in R” and centre at the origin (assumed
to be a point of the bounded Lipschitz domain ). Also, let "~ be the unit sphere in R”.
Similar arguments to those for [45, Lemma 2.1, Remark 2.4] imply that any function u in
HII, (R™) or H},(Q_), with 1 < p < n, vanishes at infinity in the sense of Leray;, i.e.

lim lu(ry)|doy = 0. (21)

r—>00 gn—1

2.3. The conormal derivative operator for the L, coefficient Stokes system

Recall that £ is a second-order elliptic differential operator in divergence form given by (1),
where the coefficients A%? of A = (A%# )1<a,f<n are n X n matrix-valued functions on R"
with bounded measurable, real-valued entries a(gﬂ ,ie A% = {a;;ﬂ }1<ij<n> and the strong
ellipticity condition (3) is satisfied. Similar to [29, 30] and references therein, we can define
the non-symmetric pseudostress tensor o (u, ) with components oy;(u,7) = a‘;ﬂ dpuj —
(Saiﬂ.

Letv = (v1,...,vy,) " be the outward unit normal to Q., which is defined a.e. on 0€2.
When (u,77) € C'(Q4)" x C%(Q4), the classical interior and exterior conormal deriva-
tives (i.e. the boundary pseudotractions) for the Stokes operator L(u, 7) = 9, (A%P dpu) —
Vo are

TCi(u,rr) =yio(w, ) -v= yi(A‘)‘ﬁalgu)va — Y4y ondg,

cf,, e.g. [26]. Here and in the sequel, the indices &= mark the trace and conormal derivatives
from Q, respectively. Moreover, the following first Green identity holds,

:i:(TCi(“’”)"p)m = (Aoﬂsaﬁu, aa(o)gi — (m,divg) .
+ (L), 9)q,, YeeDRMH™ (22)
Definition 2.3: For p € (1, 00), let us define the space
M@, £) = [ 72, Fi) € HY(@2)"

x Lp(Qs) x Hy ' (Qe)": Llus,ms) = Eelg, in Qi}.
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Formula (22) suggests the weak definition of the formal and generalized conormal
derivatives for the Lo, coeflicient Stokes system in the setting of L,-based weighted Sobolev
spaces (cf., e.g. [36, Lemma 3.2], [3, Lemma 2.9], [37, Definition 3.1, Theorem 3.2], [I,
Theorem 10.4.1]).

Definition 2.4: Letp € (1,00). Forany (us, 7+, f1) € Hl(szi)” x Ly(Q24) x ﬁp—l(szi)",

the formal conormal derivatives TE (uy, 743 fi) € Bp (8 Q)" are defined as

H{T* (ug, w45 £, ®) = (AP35 (uy), a(,,(yglcb))Qi — (s, cliv(yj;%b))Qi
1
- 1
+(feye @)y, V@€ B, (9)", (23)

1
where y - L. B;, o Q)" — HIIJ, (2+)" is a bounded right inverse of the trace operator y4 :
1

M) (Q4)" — B) ,(0)",
Moreover, if (u, ni,~fi) € ’Hl (Q4+, L), equation (23) defines the generalized conormal

derivatives T* (u, ni,fi) € Bpp (092)".

In addition, we have the following assertion (see also [36], [46, Theorem 5.3], [3,
Lemma 2.9], [1, Theorem 10.4.1]).

Lemma 2.5: Let p € (1,00).

(i) The formal conormal derivative operator T : H},(Qi)” X Lp(24) x ﬁp_l(Qi)”

_1
— Bp; (02)" is linear and continuous.

_1
(ii) The generalized conormal derivative operator T+ : ’Hl Q4+, L) — B, If (0R)" is lin-
earand contznuous, and definition (23) does not depend on the choice of a rlght inverse

Vi BP, ,(89)” — Hl (2+)" of the trace operator y+ : 'Hl Q)" — B;/)p,(aﬁ)”.
In addztzon, the first Green identity

j:(Ti (ug, ﬂi;i:i)> Viwi)asz

= (A% 05 (us), 0 (W), — (Ta, divwa)o. + (B wi)on,  (24)

holds for any wy € 'H;,(Qi)” and (uy, 7y, fy) € ’H;(Qi,[,).

The proof follows from the arguments similar to those for [5, Lemma 2.2] (see also [37
Definition 3.1, Theorem 3.2], [46]). We omit the details for the sake of brevity.
For (u, 74, fi) € Hl (Q4)" x LP(Qi) X H 1(Q4)", let us introduce the couples

u:={uy,u_}, 7:= {7r+,n_}, fi= {f+,f_}, and denote the jump of the corresponding
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conormal derivatives by
[T(w,7;0)] = T (wp, 43 £4) — T (u_, w_; ). (25)

For (uy,74) such that (ug,74,0) € Hll,(Qi, L), we will also use the notations
TEu®, 7%) := T (ut, 7%;0) and [T(u, 7)] := [T(u, 77;0)].
Lemma 2.5 implies the first Green identity in the following form.

Lemma 2.6: Letp € (1,00), (ui,ni,ﬂ) € 'H}](Qi, L), andw € H‘Zl), (R™". Then

(T s Dl yw), = (A% 350u0), 0 (W) + (A7 dp(u0), B (W))g,_

— (. divw)q, — (n_,divw)g,+<~f+,w>9 +<f_,w>9 . (26)

+ —

Moreover, if (ut,7+,0) € ’H},(Qi, L), then

(T, )] yw) | = (A% 8p(u), 8.(W))g + (A% D5 (u-), 8u (W)

— (my,divw)q, — (7, divw)q_. (27)

Proof: It suffices to remark that yy w = y_w = yw and apply formula (24). |

2.4. Conormal derivative for the adjoint system
The formally adjoint operator L is defined by
L(v,q) := 0y (A*“ﬁ 8/3v) — Vg,

*aff  _ Pa (28)

where A* = {A*”ﬁ}lfa,ﬂfn,A*“ﬂ = {afa’s S =g

by }15i,j§n

Note that our notation A**# coincides with the notation (A#*)T in [26]. Evidently, the
coeflicients of L£* also satisfy conditions (3) with the same constant c.

If (v,q) € CH(Q4)" x CO(Q4), the classical conormal derivative operator T*+ associ-
ated with £ is defined by

T*%(v, q) = yi(A*“ﬁaﬁv)va — y+qv  ondf.

For more general functions v and g, we can introduce, similar to Definition 2.4, the notion
of formal and generalized conormal derivatives associated with £*.

Definition 2.7: Letp € (1,00). For any (Va, g+, §+) € H,(Q4)" X Ly(Q24) X ﬁp—l(szi)",

_1
the formal conormal derivatives T (vy, q+,8+) € Bp,‘f,’ (02)" are defined as
(T (Ve s B), B),_ 1= (A0 (v), 00 (v @),

1
. —1 ~ -1 »
— (g diviyy ®))g, +(8x.vx @)y, ., YO EBy (3" (29)
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Moreover, if (v, q+,8+) € 'H},(Qi, L"), equation (29) defines the generalized conormal
1

derivatives T** (v, g1, §+) € B, (0"

Lemma 2.8: Letp € (1,00).

(i) The formal conormal derivative operator T H},(Qi)” X Lp(R2+) x ﬁp_l(Qi)”
_1
— BP,II; (02)" is linear and continuous.

_1
(ii) The generalized conormal derivative operator T+ . ’H},(Qi,ﬁ*) — Bp’;,’ 0" is
linear and continuous, and definition (29) does not depend on the choice of a

1
right inverse y;l : B;:/ P,(BQ)” — H;/(Qi)” of the trace operator y+ : H;/(Q)” —
1

B;)p,(E)Q)”. In addition, the following first Green identity holds for any wy €
My (1) and (vi, g, 8x) € Hy(Q, L)

(T (v, G5 §), VW)
= (A*aﬁaﬂ (V4), 0y (Wi))gi — (g+,divws) o, + (8+,W+)q,

= (AP dg(wy), da (ij)>9i — (g, divwi ), + (84, Wa)a. - (30)

Lemma 2.8 implies the following analogue of Lemma 2.6.

Lemma 2.9: Letp € (1,00), (V4,q+,8+) € ’H},(Qi,ﬂ*), andw € HII),(R”)". Letvand q
be the couples {v4,v_} and {q+,q—}. Then

((T*v g @)l yw), = (A Pop(ve),0u (W), + (A 35 (v-), Bu(W))g,

— (g divw)e, — (g, divwia_ + (g+. W)+ (g-w)g_ . (31)
Moreover, if (v, q+,0+) € 'H},(Qi,[,*), then

(IT* )l yw), = (A"Pop(v1), 80 (W))g, + (AP Dp(v-), 8 (W),

—{(q4,divw) g, — (q—,divw)q_. (32)

2.5. Abstract mixed variational formulations and well-posedness results

The main role in our analysis is played by the following well-posedness result from [47],
[48, Theorem 1.1], (cf., also [49, Theorem 2.34], [50] and [51, § 4]).

Theorem 2.10: Let X and M be two real Hilbert spaces. Leta(:,) : X x X — Randb(-,-) :
X x M — R be bounded bilinear forms. Let f € X' and g € M'. Let V be the subspace of
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X defined by
Vi={veX:bv,9) =0, VqgeM]}. (33)

Assumethata(-,-) : V x V — Ris coercive, which means that there exists a constant c; > 0
such that

a(w,w) > callwlly, YweV, (34)

and that b(-,-) : X x M — R satisfies the condition

b(v,q)

inf  sup —— >, (35)
qeM\(0} yex\joy lIVIxIiglla

with some constant 8 > 0. Then the mixed variational problem

{a(u, V) +bv,p) =fv), VvelX (36)

b(u,q) = g(q), VqgeM,

for unknown (u, p) € X x M, is well-posed, i.e. (36) has a unique solution (u,p) in X x M
and there exists a constant C > 0 depending on 8 and c,, such that

lullx + llpllave < C(IfIlx + lIgllae) - (37)
We will also need the following result (see [49, Theorem A.56, Remark 2.7]).

Lemma 2.11: Let X and M be reflexive Banach spaces. Let b(-,-) : X x M — R be a
bounded bilinear form. Let B : X — M’ and B* : M — X' be the linear bounded operators
given by

(Bv,q) = b(v,q), (v,B*q) =(Bv,q), VveX, VqeM, (38)

where (-,-) :==x (-,-)x denotes the duality pairing of the dual spaces X' and X. The dual-
ity pairing between M’ and M is also denoted by (-,-). Then the following assertions are
equivalent:

(i) There exists a constant B > 0 such that b(-, -) satisfies the inf-sup condition (35).
(ii) Themap B : X/V — M isan isomorphism and ||Bw|| pg = Bllwllx)v, for any w €
X/V.

3. Volume and layer potential operators for the L., coefficient Stokes
system in L,-based Sobolev and Besov spaces

In the sequel, 24 C R” (n > 3) is a bounded Lipschitz domain with connected boundary
0Q,and Q_ = R"\ Q.
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3.1. Weak solution of the Stokes system with L., coefficients in R".

The main role in our analysis is played by the following result (see also [52, Lemma 4.1]

for p=2).

Lemma 3.1: Let A satisfy conditions (2)-(3). Let p € (1,00), and agn :'H},(R”)” X
HII), (R™M" - R, bgn : H;(R”)” X Ly (R") — R be the bilinear forms

agrn (0, v) = (A“ﬂf),gu, Bau>Rn, Yuce H}(R”)”,v 1S H},/(R”)", (39)
bra(v,q) := —(divv,q)re, ¥V e H,(R"", VqeLyR". (40)

Then there exists p,. € (2,00) such that for any p € R(p«,n), where

(P n
R(ps,n) := (P* — l,p*) N (n — l,n) (41)

and for all given data & € HE TRM" and ¢ e L,(R™), the mixed variational formulation

{aRn(u,V) + bro(v, ) = (E,V)Re, Vv e HLRY, )

bre(w,q) = (¢, q)rr, Vq € Ly(R")

is well-posed, which means that (42) has a unique solution (u, ) € Hll, (R™M" x Ly(R™) and
there exists a constant C = C(cy, p,n) > 0 such that

gy nys + 17y = C {18 1 nyn + 1€ lrym | (43)

Proof: The boundedness condition |aZ.ﬂ (x)| < cp combined with the Holder inequality
imply that there exists a constant C = C(p, n,cp) > 0 such that

|6l]Rn (ll, V)l < C”“”H})(R")n”V”H‘;,(R")”’ Yuce H;(Rn)n)v (S H‘ll)/ (R”)n. (44)

Thus, the bilinear form agn» : H;(]R”)” X 'Hll), (R™")" — R is bounded for any p € (1, 00).

The bilinear form bgn : H}, (R™M™ x Ly (R™) — R is also bounded for any p € (1, 00).

Let us first prove the lemma for p=2. To do so, we intend to use Theorem 2.10,
which requires the coercivity of the bilinear form ag» (-, -) from H!(R")" x H!(R™)" to R.
Indeed, the strong ellipticity condition (3) and the property that the semi-norm is a norm
on H!(R™)" equivalent to the norm || - 1741 (mnyn (see (11) and (12) with p =2), imply that
there exists a constant ¢; = ¢;(n) > 0 such that

apn (v, ¥) = ¢ VYT goyn = € e lIVI 1 gy Y € HER™). (45)

Inequalities (44) and (45) show that the bilinear form agn : H!(R")" x H'(R")" — R is
bounded and coercive.
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Moreover, the boundedness of the operator div : H!(R")"” — L,(R") implies that the
bilinear form bgn : H!(R")" x L,(R") — R is bounded as well. In addition, the subspace
H}hv (R™™ of H!(R™)"-divergence-free vector fields has the following characterization

Hiy R = {w e H'(R"" : bpn(w,q) =0, Vqe LRM}.
In view of the isomorphism property of the operator
— div: H'(RM"/HY,, R — Ly(R") (46)

(cf. [39, Proposition 2.1], [40, Lemma 2.5]), there exists a constant c; > 0 such that for any
g € Ly(R™) there exists v € H! (R")" satisfying the equation —divv = g and the inequality
VI3 mryn < c2llqllL,(rn)> and hence

bre(v,9) = — (divv, @), = (@ e = 1912, @ey = & IVll3g1 s g1l Ry

Consequently, the bilinear form bgn(,-) : H'(R™)" x Ly(R") — R satisfies the inf-sup
condition
brn (w,
inf sup R" (W, 9)
4€LaRM\(0} yyepqt mmym oy 1W Il ey G112, )

-1
C \% nyn n
> in 5 IVl @y gl L, ey _ o
qeLa D0} [Vl ryn 1911, (R
(see also Lemma 2.11(ii), and [23, Proposition 2.4] for n=2,3). Then Theorem 2.10, with
X =HRHY", M =L,(R"),V = H}iiv(R”)”, implies that problem (42) is well-posed for

p=2.
Let

X (R™) = Hy(R™)" x Ly(R™), X (R") = H, ' R™" x Ly(R"). (47)

and note that XI;/ (R™) is the dual of the space Xy (R"). Let Trn = (Tyrn, Toirn) :
Ap(R™) — XI;,(R”) be the operator defined on any (u,7) € X,(R") in the weak
form by

(Tyre(w,77), V)R = arn (W, V) + bre(V, 77),
(Torn (0, 1), )R = bre(w,q), VYV (v,q) € Xy (R").

Hence, establishing the existence of a solution to the variational problem (42) is equiva-
lent to showing that the operator Tgn : A,(R") — X ;/ (R™) is an isomorphism (see also
[22, Proposition 7.2], [53, Theorem 5.6], and [54, Theorem 3.1] for the standard isotropic
Stokes system).

The linear operator Tgn : X, (R") — XI;, (R™) is continuous for any p € (1,00) due
to (44). We already shown the operator Trn : Ap(R") — X 1;, (R™) is an isomorphism for
p=2. To show that it is also an isomorphism for p in an open interval containing 2, we
proceed as follows.

Let us note that the sets {X,(R")},c7 and {X };, (R™)}pez are both complex interpola-

tion scales whenever 7 = (%, n). To show this, we note that the sets {H},(R")}kpq
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and {L,(R")}pe(1,00) are complex interpolation scales (see (15), [41, Theorem 3], [1,
Theorem 2.4.2]). Moreover, duality theorems for the complex method of interpolation
imply that the dual of an interpolation scale is an interpolation scale itself (cf., e.g. [43,
Theorem 3.7.1, Corollary 4.5.2], [22, p. 4391]). Thus, starting with the complex inter-
polation scale {H;), (R™)}1<pr<n> we deduce by duality that the set {'H; I(R”)}pe(%m)
is a complex interpolation scale as well. Therefore, the range Z of p for which both sets
{'H}l, (R™)}pez and {’H; 1 (R™)}per are complex interpolation scales is the interval (%, n).
Consequently, the sets { X}, (R")}% <p<nand {X, 1;, (R”)}ﬁ <p<n are complex interpolation
scales.

Then the continuity of the operators Trn : Ap(R") — X};/(R”) for all p € (1,00),
the isomorphism property of the operator Trn : X>(R") — AJ(R"), and the stability
of the isomorphism property on complex interpolation scales (cf., e.g. [55, Proposition
4.1], [1, Theorem 11.9.24], imply that there exists p, € (2,00) such that for any p €
(I%,p*) N (%, n) the operator Tgn : A, (R") — X[;/ (R™) is an isomorphism (see also
[22, Theorem 7.3], [53, Theorem 5.6], [54, Theorem 3.1]).

Consequently, whenever condition (41) holds and for all given data (§,¢) €
H; LR™" x L,(R™), there exists a unique solution (u,7) € H},(R”)” x Lp(R") of the
equation Tgn(u,w) = (§,¢) or, equivalently, of the variational problem (42), satistying
inequality (43). [ |

Next we use Lemma 3.1 and show the well-posedness of the Ly,-coefficient Stokes
system in the space H},(R”)” x Ly(R") for any p € R(p«,n) (cf. [52, Theorem 4.2] for
p=2 with A(x) = u(x)L, [40, Proposition 2.9] and [39, Theorem 3] for p € (1, n) in the
constant-coefficient case).

Theorem 3.2: Let A satisfy conditions (2) - (3). Then there exists p,. € (2,00), such that for
any p € R(px, n), cf. (41), and for each f € H;I(R”)", the Loo-coefficient Stokes system

3y (A%3gu) — Vo =f inR",
divu =0 inR",

has a unique solution (uf,7f) € H},(R”)” X Ly(R™) and there is a constant C =

C(ca, p,n) > 0 such that ||llf||Hé(Rn)n + ll7ellL, @ny < C||f||H;1(Rn)n.

Proof: Let p, € (2,00) be asin Lemma 3.1 and p € R(ps, n). Then the dense embedding
of the space D(R")" in ’Hll), (R™)" shows that system (48) has the equivalent variational
form (42) (with ¢ =0, & = —f), and the well-posedness of system (48) follows from
Lemma 3.1. u

Theorem 3.2 allows us to define the Newtonian potential operators and show their
continuity.

Definition 3.3: Let A satisfy conditions (2)-(3). Let p, € (2,00) be as in Lemma 3.1 and
p € R(ps,n), cf. (41). For f € HQI(R”)”, we define the Newtonian velocity and pressure
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potentials for the Lo,-coefficient Stokes system, by setting
N]Rnf = uy, Q]Rnf = TI¢,

where (ug, 7¢) € H}, (R™M™ x Ly(IR™) is the unique solution of problem (48) with the given
datum f.

Lemma 3.4: Let A satisfy conditions (2)-(3). Let p, € (2,00) be as in Lemma 3.1 and p €
R (ps> n), cf. (41). Then the following operators are linear and continuous

Ngn s Hy {RY — HyRY", - Qpe - Hy RN — Ly(R™). (49)

3.2. Thesingle layer potential operator for the Stokes system with L, coefficients
Next we show a well-posedness result for a transmission problem and use it to define Lo-

1
coefficient Stokes single layer potentials in Besov spaces By, ; (9$2)" with p € R(ps, n) (cf.
also [23, Propositions 5.1, 7.1], [5, Theorem 4.5] for p=2, [2, Propositions 2.3, 2.7] for
p =2, for the Stokes and Brinkman systems with constant coefficients in R", n € {2, 3}.)
Recall that in this paper we assume that Q4 C R" (n > 3) is a bounded Lipschitz
domain with connected boundary 92, and Q_ := R" \ Q.

Theorem 3.5: Let A satisfy conditions (2)-(3), p« € (2,00) be as in Lemma 3.1 and p €
_1
R (px>n), cf. (41). Then for any ¥ € Bp; (0S2)", the transmission problem

do (A%P3gu) — Vo =0 inR"\ 9L,
divu=0 nR"\0%Q, (50)
[yw] =0, [Twm)]=v% ono,

has a unique solution (uy, 7wy ) € 'HII, (R™\ 9R2)" x Ly(R"), and there exists a constant C =
C(02, cp, p, ) > 0 such that

lay I3 @mgoyr + Iy l,@n < ClIY Il _s :
¥l ®mon) vl 57 oay

Proof: First, we note that the last condition in (50) is understood in the weak sense, as
in Definition 2.4. Next, we show that the transmission problem (50) has the following
equivalent mixed variational formulation:

Find (uy,my) € ’H},(R”)” x Ly(R™) such that

agn (Uy, V) + brn (v, my) = (¥, ¥V)sq, VYve HIIJ,(R”)”,

(51)
b]R” (ullla Q) = 0’ Vq € Lp/(Rn))

where agn and brn are the bilinear forms given by (39) and (40).

First, assume that the pair (uy,7y) € 'H; (R™\ 9R2)" x Ly(IR") satisfies the transmis-
sion problem (50). Then the inclusion uy € HII, (R™)" is implied by the first transmission
condition in (50). Formula (26) shows that the same pair satisfies also the first equation
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in (51). The second equation of the mixed variational formulation (51) follows from the
fact thatuy € 'Hll, (R™)" satisfies the second equation in (50).

Conversely, assume that the pair (uy,my) € H},(R”)" x Lp(R™) is a solution of the
mixed variational formulation (51). In view of the density of the space D(R")" in
H;, (R™", and by choosing in the first equation of the system (51) any v € C*°(R")"
with compact support in Q4 (and, thus, yv = 0), we obtain the variational equation
(8a(A"”38ﬂ (uy)) — Vmy,w)q, = 0,Yw € Ci°(R+)", which yields the first equation in
(50). The second equation in (50) follows immediately from the second equation in (51),
the property that the operator div : Hll, (R™)" — L,(R") is continuous, and the duality

between the spaces L,(R") and Ly (R"). The assumption uy € 'H}, (R™™ implies the first

transmission condition in (50). Using again formula (26), the first equation in (51), and
1

Lemma 2.1, we obtain the relation ([T (uy, 7y )] — ¥, ®)sq = 0, for any ® € B;, p,(GQ)”

and hence the second transmission condition in (50).

1
In addition, the continuity of the trace operator y : Hfl,, (RMH" — B;, p,(a Q)" and of its
1

adjoint y* : B}; g’ (0Q2)" — H; L(R™)" implies the continuity of the linear form
¢: H;,(R”)” = RW) := (¥, yV)sa = (Y ¥, V)re, VYve HII,/(R")"- (52)

According to Lemma 3.1 there exists p,. € (2,00), such that for any p as in (41) and for
1

any ¥ € Bp’lf (R™)", problem (51) has a unique solution (uy,my) € H},(R”)" x Ly(R™),
which depends continuously on ¥. Moreover, the equivalence between problems (50)
and (51) shows that (uy,my) € H},(R")” x Lp(R™) is the unique solution of the trans-
mission problem (50). |

The next result can be proved by the arguments similar to those in the proof of
Theorem 3.5, and is mainly based on the Green formula (30).

Theorem 3.6: Let A satisfy conditions (2)-(3). Then there exists p, € (2,00), such that for
1

any p' € R(ps, n), cf. (41), and for any ¥* € B;g/(a Q)", the transmission problem for the
adjoint Stokes system

3o (A*P3gv) — Vg =0inR"\ 0,
divv =0in R" \ 9<, (53)
[ym] =0, [T*(V, q)] =9Y*ondQ,

has a unique solution (vVyx,qy*) € H}),(R” \ 0RQ)" x Ly (R"), and there exists Cy =

Cy(0€2, CA;P/) n) > 0 such that ||V1/1* ”HI,(Rn\aQ)n + ||q1/;* ”Lp/(R") < Glly™| -1
! Bb Q)"

Theorem 3.5 plays a key role in the following definition (cf. [23, p. 75] and [2,
Corollary 2.5] for the isotropic constant-coeflicient case and p =2, and [25, formula (4.2),
Lemma 4.6] for strongly elliptic operators).



COMPLEX VARIABLES AND ELLIPTIC EQUATIONS e 125

Definition 3.7: Let A satisfy conditions (2)-(3), px € (2,00) be as in Lemma 3.1 and
1

P € R(p«, n), cf. (41). Then for any ¢ € B;g (0€2)" we define the single layer velocity and
pressure potentials with the density ¥ for the Stokes operator £ with coefficients A, as

Voo¥ = uy, Qgglﬁ =Ty, (54)
_1 11 _1
and the boundary operators Vyq : B, (0Q)" — B,,” (0Q)" and Kjq : B, (32)" —
1

B;pE (02)" as
1
VooV == yuy, Kio¥ = 3 (T* (uy, my) + T (uy,my)), (55)

where (uy,my) is the unique solution of the transmission problem (50) in H})(R"\
9Q)" x Ly(R™).

The well-posedness of the transmission problem (50) proved in Theorem 3.5, defini-
tions (55) and the transmission conditions in (50) imply the following assertion (cf. [23,
Propositions 5.2 and 5.3], [3, Lemma A.4, (A.10), (A.12)] and [1, Theorem 10.5.3] for
A =1).

Lemma 3.8: Let A satisfy conditions (2)-(3), p« € (2,00) be as in Lemma 3.1 and p €
R(ps»n), cf. (41). Then the following operators are linear and continuous

1 _1

Vaq : Byy (0Q)" — H,(RM", Qjq : Byj (92)" — Ly(R"), (56)
_1 -1 _1 _1

Vi 1 B,y (02)" — B,," 0Q)", Kaq:B,j (0Q)" — B, 3Q)".  (57)

1

Forany ¢ € Bp_j (0R2)", the following jump relations hold on 92

yiVia¥ = Vaa¥, T (Vaath, Qo) = i%w + Kaa. (58)

By using Theorem 3.6 we can also define the single layer potential operators, V¢, and
S of the adjoint Stokes system (53).

Definition 3.9: Let A satisfy conditions (2)-(3). Let p, € (2, 00) be as in Theorem 3.6 and
1

P’ € R(px,n),cf. (41). Thenforany y* € B;g, (0€2)", we define the single layer velocity and
pressure potentials with the density ¥* for the adjoint Stokes operator £L* defined in (28),
with coefficients A, by setting

V§Q¢* = V'/,*’ ?)*le* — ]'[]p*,

_1 -1 _1 _1
* 7 n P n * . P n P n
and the operators V, .Bp,’P,(BQ) — Bp,)p, (02)" and K, .Bp,’p,(aﬂ) — Bp,’p,(GQ)
as
bV = vy Kig¥™ = (T (vyr my) + T (v mye)) s (59)
where (vyx,y+) is the unique solution of the transmission problem (53) in 'HIIJ, (R™\
9" x Ly (R™).
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Lemma 3.10: Let A satisfy conditions (2)-(3). Let P« € (2,00) be as in Theorem 3.5 and
p € R(px,n), cf (41), ¥ € Bp (852)” Y e B P (852)” Then

1
[yVie¥* =0, T (Vigy™, Qiov™) = ig'/’* + Ki¥ ™ (60)
(an;Q'/f*)dQ = (VBQ%; w*)aﬂ . (61)

Proof: Formulas (60) follow with arguments similar to those for (58). By definition, the
couple (Vao¥, Q5o ¥) is the unique solution in ’H;,(]R” \ 9R)" x Ly(R") of the trans-
1

mission problem (50) with the given datum ¢ € B; }‘f 0)". Also (Vi ¥™, Q3 Y™ is the
unique solution in ’Hll), (R"\ 3€2)" x Ly (R") of the transmission problem for the adjoint

_1
Stokes system (53) with the given datum ¢ * € B y f;/ (092)". Then the Green formulas (27)
and (32) along with relations (28) imply

([T(Vaa¥, Qia¥)]. Vie¥™),q = (4785 (Vag¥). 0 (Vig¥ ™)) (62)
([T*(V§QW*> f;;?'ﬁ )]>V3mh)asz = (A*“’Saﬂ(stzW )’aa(vm'/’))uv
= (“‘;ﬂaﬂ (Vaﬂ'/’)j’ O (V?;Qw*)i)R" = (Aaﬁaﬁ (Vamk)’ o (VEQ'/’*»R"' (63)

Moreover, the second formulas in (58) and (60) imply that

[T(Vao¥, Qie¥)] =¥, [T* (Vig¥™ Qio¥™)] =¥~ (64)
Then equality (61) follows from (62), (63) and (64) (see also [23, Proposition 5.4] for the
constant-coefficient Stokes system and p =2). |

Remark 3.11: In the isotropic case (8), Deﬁmtlon 3.9 reduces to Definition 3.7, and

the single layer operator Vjq : B (BQ)" — Bp pp (02)" is formally self-adjoint, i.e.
formula (61) becomes

(¥, VoV g = Voot ¥)yq, YU € Bl O, ¥* € B,70Q)". (65

For a given operator T : X — Y, we denote by Ker{T : X — Y} :={x € X: T(x) =0}
the null space of T. Let v denote the outward unit normal to €24, which exists a.e. on 9€2,
and let span{v} := {cv : ¢ € R}. For p € (1, 00), consider the space

L L
By pw(09)" := {® € B} ,(3R)" : (@, v)aq = 0}. (66)

Next we show main properties of the single layer operator (see also [52, Lemma 4.9] for
p=2,[1, Theorem 10.5.3], and [2, Proposition 3.3(c)], [23, Proposition 5.4] in the constant
case).

Let us denote

1 in Q+
0 in Q_.

Xo, =
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Lemma 3.12: Let A satisfy conditions (2)-(3), px € (2,00) be as in Lemma 3.1 and p €
R (ps, n), cf. (41). Then

Vogv =0inR", Q500 = —xq (67)

Viqv = 0a.e. on 9S2, (68)
1-1 _1

Vaa¥ € Byph(02)", V¢ € B, [ ()", (69)

In addition, for any p € [2,p,) N [2,n),
_1 1—1
Ker{Vjq : Byy ()" — Bp,pP(BQ)”} = span{v}. (70)

Proof: First, note that Theorem 3.5 implies that the transmission problem (50) with

thedatum ¢ = v € B (89)” is well-posed. Moreover, the pair (u,, 7,) = (0, XQ+) €

H},(R”)” x Lp(R™) is the unique solution of this transmission problem. Then rela-
tions (67) and (68) follow from Definition 3.7. Thus,

span{v} C Ker{Vjq : Bp (aQ)" — BPPP(BQ) b VpeR@psn). (71)

Similarly,

Vigr =0inR", Viov =0ae ond, (72)

1
where Vi, : B p ,(8 Q" — B (8 2)" is the single layer operator for the adjoint Stokes

1

system (53) (see Definition 3.9). By using formula (61) for the densities ¥ € Bp)p (02)"
1

andy* =v ¢ Bp/ f;/(a ©)", and the second relation in (72), we obtain relation (69).

Next we determine the kernel of the single layer operator in case p=2. To
do so, we assume that ¥ € Ker{Vyq : H 2(9Q)" — H2(0Q)"). Let (uy,,7my,) =
(Vaa¥g, Q5% ) be the unique solution in HY(R™)" x Ly(R™) of the transmission prob-
lem (50) with given datum ¥ ,. According to formula (27) and the assumption that yuy =
Viya¥, = 0a.e. on 92, we obtain that

arn (u'/’o’ u'/’o) = <[T(u'//o’ n‘ﬁo)]’ V“'ﬁo)asz =0. (73)

In addition, assumption (3) yields that ag»(uy,uy ) > c&l ||V(u¢0)||i2(R,,)n Therefore,
uy, is a constant field, but the membership of uy, in HY(RM" — L o (R™)™ shows

that uy, =0 in R". Moreover, the Stokes equation satisfied by uy, and Ty, in R™\
0 and the membership of 7y, in Ly(R") show that 7y = co Xa, in R”, where ¢y €
R. Then formula (27) and the divergence theorem yield that ([T(uy , 7y )], yW)sq =
— (7T, divw)rn = —co(v, yW)sq, for any w € D(R")", and accordingly that ¥, =
[T(ay,, y,)] = —cov. Hence, taking into account (71) as well, (70) follows for p = 2.
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_1
Moreover, for any p € [2,p,) N [2,n) by the inclusion BP,If (0Q2)" — H_%(BQ)" we
have
_1 1—1
Ker{Vjq : B,j (9Q)" — B,," (32)"}
C Ker{Viq : H"2(9Q)" — H2(3R)"} = span{}.
Then by (71) we conclude that (70) holds also for any p € [2, p,) N [2, n). [ |

Next we show the following property (see also [1, Theorem 10.5.3], [2, Proposition
3.3(d)], [23, Proposition 5.5] in the constant case).

Lemma 3.13: Let A satisfy conditions (2)-(3). Then the following operator is an isomor-
phism,

Vg : H-3(99)" /span{v) — HE (9Q)". (74)

Proof: Let [[-]] denote the classes in H 1 (02)"/span{v}, [[¥]] = ¥ + span{v}, with ¢ €
H: (0€2)". The invertibility is based on the coercivity inequality

([[¥1], Voo (¥ 1 aq = clll¥II® .V [[¥]] € H2(3Q)"/span{},
H™ 2 (02)" /span{v} (75)

which follows by the arguments similar to those in [52, Lemma 4.10] and [23, Propo-
sition 5.5]. Indeed, according to formula (27), Definition 3.7, relations (69), (70), and
inequality (45), we obtain that

(Y]], Vaa ¥ = (¥, ViaV¥)sq = ([T(uy, my)], yuy)se

= aR”(“?/I)ulll) = Cglcl ”ui/I”;-(l(Rn)n’ (76)

1
where uy = Vyoy, my = Q5. Since the trace operator y : H}iiv(R”)” — HF (0Q)"is
1
surjective with a bounded right inverse y =1 : HZ (9Q)" — H(lhv(R”)” (cf., e.g. [23, Propo-
1
sition 4.4]), for any ® € H} (3S2)" we have the inclusion w := y ~1® € H(lﬁv(R”)”. Then
there exists a constant ¢’ = ¢/ (02, n) > 0 such that

KI[¥1], @)ael = ¥, @loal = [([T(uy,my)], yWiaal = lar (uy, w)|

< callugllgg guyslly = @l geyn < CAC/”“I/I”HI(R”)”HQHH%(BQ),I-

(77)

1
Then formula (77) and the duality of the spaces Hy (3€2)" and H? (0€2)" /span{v} imply
that

(RN

Then inequality (75) follows from inequalities (76) and (78). Finally, the Lax-Milgram
lemma implies that the single layer potential operator (74) is an isomorphism, as
asserted. |

< / nyn.
A Gyspaniyy = ¢ 10y 0@y 7
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3.3. Thedouble layer potential operator for the Stokes system with L, coefficients
Next we present the well-posedness results for a transmission problem used for the
1

177
definition of Lu,-coefficient Stokes double layer potentials in the space Bp,pp (02)" with p
in some open set containing 2 and n > 3 (cf. [23, Propositions 6.1, 7.1] in the case n=2,3,
p=2and A =1). Recall that if u € Lyjoc(R™)" is such that u|g, € HI(Q+)”, ulg €

1 _
H (Q )", we will denote thisasu € 'H (R™\ 9€2) and employ the norm ”u”Hl(R"\dQ)

Theorem 3.14: Let A satisfy conditions (2) (3), p« € (2,00) be as in Lemma 3.1 and p €
R (ps, n), cf. (41). Then for any ¢ € BPPP (0K2)", the transmission problem

e (AP 3g(w)) — Vr = 0inR"\ 02,
divu = 0in R" \ 0%, (79)
[J/(u)] = -0, [T(u,r[)] =0on aQ,

has a unique solution (uy, wy) € H;(R” \ 0Q)" x L,(R"), and there exists a constant C =
C(0R2, cp, p,n) > 0 such that

||u<p||H (RM Q)" + ||7T¢||LP(R”) < Cllell 17‘7(89)"

1

Proof: Let p € R(p«,n) and ¢ € B;,’pp (0€2)". First we show uniqueness. Let (ug, ) €
HII, (R™\ 992)" x Ly(IR") be a solution of the homogeneous version of problem (79). Then
the first transmission condition implies that ug € Hfl) (R™™. Hence, (ug, 7g) € H[l, (RM™ x
L,(IR") is a solution of the homogeneous version of the transmission problem (50), which,
in view of Theorem 3.5, has only the trivial solution.

The arguments similar to the ones for Theorem 3.5 imply that problem (79) has the
following equivalent variational formulation:

Find (uy,my) € H},(R" \ 02)" x Ly(R") such that

(A% dpug, 8av)qy g — (g diviime =0, Vv e HLRM,
(div Uy, q) QLU = 0, Vgqe Lp’ (R™), (80)
[y(uq,)] = —@ on 0f2.

1=1
The existence of the bounded right inverses y, ! :Bp’p" (0Q2) — H},(Qi) to the trace

1-1 1-1
operators y=+ : H;(Qi) — Bp,p" (0€2) implies that for ¢ € Bp,pf’(asz)" given, there is
Wy € H},(Qi)”, such that [ywy] = —¢ on 9. Thus, v, := uy — wy has no jump across
0€2, and hence v, € ’H},(R”)” (see also [22, Theorem 5.13]). Moreover, problem (80)
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reduces to the variational problem

{aRn(v(p,v) +bro (v, ) = §,(v), Vv e HLRY", -

brn(Vp,q) = $p(q), Vg€ Ly(R"),

with the unknown (vy, ) € Hll, (R™M™ x Ly (R™), where agn : 'H;(R”)” X Hfl), (RMH" —
R and bgn : H}, (R™M™ x Ly(R") — R are the bounded bilinear forms given by (39) and
(40), respectively. In addition, conditions (2) show the boundedness of the linear forms

Ep: HyRM" > R, £,(v) i= —(A9pwy, dav)g — (A7 5w, 0v) (82)

Lo Ly(RM" = R, £y(q) i= —(divwy, g)o, — (divwe,@la, Vg€ Ly(R™. (83)

Q.

Therefore, Lemma 3.1 shows that the variational problem (81) has a unique solution
(Vo> Tp) € H},(R”)” x Lp(R™). Then the pair (ugy, 7y) = (Wy + Vg, 7yp) is a solution of
the variational problem (80) in H},(R” \ 02)" x L,(R"), and due to the equivalence
between problems (79) and (80), it is also the unique solution of the problem (79) in
H,(R™\ 92)" x Ly(R™). [

Theorem 3.14 leads to the following definition of the double layer operator for the
nonsmooth-coefficient Stokes system (4) (cf. [23, p. 77] for the constant-coefficient Stokes
system in R?, and [25, formula (4.5) and Lemma 4.6] for general strongly elliptic differen-
tial operators).

Definition 3.15: Let A satisfy condltlons (2)-(3), p«x € (2,00) be as in Lemma 3.1 and

p € R(p«, n), cf. (41). For any ¢ € Bppp (02)", we define the double layer potentials with
the density ¢ for the Stokes operator £ with coeflicients A as

WQQ(P = u@) Qgg(o = n(p’

1—1 1-1 1—1
and the boundary operators Ky : B, ,” (9)" — B,,” (0Q)" and Dyg : B,,," (92)" —
_1
By (09)" as
Koo := = (v4up +y-uy), Djoe :=T" (Waszfp, ngp) =T (Wasw, Q’ggw) ,
(84)

where (ugy,7,) is the unique solution of the transmission problem (79) in 'H},(R” \
Q)" x Lp(R™).

N | —

Theorem 3.14 and Definition 3.15 lead to the next result (see also [1, (10.81), (10.82)]
and [23, Propositions 6.2, 6.3] for the constant-coeflicient Stokes system in R3, and [25,
Lemma 5.8]).

Lemma 3.16: Let A satisfy conditions (2)-(3), px € (2,00) be as in Lemma 3.1 and p €
R(ps,n), cf. (41).
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(i) The following operators are linear and continuous,

1-1 1—1
Waq : By,” (02)" — HyR"\ 9Q)", Qg : By,” ()" — Ly(R"™),  (85)
1-1 1-1 -1 _1
Kyq : B,," (0Q)" — BP,P"(EJQ)”, Djq :Bp,pP(BQ)” — B, (32)".  (86)
1—1
(ii) Forany ¢ € Bp’pp (02)", the following jump relations hold on 02

1
Y+ Wi = F59 +Kygp, T* (Wamo, Q‘;Q(0> = Djqo. (87)

1 1
(iii) The operator K, :Bp,;,(BQ)” — Bp,;,(aﬁ)” defined in (59) is transpose to the

1-1 1—1
operator Kyq : By, (0Q)" — B,,,” (02)" defined in (84), i.e.

1-1 —
('/’*,KGQ(P>3Q = ( Z)FQ'/f*> ¢>QQ )V(D € Bp,pp (8Q)n> 'ﬁ* € Bp,;,(aﬂ)” (88)

Proof: The continuity of operators (85) and (86) follows from well-posedness of the trans-
mission problem (79) and Definition 3.15. Moreover, the transmission conditions in (79)
and again Definition 3.15 lead to the jump formulas (87).

Next we show equality (88) using an argument similar to that in the proof of [23,

1-1
Proposition 6.7] for the constant-coeflicient Stokes system and p=2.Let ¢ € Bp’pp (02)"
be given, and let (uy,7y) = (Wyae, Qgg(p) € H},(R” \ 92)" x L,(R") be the unique
1

solution of problem (79). Let also ¥ * € B;)’Z,(B ©)". According to formulas (32) and (87),

0 = ([T(Waqe, Qla@)], ¥ Vig¥*)aa = (A% 95(Waqe), 3 (Vzgvf*)hm; (89)
Then the Green identities (30) and equality (89) yield that

(T (V30" Q5a¥ ™) s v+ Wae)),o = (T (Vig¥ ™ Q¥ ™), v- Waee)),q -
(90)
The second formula in (60), the first formula in (87), and relation (90) lead to equality (88).
[ |

We now show the following invertibility property of the operator Dyq defined in (86)
(see [23, Propositions 6.4 and 6.5] in the constant-coefficient case).
For s € [—1,1], let us define the subspaces H;, (02)" :={¥ € H*(02)" : (¥, ¢}y =0,
c e R"}L.
Lemma 3.17: Let A satisfy conditions (2)-(3). Then
Ker{Dyq : H2 (0Q)" — H™2(3Q)"} = R", (91)

_1
Diyqo € Ho2 (3Q)" Vo € H (3Q)", (92)
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and the following operator is an isomorphism,
1 _1
Dy : Hi (0Q)" — H, (02)". (93)

Proof: (i) First, we determine the kernel of the operator Dyq : H -3 Q)" - H > (0)".
Thus, assume that ¢ € H > (0€2)" satisfies the equation Dyue = 0 on 0€2, and use the nota-
tionuy := Wyge and my = Q‘gQ(p. Then jump relations (87), the first Green identity (24)
in Lemma 2.5, and assumption (3) imply that V(uy) = 0 in Q... Then there exists a con-
stant b € R” such that uy = b in 4 and the inclusion u, € HYN Q)" — L% ()"
implies that uy, = 0 in ©_. Then by using again the jump relations (87) we deduce that
@ = —b.

Let c € R” and let uc := —cxq,, 7c:=0 in R". Then the pair (uc,7:) belongs
to H'(Q4)" x L,(R") and satisfies transmission problem (79) with @ =c. Then
Definition 3.15 yields that Wyq(c) = ucand Q‘gQ (c) = 0inR”, and by the second formula
in (84) we obtain Dyq(c) = 0 on 0L2. Therefore, KerDy = R”.

Now let ¢ € H 2 (0€2)". By applying the first Green identity (24) to the pair (u,7) =
Wy, Qgg(p) and w = —cxgq,, ¢ € R", and by using the second jump relation in (87),

_1
we obtain that (Dyq@, ¢)so = 0, and hence the membership of Dyq¢ in Hy, (92)".
(ii) Next, we show the invertibility of operator (93). First, we note that relations

1
(91) and (92) imply that this operator is injective on the closed subspace H,(92)" of

_1
H: (02)", and that its range is a subset of H,,’* (9€2)". Moreover, we assert that there is
C =C(082,cp,n) > 0such that

1
(—Dyae.@)sa > Cloll>, ., Yo e H2Z(0Q)" (94)
H2 (3Q)"

(see also [23, Proposition 6.5] in the constant-coefficient case). To this end, let
1

@ € H.(3Q)" and we apply the first Green identity (24) to the pair (uy,7,) ==
Wiqe, Qgg(p) and w = u, = Wjqe, and use the jump relations (87) and conditions (3)
to obtain the inequality

(—Dao. @)ae = ¢, IIVU)IT,q, ug_ - (95)

On the other hand, the continuity of the trace operators yx : HY Q)" > H > (02)" and
the first in jump relations (87) imply that there exists a constant C; = C; (92, ca,n) > 0
such that

2 _ 2 2
”(DHH%(BQ)" = H[V“(ﬂ]”H%(aQ)n = Cl”“(p”Hl(Rn\aQ)n- (96)
Note that the formula
2
VI = IVVIE,q, ug_ymen + f [yvldo| , VveH'®R"\0Q)"  (97)
aQ

defines a norm on H!(R" \ 9Q)" equivalent to the norm || - 71 (mm\9g2)n (see Lemma 5.2).
Thus,

IVl @magy < CalllvIll, - Yve HR™\ 0Q)", (98)
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with some constant C; > 0. On the other hand, by choosing v = u, in (97) and using
1

again the jump formulas (87) and the assumption that ¢ € HZ,(3$2)" and inequality (98),
we obtain

IV)IIZ, 0,00y = gl = C3 2 U 11 g poyr- (99)

Finally, inequalities (95), (96) and (99) yield the coercivity inequality (94) with C =
cglc; ICZ_ %, Then the Lax-Milgram lemma implies that operator (93) is an isomor-
phism. |

4. Transmission problems for the anisotropic Stokes and Navier-Stokes
systems with L., coefficients: Well-posedness in weighted Sobolev spaces

The potentials introduced in the previous sections make the analysis of more general
transmission problems for Stokes and Navier—Stokes systems rather elementary.
Let us consider the spaces

Ap == (Hy(21)" x Ly(21)) x (Hy(Q-)" x Ly(Q)), (100)
8y = H @) x Hy (@) x By, (090" x By L (99" (101)

4.1. Poisson problem of transmission type for the anisotropic Stokes system

First, for the given data (~f+,~f_, h,g) in {S’p, we consider the Poisson problem of transmis-
sion type for the anisotropic Stokes system

Oy (A“ﬂa,gui) — Vg = i::I:|Qi’ divay = 0in Q4,
y+uy —y_u_ =hondg, (102)
T+ (up, 743 f) — T (u_,7_;f_) = gon 9.

The left-hand side in the last transmission condition in (102) is to be understood in the
sense of formal conormal derivatives, cf. Definition 2.4.

Theorem 4.1: Let A satisfy conditions (2)-(3), px € (2,00) be as in Lemma 3.1 and
P € R(ps,n), cf. (41). Then for all given data (~f+,~f_,h, g) in §p, the transmission prob-
lem (102) has a unique solution (a4, 1), (u—, 7)) € A,. Moreover, there exists a constant
C = C(3R, cp, p,n) > 0 such that

(g, ), (s, )y, < ClIELE D), (103)

Proof: Theorem 3.5 yields uniqueness. Now we show existence, by considering the poten-
tials

Uy = (_/\/Rnh:)mi + Viqgo — Waghy, my = (QR"L:)'Q;E + QSBQgO - Q(Biﬂho in §24,
ho :=h — {y1 (WVeefy)le,) — - ((Veef-)le )}
g0 =g — [T (Vrify) o, (Qrefr)lo, s Er) — T (Vrebo) o, (Qref-)lo s T2) ),
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1-1 1
where hy € B, ,” ()" and go € B, (3€2)". According to Definitions 3.3, 3.7 and 3.15,
and Lemmas 3.8 and 3.16 (ii), we deduce that ((u4,74), (u—,7_)) given above is the
unique solution of the transmission problem (102) in the space 21,. Moreover, the operator

which associates to the given data (f+,~f_, h, g) € §, the unique solution ((uy,m4), (u_,
7_)) € 2, of the transmission problem (102), is bounded and linear, implying also
inequality (103). [ |

4.2. Poisson problem with transmission conditions for the anisotropic Stokes and
Navier-Stokes systems in L,-based weighted Sobolev spaces

In this subsection we restrict our analysis to the cases n=3 and n=4, for which some
necessary embedding results hold. Next, we consider the following Poisson problem of
transmission type for the Stokes and Navier-Stokes systems

o (A%P3puy) — Vry = filo, +A(uy - VIuy, divay = 0in Q,
Oy (A""gaﬂu_) —Vr_ = f~_|97, divu_ =0in Q_,

y+up —y_u_ =hondQ,

TH(up, 5 fy + Ex (uy - V)uy)) — T (u_, 7_;f_) = gon 9,

(105)

where iLr is the operator of extension by zero outside 2, A € Loo(24), and the left-
hand side in the last transmission condition in (105) is to be understood in the sense of
formal conormal derivatives, cf. Definition 2.4. We will show the following result (see
[3, Theorem 5.2] for the Stokes and Navier-Stokes systems in the isotropic constant-
coeflicient case, A = 1.

Theorem4.2: Letn € {3,4}, A satisfy conditions (2)-(3), . € Loo(Q+), and py € (2,00) be
as in Lemma 3.1. Then for any p € R(p+,n) N[5, n) there exist two constants, Epr11p > 0,

dependingon Q., 2, A, cp, n, and p, with the property that for all given data (fr.f . h,g) €
Sp satisfying the condition ||(f+,f_,h 8lz, < & the transmission problem (105) has a
unique solution ((uy, 1), (u_,7_)) € 2, such that a1y < np-
Proof: Let

Tuo, (V) =EL G(v-V)V), VYveH) Q" (106)

The Sobolev embedding Theorem (cf. Theorem 4.12 in [56]) implies that forany p € [%, n),
the embeddings

Hy(@4) = L () = Lu(@4), Hy(2) > Ly (24) (107)
n—p’

are continuous, and by duality the last embedding implies that the embedding

Ly () = H'(Q4) (108)
n+p
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is also continuous. Applying the Holder inequality we then deduce

1B+ 0w 10, = ol i@ 1991y @)

=< collMize@p IVl @n Wl = CIHV”H;(Q+)”W”LP(Q+) (109)

(see also [3, Lemma 5.1] for p=2, and [57, Lemma 11.3]).
Therefore, for any v € H; (©24)" (and accordingly Vv € L,(€24)"*"), we obtain that

fk;gh v) e ITIP_I(QJF)” and

T 2
||I)»;S2+ (V)||ﬁ;1(9+)n = C1||V||H;(Q+)n ||VV||LP(S2+)"X” < ||V||H;(Q+)n, (110)

||I)»;Q+ (v) — IA;Q+ (w)”ﬁp_l(9+)n = <||V||H1§(Q+)ﬂ + ||W||H1§(Q+)n) lv— W||H;(Q+)n-
(111)

Thus, the nonlinear operator j};g L H;(QJF)” — ﬁp_ 1(Q,) is continuous and bounded
in the sense of (110).

We now construct a nonlinear operator {(y),1 that maps a closed ball B, of the space
H ;; 4iv(82)" (of divergence-free vector fields in H;(QJF)”) to By, and is a contraction
on B, . Then the unique fixed point of {f(p).+ will determine a solution of nonlinear
problem (105).

For a fixed uy € H ;; 4iv(824)", we consider the following linear Poisson problem of
transmission type for the Stokes system in the unknown (v, g4), (v—,g-)

3 (A%0gvy) — Vi = fila, + (Zua, () la,, divvy = 0in Q4
o (A%P3gv_) — Vg_ =f_|g , divv_ = 0in Q_,

y+vy —y_v_ =hon i<,

TT(vy,qesfy +fx;g+ (up) —T (v_,q_;f_) = gondQ.

(112)

Since (~f+ +fk;g+ (uy)) € INJIjl(QJr)”, Theorem 4.1 implies that problem (112) has a
unique solution expressed in terms of the linear continuous operator 7 () : §, — %A, given
by (104), as
(Vi 32 v—2 =) = Uiyt (1), Py (W), Ugpys— (1), Py (u1))
= T (Erle, +Tue, @ple,. Elo . h g €Ay (113)
The nonlinear operator f,\;gz L H; (QY)" — (H;,(QQ”)’ is continuous and bounded as
well. Then by (110) there exists a constant ¢, = ¢, (24, 2_, 1, p,cp) > 0 such that

| Uepys+ (1), Py (), Uipys— (1), Pipys— (u)) | %,

= | Fohg) s +ealuiliyg o Yur € Hyg (20" (114)
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Next we show that the nonlinear operator {(y).+ has a fixed point u;. € H;; div (24)". Let

Np = (461C*)_1, é—p = 377p/(4c*); (115)

and By, :=={vy € H;,div(QJr)” ¢ V4l @, yn < mp}- In addition, assuming that

|EEhg)], <o 116)

and using (114), (116), we obtain that {/(y),+ maps the closed ball B, to itself.
By using expression (113) of {/(p).+ and inequality (111), we obtain the estimate

U+ (V4) — u(p);+(W+)||HIg(Q+)n < %||V+ ~ Willm@m (117)
for all vi,wy € By,. Hence, U+ : B;, — By, is a contraction. Then the Banach fixed
point Theorem yields that {/(p);1 has a unique fixed pointu,. € By, i.e. U4 (uy) = uy,
and in view of (113), ((u+, P+ (u4)), Up),— (u), P(p);— (uy))) determines a solution of
the nonlinear problem (105) in the space 21, which is unique, due to an argument similar
to that in the proof of [3, Theorem 5.2]. [ |

5. Auxiliary results: equivalent norms in Banach spaces

The next result plays a major role in establishing the equivalence of norms on Banach
spaces, in particular, on some Sobolev spaces that appear in our arguments (cf. [58,
Lemma 11.1]).

Lemma 5.1: Let (X, | - |x) be a Banach space, and let (Y, | - |lv), (Z, || - |z), (0, || - lIr)
be normed spaces. Let P : X — Y,&: X — Z and T : X — Y be linear and continuous
operators, such that

(i) The operator € : X — Z is compact.
@) 1PNy + 1€z is a norm on X equivalent to the norm || - | x.
(iii) The operator T : X — Y satisfies the condition T (u) # 0 whenever P(u) = 0 and

u # 0.
Then the mapping ||| - ||| : X — R given by
ulll == IP@)ly + 1T W, u € X, (118)
is a norm on X equivalent to the given norm || - ||x.

Lemma 5.2: The formula

2
, VveH @R\ Q)" (119)

/ [yv]do
Q2

defines a norm on the weighted Sobolev space H' (R™ \ 3$2)", which is equivalent to the norm

IVIZ = IV 0, ug_ymn +

”v”%.fl(Rn\;;Q)n = ”p_lV”%z(R")" + ||VV||%2(Q+UQ_)n><n- (120)
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Proof: First, we note that || V(-)||f,(q_)»<» is a norm on H'(R2_)", equivalent to the norm
I - ll441(q_y»» defined as in (120) with Q_ in place of R” and Q1 U Q_ (see, e.g. [23,
Proposition 2.7] in the case n = 3). Therefore,

IV L,y + IV Ly ymn + IV @0 = IV @, ua_ymon + V@)
(121)
is a norm on the space H!(R" \ 9Q)", equivalent to the norm (120) of this space.
Now, we consider the Banach spaces X := H!(R" \ 9Q)", Y = L,(Q, UQ_ )" Z =
L(24)" and Y := R". Also let us consider the operators

P:HY R\ 0Q)" — Ly(24 U Q_)"™", P(v) := Vv, (122)

CHI R\ IQ)" — L))" €W) == V]qa,, (123)

T :H'R"\ Q)" — R", T(v) :=/ [yvldo, (124)
Q2

all of them being linear and continuous. Moreover, the operator € is compact due to the
compact embedding of the space H!(£24)" in Ly(Q4)", and the norm in (121) can be
written as

VYL, @ ua_y»n + IVl = IPM @ ua_y»n + 1€MW Ly @4)n- (125)

In addition, the operator 7 satisfies the condition 7 (v) # 0 whenever P(v) = Oandv # 0.
Indeed, the condition P(v) = 0 and v # 0 is equivalent to v|g_ = 0, v|g, = ¢ € R" with
¢ # 0. Assume that 7 (v) = 0. Then

/39[yv]d0 =0. (126)

Since [yv] = con 92, condition (126) implies that ¢ = 0, which contradicts the assump-
tion v # 0. Thus, 7 (v) # 0 whenever P(v) = 0 and v # 0, as asserted.
Consequently, the conditions in Lemma 5.1 are satisfied, and hence

(127)

Py + 17 W)l = [VVliL,@ma)ymn + VBQ[VV]dO

is a norm on H!(R" \ Q)" equivalent to the norm || - ll7¢1®m agyn- This result and the
equivalence of the norms (119) and (127) show that (119) is also a norm in H! (R" \ 9%2)"
equivalent to the norm (120). [ |
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