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ABSTRACT. The mixed boundary value problem for a compressible Stokes sys-
tem of partial differential equations in a bounded domain is reduced to two
different systems of segregated direct Boundary-Domain Integral Equations
(BDIEs) expressed in terms of surface and volume parametrix-based potential
type operators. Equivalence of the BDIE systems to the mixed BVP and in-
vertibility of the matrix operators associated with the BDIE systems are proved
in appropriate Sobolev spaces.

1. Introduction. Boundary integral equations and the hydrodynamic potential
theory for the Stokes PDE system with constant viscosity have been extensively
studied in numerous publications, cf., e.g., [10, 12, 8, 24, 28, 9, 31]. The reduction
of different boundary value problems for the Stokes system to boundary integral
equations in the case of constant viscosity was possible since the fundamental solu-
tions for both, velocity and pressure, are readily available in an explicit form. Such
reduction was used not only to analyse the properties of the Stokes system and
BVP solutions, but also to solve BVPs by solving numerically the corresponding
boundary integral equations.

In this paper we consider the stationary Stokes PDE system with variable viscos-
ity and compressibility, in a bounded domain that models the motion of a laminar
compressible viscous fluid, e.g., through a variable temperature field that makes
both, viscosity and compressibility depending on coordinates. Reduction of the
BVPs for the Stokes system with arbitrarily variable viscosity to explicit boundary
integral equations is usually not possible, since the fundamental solution needed
for such reduction is generally not available in an analytical form (except for some
special dependence of the viscosity on coordinates). Using a parametriz (Levi func-
tion) as a substitute of a fundamental solution, in the spirit of [11, 7], it is possible
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however to reduce such BVPs to some systems of Boundary-Domain Integral Equa-
tions, BDIEs, (cf. e.g. [21, Sect. 18], [23, 22], where the Dirichlet, Neumann and
Robin problems for some PDEs were reduced to indirect BDIESs).

We will extend here the approach developed in [1, 16] for a scalar variable-
coefficient PDE, and will reduce the mixed boundary value problem for a com-
pressible Stokes system of partial differential equations to two different systems
of segregated direct BDIEs expressed in terms of surface and volume parametrix-
based potential type operators. A parametrix for a given PDE (or PDE system)
is not unique and a special care will be taken to chose a parametrix that leads
to the BDIE systems simple enough to be analysed. The mapping properties of
the parametrix-based hydrodynamic surface and volume potentials will be obtained
and the equivalence and invertibility theorems for the operators associated with the
BDIE systems will be proved.

Some preliminary results in this direction were obtained in [19], where we de-
rived BDIE systems for the mixed incompressible Stokes problem in a bounded
domain and equivalence between the BVP and BDIE systems was shown, however,
invertibility results were not given there.

Note that the paper is mainly aimed not at the mixed boundary-value problem
for the Stokes system, which properties are well-known nowadays, but rather at
analysis of the BDIE systems per se. The analysis is interesting not only in its
own rights but is also to pave the way for studying the corresponding localised
BDIEs and analysing convergence and stability of BDIE-based numerical methods
for PDEs, cf., e.g., [16, 2, 6, 18, 17, 26, 27, 29, 32, 33].

2. Preliminaries. Let Q = QF C R3 be a bounded and simply-connected domain
and let O~ := R3< 0", We will assume that the boundary 0f2 is simply connected,
closed and infinitely differentiable. Furthermore, 9Q := 0Qy U 0Qp where both
00y and 0€)p are non-empty, connected disjoint submanifolds of 0. The interface
between these two submanifolds is also infinitely differentiable. 0Qy = 0Qp € C*°.
CHECK.

Let v be the velocity vector field; p the pressure scalar field and u € C*(2) be
the variable kinematic viscosity of the fluid such that u(x) > ¢ > 0.

For an arbitrary couple (p,v) the stress tensor operator, o;;, and the Stokes
operator, A;, for a compressible fluid are defined as

(9111($) + ij (.’I))
8xj al‘l

oji(p,v)(x) == =& p(x) + p(x) < — §6fdivv(m)> , (2.1)

Ay(p0) @) 1= () (x) =

aii (M(az) (81;-53) n &gg) _ ;ggdivv(:v)>) - %p(:), j.ie{1,2,3}, (2.2)

where 517 is the Kronecker symbol. Henceforth we assume the Einstein summation
in repeated indices from 1 to 3 if not stated otherwise.

We denote the Stokes operator as A = {A;}3_; and A= Al,=1. We will

also use the following notation for derivative operators: 0; = 0., = % with
J

j=1,2,3; V:=(01,02,05). In what follows, D(Q) is the space of infinitely smooth

functions with a compact support on 2, H*(2), H*(92) are the Bessel potential

spaces, where s € R is an arbitrary real number (see, e.g., [12, 13]). We recall that
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H? coincide with the Sobolev-Slobodetski spaces W3 for any non-negative s. Let
H3 = {g € H'(R?) : supp(g9) C K} where K is a compact subset of R3. We
will also use the bold notation like H*(Q)) = [H*(Q)]3, for 3-dimensional vector

function spaces. We denote by ﬁS(Q) the subspace of H*(R3), HS(Q) ={g: g€
H*(R?), suppg C Q} and similarly, H (S;) := {g € H*(0Q),suppg C S1}. We
will also make use of the following space (cf. e.g. [3, 1]),

H* (0 A) = {(p,v) € HH(Q) x H*(Q) : Alp,v) € La(Q)},  (2.3)

endowed with the norm
1/2
[ (p,v) HH&O(Q;A) = <|| p Hipfl(g) + [l v ”ils(ﬂ) + || A(p, v) H2L2(sz)) :

Remark 2.1. Note that H*°(Q;.4) = H*°(Q; A) with equivalent norms, if s > 1.
Note as well that this equality should be understood as an algebraic equality of the
function spaces with equivalent norms. Indeed, A;(p,v) = pA;(p,v) + B;(p,v),
where

By (o) = 22 (2L2) )

ifve H?(Q) and s > 1.

— géfdiv ’U(:B)) € Ly(Q)

Similar to [15, Theorem 3.12] one can prove the following assertion.
Theorem 2.2. The space D(Q) x D(Q) is dense in H"°(Q;.A).

The operator A acting on (p, v) is well defined in the weak sense provided u(x) €
L>(Q) as

—~1
(Ap,v),u) = —E((p,v),u), Yu € H (Q),
where the form & : [L3(Q) x H'(Q)] x ﬁl(ﬂ) — R is defined as

E((p,v),u) = /Q E ((p,v),u) (x)dz, (2.4)

and the function E ((p,v),u) is defined as

pomn:= g (55752 (57700

— %,u(:c)divv(a:) divu(z) — p(x)div u(x). (2.5)

For sufficiently smooth functions (p,v) € H* ' (Q%) x H*(Q*) with s > 3/2, we
can define the classical traction operators, T¢F = {Tfi}le, on the boundary 02
as

T (p,v) (@) = [y o (p, v) (@)]n; (@)

= —ni(@)y p(x) + n(a)u(x)y™ (algf) + algf)

— géfdiv v(:c)) , © € 08,
(2.6)

where n;(x) denote components of the unit outward normal vector n(x) to the
boundary 99 of the domain © and y*(-) denote the trace operators from inside
and outside Q. We will sometimes write yu if yu™ = yu~, and similarly for T¢,
etc.
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Traction operators (2.6) can be continuously extended to the canonical traction
operators TF : H'?(QF; A) — H~Y2(09Q) defined in the weak form [19, Section
34.1] similar to [3, Lemma 3.2], [15, Definition 3.8], [5, Definition 2.10] as

(T*(p,v), w)oq = i/ﬂi [A(p,v)y 'w+ E ((p,v), vy 'w)] dz,
V(p,v) € HY(Q*F; A), Yw € H/?(09).

Here the operator v~ : HY/2(99) — H'(R?) denotes a continuous right inverse of
the trace operator ~ : H*(R3) — H'/2(59).

Furthermore, if (p,v) € H"°(Q;.A) and uw € H'(Q), the following first Green
identity holds, [19, Eq. (34.2)], cf. also [3, Lemma 3.4(i)], [15, Theorem 3.9], [5,
Lemma 2.11]

(T (p,v), 7 u)on = / LA, v)u+ E ((p. ), u) ()]dz. (2.7)

Applying identity (2.7) to the pairs (p,v), (¢,u) € H"°(Q;.A) with exchanged
roles and subtracting the one from the other, we arrive at the second Green identity,
cf. [3, Lemma 3.4(ii)], [15, Eq. 4.8], [5, Lemma 2.11],

/ [Aj(p,v)u; — Aj(q,u)vj + gdive — pdivu] dzx
Q

:<T+(p’v)77+u>39 - <T+(Qv u)’7+v>39' (28)

Now we are ready to formulate the following mixed BVP for which we aim to
derive equivalent BDIE systems and investigate the existence and uniqueness of
their solutions.

Given f € Ly(Q), g € L2(Q), ¢, € HY*(00p) and 4, € H™*(0Qy), find
(p,v) € H"(Q,.A) such that:

Ap,v)(z) = f(x), z€Q, (2.9a)
divov(z) = g(z), =€ Q, (2.9b)

Toap, ~Yro(x) = @y(x), T € IQp, (2.9¢)
oy T (p,0)(@) = (@), @ € O (2.00)

Applying the first Green identity, it is easy to prove the following uniqueness result.
Theorem 2.3. Mized BVP (2.9) has at most one solution in the space H"°(Q;.A).

Proof. Let us suppose that there are two possible solutions: (p1,v1) and (p2,vs2)
belonging to the space H?(; . A), that satisfy the BVP (2.9). Then, the pair
(p,v) := (pa,v2) — (p1,v1) also belongs to the space H>?(;.A) and satisfies the
following homogeneous mixed BVP

Alp,v)(z) =0, =€, (2.10a)
div(v)(z) =0, = € Q, (2.10b)
Toa, Y 0(2) =0, @ € 0Qp, (2.10c)
Tooy L (P;v)(x) =0, € 0QN. (2.10d)
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Applying the first Green identity (2.7) to (p,v) and w = v and taking into
account (2.10), we obtain,

1 Ovi(x)  Ovj(x) ?
= dx = 0.
/Q 2,LL(.’13) ( 8xj + Gmi o
As p(x) > 0, the only possibility is that v(z) = a+ b x x, i.e., v is a rigid motion,
[13, Lemma 10.5]. Nevertheless, taking into account the Dirichlet condition (2.10c),
we deduce that v = 0. Hence, v{ = vs.

Considering now v = 0 and keeping in mind the Neumann-traction condition
(2.10d), it is easy to conclude that p; = pa. O

3. Parametrix and remainder. When u(x) = 1, the operator A becomes the
constant-coefficient Stokes operator .,Zl, for which we know an explicit fundamen-
tal solution defined by the pair of functions (¢*, '&k), where summation in k is not
assumed, &? represent components of the incompressible velocity fundamental so-

lution and ¢* represent the components of the pressure fundamental solution (see
e.g. [10, 9, 8]).

" e 1
T@Y =" e —yP ~ (47r|sc —y|) ! (3.1)

1{ 0 (o= )k — )

ok _ L
4@y =g\ w P

} . Jke{1,2,3} (3:2)
Therefore, the couple (¢*, ilk) satisfies

3 2
st ) =3 g () = e (3)

dr|x — y|

L0t (x,y) 0 (z,y)

Aj(@)(d" (2, y), 6" (2,9) = 3 —5 5 o = 00@-y),  (34)
div z@"(z,y) = 0. (3.5)

Here and henceforth, §(-) is Dirac’s distribution.
Let us denote &;;(p, v) := 04 (p, v)|u=1, T (P, v) =T (p,v)|u=1. Then by (2.1)

the stress tensor of the fundamental solution reads as

3 (@ — i)z — y5)(zk — yr)

4 |z —yl®

&zj(m)(ék($7y)aﬁk(m7y)) = )

and the classical boundary traction of the fundamental solution becomes

Te () (3" (z,y), 4" (2, y)) : = 6 (2)(¢" (z, y), 8" (2, y)) nj(2)
3 (@i — i)z —yi) (@K — yk) n, ().

& =y
Let us define a pair of functions (¢*, u*)3_,,
k (@) o wx) Te—ye .
¢ (r,y) = ——=¢(x,y) = ——F——F——=, j,ke{l,2,3}, 3.6
@) = T Y = Ly Te —yp PR 30

|z — 1yl |z —y[3

k N
wh(ey) = il @y) = 1@){ G Rl T yk)}. (3.7)
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Then by (2.1),

() (¢ (x u*(x :M&~-w°kw " (x
oij(x)(¢" (x, y), u"(z,y)) ) () (" (z,y), u" (x, y)), (3.8)
Tz(x)(qk(w7 y)?“’k(way)) = Uij(w)(qk(mvy)auk(xa y)) n]($>
- ’ﬁﬁ(az)(ék(m,y%ﬁk(w,y))- (3.9)

No summation in k is assumed in (3.8)-(3.9).
Substituting (3.6)-(3.7) in the Stokes system with variable coefficient, (2.2) gives

Aj(@)(¢" (. y), u* (z,y)) = §70(x — y) + Rij(x,y), (3.10)
where
Ris(ay) = — O 5 @) (), i o)
3 opl®) (@ — i) (w5 —yy) ek — k) =2
dmp(y) Oz |z —y|? =Ol=—sl  G1)

is a weakly singular remainder and no summation in & is assumed in (3.10)-(3.11).
This implies that (¢*,u*) is a parametrix of the operator .A. Let us keep in mind
that we have not assumed summation on the index & in (3.8)-(3.11).
Note that the parametrix is generally not unique (cf. [20] for BDIEs based on
w(x)

an alternative parametrix for a scalar PDE). The possibility to factor out ) in

(3.8)-(3.9) and Z’ég) in (3.11) is due to the careful choice of the parametrix in form

(3.6)-(3.7) and this essentially simplifies the analysis of obtained parametrix-based
potentials and BDIE systems further on.

4. Parametrix-based volume and surface potentials. Let p and p be suffi-
ciently smooth scalar and vector functions on 2, e.g., p € D(Q), p € D(Q). Let us
define the parametrix-based Newton-type and remainder vector potentials for the
velocity,

Uple(y) = Uyos(y) = / (@, y)p; (@) d,

[Roli(y) = Riyos(y) = / R (. y)py () do,

and the scalar Newton-type and remainder potentials for the pressure,

[Qn]i(y) = Qjp(y) := /Slqj(y7w)p(w)daf= —/qu(%y)p(w)d% (4.1)

Qp(y) = Q-p(y) =Q;p;(y) Z/qu(yw)pj(w)dQTZ —/qu(w,y)pj(w)dwa
(4.2)

R°p(y) = R3p;i(y) = —2V-p-/glwagf>pj(fv) T — :pjg:j (4.3)

= =20’ (,y)» pidjn) — 2i(y)dip(y), (4.4)

for y € R®. The integral in (4.3) is understood as a 3D strongly singular integral
(in the Cauchy sense). The bilinear form in (4.4) should be understood in the sense
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of distribution, and the equality between (4.3) and (4.4) holds since
(0 (-, y), piOi) g = — (@ (- y), 0i(piOi) ), + (i (-, 9), PiOj11) o,
=—lim (@ y), 0i(pidin)) g, + (i’ (-, y), PO 1) o,
= lg% <az(jj ('a y)v pzajﬂ>ﬂe - lg% <n1(jj ('7 y), piaj:u‘>age\ag
9¢’ (z,y) Op(x) o
—v.p. | 22 (Ve — s 22
v-p /Q 835,» 65CZ Pi (CE) v 3[)] 6yj
where Q. = Q\ B(y) and B.(y) is the ball of radius € centred in y, which implies
that

-~ 9¢’ (z,y) Op(x)
N 2V.p'/Q 61‘,’ (9331

(4.5)

pj(x)dz — %p]’(y) ag;i/) =R*p(y).

Let us now define the parametrix-based velocity single layer potential and double
layer potential as follows:

IV ol(y) = Vigos () = — /3 (@ ypy (@) dS(e). v ¢ o0

[(Wplk(y) = Wijp;(y) == — /3Q T (x5 ¢", u®) (@, y)p;(x) dS(x), y ¢ 0.

For the pressure we will need the following single-layer and double layer poten-
tials:

I p(y) = T p; () = /6 P @y (@)ds(a). y ¢ 00

¢ (x,y
Hdp(y) = H‘;-lpj(y) = 2/ gu(m)pj(x)dS(:c), y ¢ o0.
oo On(x)
It is easy to observe that the parametrix-based integral operators, with the vari-
able coefficient i, can be expressed in terms of the corresponding integral operators

for the constant-coefficient case, p = 1, marked by

Up = %Lolp, (4.6)
[Rplk = _71 [aij{ki(Pjaiﬂ) + Ol (pjOipn) — on(pjajﬂ)}7 (4.7)
Qp = %Q(MP% (4.8)
R*p = —20,Q;(p;0in) — 2p; s, (4.9)
Vp= %‘D/lh Wp = iVDV(upL (4.10)
I*p = I1°p, Ip = 11%(up). (4.11)

Note that although the constant-coefficient velocity potentials Lolp, ‘O/'p and Wp
are divergence-free in QF, the corresponding potentials Up, Vp and Wp are not
divergence-free for the variable coefficient u(y). Note also that by (3.1) and (4.1),

Q;p = —0;Pap. (4.12)
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where
Paply) = / 4.13
|z —y] y\ 413)
is the harmonic Newton potential. Hence
div Qp = 0; éjp = —APap = —p. (4.14)

Moreover, for the constant-coefficient potentials we have the following well-known
relations,

A(IlPp,Vp) =0, A(ll%, Wp)=0 inQF, (4.15)
A(Qp.Up) = p. (4.16)
In addition, by (4.12) and (4.14),
. 4 > . < 2. = 4
Aj(gpa —Qp) =0, (@‘ij-i- 0;Qip — *51?le QP) ~3 P
. . 4
—(AQjp+ 0;divQp — 78 div Qp) — 39i 0;p=0 (4.17)

The following assertions of this section are well-known for the constant coefficient
case, see e.g. |9, 8. Then, by relations (4.6)-(4.9) we obtain their counterparts for
the variable-coefficient case.

Theorem 4.1. The following operators are continuous:

U:H (Q) = H(Q), seR, (4.18)
U:HQ) - HT(Q), s>—1/2, (4.19)

Q: H*(Q) —» H*Y(Q), seR, (4.20)
Q:H*(Q) — HT(Q), s> —1/2, (4.21)

Q:H (Q) = HT(Q), seR, (4.22)
Q:H(Q) — HTH(Q), s> —1/2, (4.23)

R:H (Q) > H*''(Q), seR, (4.24)
R:H(Q) — H(Q), s> —1/2, (4.25)

R*:H (Q) - H(Q), seR. (4.26)
R®: H*(Q) — H*(Q), s> —1/2, (4.27)
(O, U) : H*(Q) — H?0(0; A), s> 0, (4.28)
(%“1, -Q): H1(Q) - HY°(Q;A), 5s>1, (4.29)
(R*,R): H(Q) - H* ™ (Q; A), s>1. (4.30)

Proof. Since the surface 02 is infinitely differentiable, the operators U and Q are
respectively pseudodifferential operators of order —2 and —1, see, e.g., [8, Lemma
5.6.6. and Section 9.1.3]. Then, the continuity of the operators U and Q from the
‘tilde spaces’, i.e., (4.18) and (4.20), immediately follows by virtue of the mapping
properties of the pseudodifferential operators (see, e.g. [4, 14]). Alternatively, these
mapping properties are well studied for the constant coeflicient case, i.e. operators
U and Q, sce [8, Lemma 5.6.6]. Then continuity of operator (4.22) immediately
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follows from representation (4.2) and continuity of operator (4.20). Continuity of
the remainder operators (4.24) and (4.26) is also implied by continuity of operators
(4.20), (4.18) and relations (4.7), (4.9).

For the remaining part of the proof, we shall first assume that s € (—=1/2,1/2).
In this case, H*(€2) can be identified with ﬁs(Q) Hence, the continuity of the
operator (4.19) immediately follows from the continuity of (4.18).

Let now s € (1/2,3/2) and g = (91, 92,93) € H*(Q). Then 9;¢9, € H*~'(Q2) and
vtg € H*71/2(9Q). Consequently, integrating by parts (cf. the proof of Theorem
3.8 in [1]),

Alingr. = Uik (Dj9x) + Vi (7" gr), i,J,k € {1,2,3}. (4.31)

Keeping in mind continuity of the operators U : H*~1(Q) — H**1(Q) proved
in the previous paragraph and the well-known continuity of the operators Vo
H*Y2(0Q) — H*TY(Q), for s € (1/2,3/2), we deduce that the operators 8jljl :
H*(Q) — H*"™(Q) are continuous for s € (1/2,3/2). Since the Bessel potential
spaces and the Sobolev-Slobodetsky spaces are equivalent for non-negative smooth-
ness index, the continuity of operator (4.19) for s € (1/2,3/2) immediately follows
from the Sobolev-Slobodetsky spaces definition and relation (4.6). Furthermore,
using representation (4.31) one can prove by induction that the operator (4.19) is
continuous also for s € (k—1/2,k+1/2), k € N. Continuity of the operator (4.19)
for the cases s = k+1/2 is proved by applying the theory of interpolation of Bessel
potential spaces (see, e.g. [30, Chapter 4]).

The continuity of operator (4.21) and hence (4.23) can be proved following a
similar argument. The continuity of remainder operators (4.25) and (4.27) im-
mediately follows from the continuity of operators (4.19) and (4.21) by relations
(4.7) and (4.9). The continuity of operators (4.28) and (4.30) is implied by the
continuity of operators (4.19), (4.23) and (4.25), (4.27), respectively, along with the
space definition (2.3).

Let us prove continuity of operator (4.29). Let p € H*"'(Q) and g = up.
Then by relation (4.8) and mapping property (4.21), (%up, Qp) = (29, L €
H*~Y(Q) x H*(Q) and

4 4 1 .
Aj (3up, —Qp) =A; <3g, —u99>

< (4 2 Oilt = Ol = 2 O -
= A; (50.-Qg) +0 | 2L 019+ i - 2515 Qg
3 % % 3° p
(4.32)

By (4.17), A;(%g,~Qg) = 0, while

Oilt = Ot » 2 0 - . ,

0; [“Qj Lo Y el l} CHTHQ) - HTYQ)

% p 35

is a continuous operator due to (4.21), which implies continuity of (4.29). O

Theorem 4.2. Let s > 1/2. The following operators are compact,
R:H*(Q) — H*(Q), R®: H*(Q) — HHQ),
VPR H(Q) — HY2(60), TH(R*,R): H(Q:;A) — H™Y?(5Q).
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Proof. The proof of the compactness for the operators R, v R and R*® immediately
follows from Theorem 4.1 and the trace theorem along with the Rellich compact
embedding theorem.

To prove compactness of the operators T+ (R*,R), let us consider a function
g € H'(Q). Then, (R°g,Rg) € H'(Q) x H*(Q)cH"°(Q;.A), which implies
that both canonical and classical conormal derivatives of (R®g, Rg) are well de-
fined and moreover, similar to [15, Corollary 3.14] and [5, Theorem 2.13], one can
prove that they coincide, T (R°g, Rg) = T (R°g,Rg) € HY*(0Q). By def-
initions (2.1), (2.6), the operators T°F : HY(Q) x H*(Q) — HY*(0Q) are con-
tinuous, which implies that the operators T=(R®,R) = T*(R*,R) : H'(Q) —
H'/2(8Q) are continuous as well. Then, compactness of the operators T=(R*, R) =
T R, R) : H'(Q) — H '/2(89) follows from the Rellich compact embedding
H'Y2(0Q)—H2(5Q). O
Theorem 4.3. The following operators are continuous,

Vi H(0Q) — H 2 (Q), W:H*(09) —» H*tV/?(Q), seR, (4.33)

I° . H52(0Q) — H1(Q), T4: H*Y2(0Q) - H'(Q), seR, (4.34)

(115, V) : H-Y2(0Q) - H"Y(Q; A), (4, W) : HY/?(09) — H'°(Q; A).

(4.35)

Proof. The continuity of the operators in (4.33), (4.34) follows from relations (4.10),
(4.11) and the continuity of the counterpart operators for the constant coefficient
case, see e.g. [9, 8].

Let us prove continuity of the operators in (4.35). We first remark that an
arbitrary pair (p, v) belongs to H"(Q;.A) if (p,v) € L?(Q) x H*(Q) and A(p,v) €
L*(Q). By expanding the operator A;(y;p, v)

o

9 .
Aj(yip,v) = Aj(y; p, o) — 03 |05 (y)0up(y) + vi(y)0;u(y) — 35ivz(y)azu(y)] ;
(4.36)
we can see that if v € H'(Q), then the second term in (4.36) belongs to L*(Q).
Therefore, we only need to check that A;(y;p, pv) € L2().
First, let us prove the corresponding mapping property for the pair (II*, V'). Let
U e HY/2(0Q). Then, (I'¥, V¥) € L2(Q) x H(Q) by virtue of (4.33), (4.34).
Now, applying relations (4.10) and (4.11), we obtain
AW, V) = A; (I8, V®) =0 in Q,
which completes the proof for the pair (II*, V).
Let ® € H'/?(9Q). By virtue of (4.33), (4.34), (IIY®, W®) € L*(Q) x H'(Q).
Moreover, by applying relations (4.10) and (4.11) we deduce,
A (1@, yW ) = A; (T14(u®), W (1®)) = 0, in €,
which completes the proof for (IT1%, W). O
Let us now define direct values on the boundary of the parametrix-based velocity

single layer and double layer potentials and introduce the notations for the conormal
derivative of the latter,

Vole() = Vispy (@) = — /a @y () dS(e). y € 00
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Wol(y) = Wigps(y) = — / TS (¢ ) (@, y)p; () dS (@), y € OO,
onN

W pli(y) = Wl/gjl’j(y) == /SQ Tf(y;qk,uk)(a:,y)pj(m) dS(x), y € 09,
LEp(y) == T (1, Wp)(y), y e .

Here T are the canonical derivative (traction) operators for the compressible fluid
that are well defined due to continuity of the second operator in (4.35).

Similar to the potentials in the domain, we can also express the boundary oper-
ators in terms of their counterparts with the constant coeflicient p = 1,

o

1. 1
Vp = ;Vp, Wp = ;W(up), (4.37)

o 8# 5 ak,UJ o 2 8# o
Vol = W'ol = (2 ol 28 (0 = 30t ol o 438)
7 @ 37 p
Theorem 4.4. Let s € R. Let S and S3 be two non empty manifolds on O
with smooth boundaries 0S1 and 0Sa, respectively. Then the following operators
are continuous,

V: H*(09Q) - H*T(0Q), W : H*(0Q) — H*(0Q), (4.39)
re, Vi H (Sy) — H*T(S,), re, W: H (S1) — H*T(S), (4.40)
L H*(0Q) — H*1(8Q), W H*(09) — H T (09Q). (4.41)

Moreover, the following operators are compact,
TSQV:ﬁS(Sl) — H*(S3), (4.42)
re, W: H (S1) — H*(S), (4.43)
re, W' H (S1) — H*(Sy). (4.44)
Proof. Continuity of operators in (4.39)-(4.41) follows from relations (4.37)-(4.38)
and continuity of the counterpart operators for the constant coefficient case, see

e.g. [9, 8]. Then compactness of operators (4.42)-(4.44) is implied by the Rellich
compactness embedding theorem. O

Theorem 4.5. If T € HY?(8Q), p € HY%(09), then the following jump rela-
tions hold on 9%):

1
YVp=Vp, VWT=F T+Wr

1
T*(II°p, Vp) = 5o+ Wp.

Proof. The proof of the theorem directly follows from relations (4.10), (4.37)-(4.38)
and the analogous jump properties for the counterparts of the operators for the
constant coefficient case of p = 1, see [8, Lemma 5.6.5]. O

Let us introduce the notations
o o+ o+ o o ~ o
Lr(y)=L 7(y):=T (7, Wr)(y), Lr(y):=L(ur)(y), yecIN, (445)

where the first equality is implied by Lyapunov-Tauber theorem for the constant-
coeflicient Stokes potentials.
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Theorem 4.6. Let T € H1/2(8Q). Then, the following jump relation holds.
(ﬁ;i: — Ek)T =

o (3 w3 im0 (3) .

Proof. By Theorem 4.3, the operator (II%, W) : H/2(6Q) — H'°(Q;.A) is con-

tinuous. By Theorem 2.2, there exists a sequence (7, w™)5°_; C D(2) x D(N)

m=1

converging to (I1%(u7), W (7)) in H*(Q; A). Then, due to (4.10)-(4.11), the se-

quence (7™, %wm)fr‘f:l C D(Q) x D(2) converges to (I (ut), iW(MT))

= (Il%, Wr) in H"°(Q;.A) and by continuity of the canonical traction operators
T= : H'°(Q*%; A) - H/*(0Q),

we can establish the following equality

LEr = THNr, Wr) = TE (%, W) = W}gnooT,f(ﬂ Y ). (4.47)

On the other hand,

1 1 1
Tki(ﬂ_m, 7,wm) — T[gi(ﬂ.m, 7,wm) — ’Yigik(ﬂ'm, 7,wm>ni
"

2 m m 1 m 1 m 2 1 m
v o () 00 () 30 ) )

and hence,
= L5 (pr) + GH()

where

N N 1\ 1\ . 2, (1) .
GE(r) =97 |0 | = ) Welpm)+0k | — | Wilpr)—5670; | — | Wilpr)| | ni
1% Iz 3 Iz
since
VEGi (™ w™)n; = TEE (™, w™)

=T (a7, w™) = T (I (), W (er)
= Lj; (n)

as m — oo. This implies (4.46). O

Corollary 4.7. Let S; be a non-empty submanifold of Q2 with smooth boundary.
Then, the operators

~ —~1/2 ~ 1/2
£’ (S1) = H™'?(09), (z:i—c):H/
are continuous and the operators

(c*— L) H(5) - H2060), (4.49)

(1) —» HY?(0Q),  (4.48)

are compact.

Proof. The continuity of operators in (4.48) follows from Theorems 4.6 and 4.3.
The compactness of the operators (4.48) follows from the continuity of the second
operators in (4.48) and the compact embedding H/?(S;)—H~'/2(8)). O
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5. The third Green identities.

Theorem 5.1. For any (p,v) € H"*(Q; . A) the following third Green identities
hold

p+ R —IPT (p,v) + 1% v = QA(p,v) + 4gudivv in Q, (5.1)
v+Rv— VT (p,v) + WryTv =UA(p,v)-Qdivv in Q. (5.2)

Proof. For an arbitrary fixed y € Q, let B.(y) C Q be a ball with a small enough
radius € and centre y € €, and let Q.(y) = Q\ B.(y). Let first (p,v) € D(Q) x
D) c HY (0 A).

(i) Let us start from the velocity identity (5.2). For the parametrix, evidently, we
have the inclusion (¢*,u*) € H"°(Q.(y);.A). Therefore, we can apply the second
Green identity (2.8) in the domain Q.(y) to (p,v) and to (¢*, u*) to obtain

/ vt (z, u) 'T+(P($)7v(m))ds(l’)—/ T (¢" (=, y), u"(2,y)) -7 v(z)dS(2)
9B, () 9B (v)

+ /89 yruf(z,u) - T (p(z), v())dS(z) — . T+ (¢" (. y), u* (2, 1)) -4+ v(2)dS(@)
i(x vj(@x)dr — ke ivv(ax)dx = v) - uF(x .
Iy Ry A R ,y>d(53)

Since all the functions in (5.3) are smooth, the canonical conormal derivatives
coincide with the classical ones, given by (2.6), and it is easy to show that when
e — 0, the first integral in (5.3) tends to 0, the second tends to —wy(y), while
integrands in the remaining domain integrals are weakly singular and these integrals
tend to the corresponding improper integrals, which leads us to (5.2) for (p,v) €
D(Q) x D(Q) c HY(Q;.A).

(ii) Let us now prove the pressure identity (5.1) for (p,v) € D(R2) x D(Q). One
can do this using the second Green identity similar to (5.3) but we will employ a
slightly different approach. Multiplying equation (2.2) by the fundamental pressure
vector ¢’ (x,y), integrating over the domain  and writing it as the bilinear form,
which will be then treated in the sense of distributions, we obtain

(. N w(B0s + 050 — 25 s D) = (. _

<q ( 7y)7al |:M(31’UJ + 8JU1 352 le'U) 0 <q ( 7y)78]p>Q - <q ( 7y),~’4] (p,'U)>Q
(5.4)

Applying the first Green identity to the first term, we have,

<q0](7y)781< <6U] +8 iV — 5d1V’U>)>
Q
== <aifjj('> Y), <5 v + 0jv; — 5]d1V’U>>
Q

+ <q°j(-7y), 12 <aﬂlj + 8jvi — 5]d1V ’U) > (55)
dQ
and also in the second term

(#Cynom) = (0 Cup) +(@Cy) . pny)  =p@) + (7 v) o)

(5.6)
where we took into account that by (3.3) we have
(0 (), p)g = —p(y). (5.7)
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Substituting (5.5) and (5.6) into (5.4) and rearranging terms we get

. o 25
() Ao o)) == (0 o) (010 + 050, = Solaiv o) )
Q

, 9
+ <q°j(ay) y 1 (aivj + 8]1)1 — (S'ZdIV’U) II,,'>
3 o0

71’(y) - <(jj('7y)7pnj>39' (58)
By (2.6) we obtain

y 2 y
<qj(ay) y 1 <aivj + aj'UrL' - 35,?le’0) 7},‘> — <qj(’y) , pn]>8Q
oN

= <Cj](7y) ’ chJr(p’ 'U)> Q- (59)

Let us now simplify the first term in the right hand side of (5.8) using the
symmetry Op,¢’ (€, y) = 0,¢'(x,y) and (3.3). Then,

. 9 . . 2
<8¢z§](~,y) Ny (3ivj + 0;vi — §5fdiv v>> =2 <3if3j('7 Y), uaj’vi>9 + gﬂ(y)div v(y).
(5.10)

Applying again the first Green identity to the first term in the right hand side of
(5.10), we obtain

y 9 ( 9¢(.y) 0 (,9¢0y)
S i) =( 1, — —Fa Ui - T /
<azq ( 7y)a :U’a]v74>ﬂ < ’ 633\[. (M 6;31 Vi Q a{E/ H al'z Y Q

= <8i(jj('a Y), Nnj7+vi>89 - <3i(jj(',y) ) ’Uiaj,u>9 - <5i3jl§j(‘7y), ”Uz',u>Q

= <8i(jj('a Y), /~Lnj'7+vi>89 - <3i(jj(',y) ) Uiaj,u>9 —vi(y)0;u(y) — p(y)div v((y). )
5.11

Q

Now, plug (5.11) into (5.10),

. 2 .
<8z(jj(,y) y U <6ﬂ)j + 8jvi - géfdw ’U)> =2 <6lljj(,y) , unj'y+vi>aﬂ
Q

= 2(0:¢ (- y) , vidjp)g — 20i(y)Dips(y) — gu(y)divv(y)- (5.12)
Now, substitute (5.12) and (5.9) into (5.8). As a result, we obtain
(@Cy), Aj(p,v) ) = =20, (,y) . 1Y T0i) o, + 2(0:67 (- y) , 1)y,
+2vi(y)0ip(y) + %u(y)div v(y) —p(y) (¢ (), T (p,v)an.  (5.13)

Rearranging the terms, taking into account that Tf"' (p,v) = T;(p,v), and using

the potential operator notations, we obtain (5.1) for (p,v) € D(Q) x D(Q).
Finally, if (p,v) € H"°(Q;.A) then by Theorem 2.2, the density argument and
the mapping properties of the operators involved in (5.1) and (5.2) extend these

relations to any (p,v) € H"*(Q; A). O

If the couple (p,v) € H'?(;.A) is a solution of the Stokes PDEs (2.9a)-(2.9b)
with variable viscosity coefficient, then the third Green identities (5.1) and (5.2)
reduce to

o 4
p+ R —II°T(p,v) + % v = Of + ?'ug in €, (5.14)
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v+Rv—VTH(p,v)+ Wyt =UFf-Qg in Q. (5.15)
We will also need the following trace and traction of the third Green identities for
(p,v) € H*°(Q;.A) on 99,

1

70 RY = VT (p,0) + Wite =y U7 Qg (5.16)

1 o 4
ST (00) +TH(RY, R)v — W'T (p,v) + L7 v =TT (Qf + ?ug, Uf-Qg).
(5.17)
Note that the traction operators in (5.17) are well defined by virtue of the continuity
of operators (4.28)-(4.30) in Theorem 4.1 and operators (4.35) in Theorem 4.3.
Let us now prove the following three assertions that are instrumental for proving
the equivalence of the BDIE systems to the mixed BVP.
Theorem 5.2. Let v € H'(Q), p € Ly(), g € Ly(Q), f € Ly(Q), ¥ €
H™Y2(09Q) and ® € HY*(09Q) satisfy the equations

p+R'v—HS\1/+Hd¢>=Q°f+%“g in Q, (5.18)
V+Rov—-—VE+WE=UF-Qg in (. (5.19)
Then (p,v) € H"(Q;.A) and solve the equations
Ap,v)=f, divv=g. (5.20)
Moreover, the following relations hold true:
(¥ — TH(p,v)) — 4P —7yTv) =0 inQ, (5.21)
V(¥ -T"(p,v)) —W(@—7Tv)=0 inQ. (5.22)

Proof. First, the embedding (p,v) € H%(Q;.A) is implied by continuity of opera-
tors (4.27)-(4.30) in Theorem 4.1 and operators in (4.35) in Theorem 4.3. Hence the
third Green identities (5.1) and (5.2) hold true. Subtracting from them equations
(5.18) and (5.19) respectively we obtain

M1e* — % = (A(p, o) — f) + %u(divv — ), (5.23)
Wo* - VI =U(A(p,v) — f)—Q(divv — g). (5.24)

where ¥* := T (p,v) — ¥, and ®* = ~vTv — ®.
After multiplying (5.24) by p and applying relations (4.6) and (4.10), we arrive
at

W(ud®*) — V& =U(Ap,v) — f)—Q(u(dive — g)). (5.25)
Applying the divergence operator to both sides of (5.25) and taking into account

that the potentials Zjl, ‘O/, and W are divergence free, while for Q we have equation
(4.14), we obtain

0 = —div Q(u(dive — g)) = u(dive — g), (5.26)

which implies the second equation in (5.20). Then equations (5.23) and (5.25)
reduce to

4 (pd*) — T1°%* = O(A(p, v) — f),
W (u®*) — VO =U(A(p,v) — f).
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Applying the Stokes operator with u = 1 to these two equations, by (4.15) and
(4.16) we obtain A(p,v) — f = 0 and hence, the first equation in (5.20).

Finally, relations (5.22) and (5.21) follow from the substitution of (5.20) in (5.23)
and (5.24). O

Lemma 5.3. Let 0Q = S, U Sy, where S1 and S are open non-empty non-
intersecting simply connected submanifolds of O with infinitely smooth boundaries.

—~—1/2 —~1/2
Let o cH (S)), @ c H'(S). If

I*w* —4ae* =0, VI - Woe* =0 inQQ, (5.27)
then ¥* =0 and ®* = 0 on ON.

Proof. Multiplying the second equation in (5.27) by u and applying relations (4.10),
(4.11), we obtain

[P0 — I (ud*) =0, VI —W(ud*)=0. (5.28)

Let us take the trace of the second equation in (5.28) restricting it to Sy and take the
traction with the constant coefficient 4 = 1 of both equations in (5.28) restricting
it to S3. Keeping in mind the jump relations given in Theorem 4.5 and notation
(4.45), we arrive at the system of equations

rsl\o)\Il* — TSIVDV(/I\) =0 on 51,
TS2W"I’* —rg, LD =0 on S,

where ® := p®*.
This BIE system has been studied in [9, Theorem 3.10] (see Theorem 7.1 below)
which implies that it has only the trivial solution, ¥* = 0, & = 0. O

6. BDIE systems. We aim to obtain two different BDIE systems for mixed BVP
(2.9) following the procedure similar to the one employed for a scalar PDE in [1],
[19] and [16] and references therein.

To this end, let the functions ®, € HY?(9Q) and ¥, € H~Y2(9Q) be some
continuations of the boundary functions ¢, € HY*(0Qp) and %, € H~'/?(00y)
from (2.9¢) and (2.9d). Let us now represent

Yo =@, +¢@, T (p,v) =T+ on I, (6.1)

—~1/2 —~—1/2
where p € H / (0Qn) and Y € H / (09p) are unknown boundary functions.

6.1. BDIE system (M11,). Let us now take equations (5.14) and (5.15) in the
domain  and restrictions of equations (5.16) and (5.17) to the boundary parts
0Qp and 90y, respectively. Substituting there representations (6.1) and consid-
ering further the unknown boundary functions ¢ and 1 as formally independent
of (segregated from) the unknown domain functions p and v, we obtain the follow-
ing system (M11,) of four boundary-domain integral equations for four unknowns,

—~1/2 —~—1/2
(pv) € HYO(Q, A), o c H'(00y) and ¥ € H 2 (090):
p+Rw—II%p + 1% = Fy inQ, (6.2a)
v+Rv-—VyY+Wep=F in(, (6.2b)

T59D7+RU — Toap Vo + Taap We = Taap 'Y+F — @y ondp, (6.2c)
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Toay THR®, R)O — 150 W'Y +1,, LTp=1,, T (Fy,F)—1, ondly,
(6.2d)

where
. 4
Fy = Qf+§gu+HS‘IIO—Hd<I>O, F=Uf-Qg+V¥y)—Wo,,. (6.3)

By Theorems 4.1 and 4.3, (Fy, F) € H""(Q,.A) and hence T(F, F) is well defined.
Let us denote the right hand side of BDIE system (6.2) as

Fi'=[Fo,F,r,0 7 F — g, 750, TT (Fo, F) — 3] (6.4)

Then Theorems 4.1 and 4.3 imply the inclusion FX1 € HY?(Q, A) x H/?(8p) x
H™Y2(00y).

Remark 6.1. Let F!! be defined by (6.3), (6.4). Then F!!' = 0 if and only if
(f?ga P, ‘IIO) =0.

Indeed, from (6.3) and (6.4) we immediately obtain that (f,g, ®9, ¥o) = 0 im-
plies F1* = 0. Let us now prove that if 711 = 0 then (f, g, ®¢, ¥¢) = 0. Lemma
5.2 with Fy = 0 for p and F = 0 for v applied to equations (6.3) implies that f = 0,
g=0and

°w, — M@, =0, V¥ -Wo&;=0 inQ. (6.5)
In addition, since Fy = 0 and F = 0, we get from (6.4) that
Toa, Py =, =0, Toay ¥y =1, =0.

Consequently, ¥, € H/2(0Qp), ®, € H/2(8y) and by (6.5) and Lemma 5.3
we obtain that ¥g = 0 and &7 = 0 on 0f).

6.2. BDIE system (M22,). Let us take equations (5.14) and (5.15) in the domain
Q and restrictions of equations (5.16) and (5.17) to the boundary parts 0Qy and
00 p respectively. Substituting there representations (6.1) and considering again the
unknown boundary functions ¢ and v as formally independent of (segregated from)
the unknown domain functions p and v, we obtain the following system (M22,) of

four BDIEs for (p,v) € H*°(Q, A), ¢ € ﬁl/Q(aﬁN) and ¢ € ﬁil/Q(aQD),
p+Rw—II*Y+1p=F, inQ, (6.6a)
v+Rv—-—VyY+Wep=F in{, (6.6b)

1 L]
51/) + 700, TT (R, RO =100 Wb +71,0 LY@ =1, T (Fy,F)—7,, ¥

on (9QD,
(6.6¢)
1
5‘1" + Toan ’7+'R/U ~Toay Vi + Toan We = Taay 'Y+F ~Taay @y
on 0Qy,
(6.6d)
where the terms Fj and F in the right hand side are given by (6.3).
Let us denote the right hand side of BDIE system (6.6) as
F22 = [Fo,F,rpy T (Fo,F) = 1yq W0, ¥ F =1y ®. (6.7)

Then Theorems 4.1 and 4.3 imply the inclusion F22 € H%(Q, . A) x H™Y/?(80p) x
H'2(00y).
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Note that the BDIE system (6.6a)-(6.6d) can be split into the BDIE system
(M22) of 3 vector equations, (6.6b)-(6.6d), for 3 vector unknowns, v, 1 and ¢, and
the separate equation (6.6a) that can be used, after solving the system, to obtain the
pressure, p. However, since the couple (p, v) shares the space H'°(Q, A), equations
(6.6b), (6.6¢) and (6.6d) are not completely separate from equation (6.6a).

Remark 6.2. Let F2? be given by (6.3), (6.7). Then F?2 = 0 if and only if
(f,9,®0,¥g) = 0. Indeed, it is evident that (f,g, ®o, ¥o) = 0 implies F22? = 0.
Let now F22 = 0. Lemma 5.2 with Fy = 0 for p and F = 0 for v applied to equations
(6.3) implies that f =0, g = 0 and

W, - ®;, =0, V¥ -W&, =0 inQ. (6.8)
In addition, since Fy = 0 and F = 0, we get from (6.7) that
Toa, Yo =0, 7, ®o=0.

Consequently, o € H~'/2(00y) and &, € HY/2(8Qp) . Therefore by (6.8) and
Lemma 5.3 we obtain that ¥3 = 0 and ®5 = 0 on 0f2.

6.3. Equivalence of BDIE systems and BVP.

Theorem 6.3 (Equivalence Theorem). Let f € Lo(2), g € La(2) and let ®¢ €
H™Y2(09) and ¥, € H™Y2(0Q) be some fired extensions of @, € HY?*(00p)
and 1, € H71/2(8QN) respectively.
(i) If a couple (p,v) € La(2) x H*(Q) solves the mized BVP (2.9), then the set
(p,v,%, @) where
p=7Tv—-®), Y=T"(pv)— T, ondQ, (6.9)

1/2
(

— —~1/2
belongs to H*°(Q; A) x H Np)xH / (0Qn) and solves BDIE systems

(6.2) and (6.6).

(ii) If a set (p,v,1,p) € La(Q) x H'(Q) x ﬁ_1/2(3QD) X ﬁ1/2(8QN) solves one
of BDIE systems, (6.2) or (6.6), then it solves the other BDIE system, the
couple (p,v) belongs to H*(€; A) and solves mized BVP (2.9), while 1, ¢
satisfy (6.9).

(ii) Both BDIFE systems, (6.2) and (6.6), are uniquely solvable for (p,v,v,p) €

—~—1/2 —~1/2
Lo(Q) x H' Q) x H *(000) x H(90y).

Proof. (i) Let (p,v) € Lo(2) x H' () be a solution of BVP (2.9). Since f € Ly(9)
then (p,v) € H"(Q;.A). Let us define the functions ¢ and 1 by (6.9). By the
BVP boundary conditions, yTv = ¢, = ® on 9Qp and T (p,v) = g = ¥,

—1/2 —~1/2

on 8Qy. Then (6.9) implies that (,¢) € H ' (00p) x H (0Q). Taking
into account the third Green identities (5.14)-(5.17), we immediately obtain that
(p, v, p,7) solves BDIE systems (6.2) and and (6.6).

(ii-11) Let (p,v,%, @) € La(Q) x H'(Q) x ﬁil/Q(aQD) X ﬁl/Q(aQN) solve
BDIE system (6.2). Then equations (6.2a), (6.2b) and Theorems 4.1, 4.3 imply that
(p,v,,p) € H"*(Q; A) x ﬁilﬂ(aQD) X ﬁ1/2(8QN) and the canonical conormal
derivative T (p, v) is well defined. If we take the trace of (6.2b) restricted to dQp,
use the jump relations for the trace of V' and W, see Theorem 4.5, and subtract
it from (6.2c), we arrive at r,, Y v — %TmD @ = ¢, on J2p. Since ¢ vanishes on
00 p, the Dirichlet condition (2.9c¢) is satisfied.
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Repeating the same procedure but now taking the traction of (6.2a) and (6.2b),
restricted to 9y, using the jump relations for the traction of (I1?, W) and sub-
tracting it from (6.2d), we arrive at r,, T'(p,v) — %TBQN’(/J = 1), on IQy. Since
vanishes on 09, the Neumann condition (2.9d) is satisfied.

Because ¢, = ®¢, on 0Qp; and ¥y = ¥y, on 0y, we also obtain,
1/2 —~1/2
P 00p), ® =g+ @ rrveH

T =+, - T (pv)e H o).

(6.10)

By relations (6.2a) and (6.2b) the hypotheses of Lemma 5.2 are satisfied with ¥ =
Y+ ¥y and ® = p + Py . As a result, we obtain that the couple (p,v) satisfies
(2.9a) and (2.9¢) and, moreover,
II* (&%) — I4(®*) =0, V(¥)-W(@)=0 inQ (6.11)
Due to inclusions (6.10) and relations (6.11), Lemma 5.3 for S; = 9Qp, and Sy =
00y implies ¥* = ®* = 0 on I and thus conditions (6.9).
Hence, by item (i) the set (p, v, 1, ) solves also BDIE system (6.6).
—~—1/2 —~1/2
(1-22) Let now (p, v, %, @) € Lo(Q) x H(Q) x H "(000) x H' (99 ) solve
BDIE system (6.6). Then equations (6.6a), (6.6b) and Theorems 4.1, 4.3 imply that
—~_1/2 —~1/2
(p,v,,p) € H"*(Q; A) x H / (0Qp)x H / (0Qn) and the canonical conormal
derivative T (p,v) is well defined. Applying Lemma 5.2 with ¥ = ) + ¥ and
P = p + P, to BDIEs (6.6a)-(6.6b), we deduce that the couple (p,v) solves PDE
system (2.9a)-(2.9b) and
I1° (&%) — I4(®*) = 0, V(P*) - W (®*) =0, inQ, (6.12)
where

v ::¢+‘I’0 —T+(p,’U), & = QO+(I)O —’7+’U, on 0. (613)

Taking the traction of (6.6a) and (6.6b) restricted to 92p and subtracting it
from (6.6¢) we get

Toap T+(p, v) — Toap Wo=1, on Op. (6.14)
Taking the trace of (6.6b) restricted to 9y and subtracting it from (6.6d) we get
Toa VTV —Toq ®o=@, on O0x. (6.15)

Due to (6.14) and (6.15), we have ¥* € H 1/2(8(213) and ®* € Hl/Q(aQN).
Now, we can apply Lemma 5.3 with S; = 9Qp and S = 9Qy, to obtain ¥* =
®* = 0 on 99, which by (6.13) imply relations (6.9). Since rsn, ®o = ¢, and
roay Yo = 1, relations (6.9) imply boundary conditions (2.9¢) and (2.9d).

(iii) Finally, the unique solvability of the BDIE systems (6.2) and (6.6) in item
(iii) follows from the unique solvability of the BVP, see Theorem 2.3, and items (i)

and (ii). O

6.4. Boundary integral equations. When p = 1, the operator A becomes A
and R = R* = 0. Consequently, the boundary-domain integral equations system
(6.2) can be split into a system of two vector boundary integral equations,

Toa,, (=Vip + W) = Toa,, ~TF — ¢, on dp, (6.16)
Poay (W + L) =1y, T (Fy, F) — by, on dQy, (6.17)
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and two integral representations, for p and v,
p = Fo+1I°p — 11% in €, (6.18)
v=F+Vy—-WeinQ, (6.19)
where Fj and F' are given by (6.3).

Similarly, the boundary-domain integral equations system (6.6) can be split into
a system of two vector boundary integral equations, for 1) and ¢,

1 . .
Taap (2¢ - W' + ‘CSD) = Toq, T+(F07F) ~ Toap ¥y on Hp, (6.20)

1 . .
Taay (250 - V"b + WSO) = ranN7+F ~Toay P, on N (6'21)

and two integral representations, (6.18) and (6.19), for p and v.
Equivalence Theorem 6.3 for BDIE system (6.3) leads to the following equivalence
assertion for the constant coefficient case.

Corollary 6.4. Let p = 1, f € L*(Q) and g € L*(Q). Moreover, let ®, €
HY2(0Q) and ¥, € H™Y2(09Q) be some extensions of p, € HY*(@Qp) and
P, € Hil/Q(GQN), respectively.
(i) If a couple (p,v) € Lo(Q) x H'(Q) solves BVP (2.9), then the solution is
——1/2 —~1/2
unique, the couple (Y, p) € H / (0Qp) x H / (0QN) given by
p=7"v—-®5, PY=T"(p,v)— ¥y on N, (6.22)

solves BIE systems (6.16)-(6.17) and (6.20)-(6.21), and the couple (p,v) sat-
isfies (6.18), (6.19).

(ii) If a couple (1, p) € H 1/2(8QD) X ﬁ1/2(3QN) solves one of BIE system,
(6.16)-(6.17) or (6.20)-(6.21), then it solves the other BDIE system, the couple
(p,v) given by (6.18)-(6.19) belongs to H"(Q;.A) and solves BVP (2.9),
while 1, @ satisfy relations (6.22).

(i1i) Both systems (6.16)-(6.17) and (6.20)-(6.21) are uniquely solvable for
—~—1/2 —~1/2
(,0) e H (000) x H' (00).

7. BDIE operators invertibility.

7.1. Operators M!! and M!l. BDIE system (6.2) can be written using matrix
notation as

Mty = FH, (7.1)
where
1 R —1II° I
0 I+R -V W
M = 7.2
0 Toop, YT R oo,V Toq, YV (7.2)
0 7o TT(ROR) —1pq W' 10 LT

and X = (p,v,1, ). By Theorems 4.1-4.4 the mapping properties of the operators
involved in the matrix imply continuity of the operator

1/2 ~1/2
(0Qp) x H " (0QnN)

— HY(Q,A) x HY?(80p) x HY2(80y). (7.3)

MU HY(O,A) x H
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We can also consider the operator M1l defined by (7.2), in wider spaces,

1 1 ——1/2 —~1/2
MU Ly Q) x HY Q) x H 7 (09p) x H '~ ()

— Ly(Q) x HY(Q) x HY?(0Qp) x H™Y2(0Qy) (7.4)

Theorems 4.1-4.4 imply that operator (7.4) is also continuous.
Let us also write BIE system (6.16)-(6.17), for 1 = 1, in the matrix form as

MUY = F11 (7.5)
where X = (1, ), Fl = [TBQNT+(F07F) - ";bo} and

/\"/lll — “Toap y/ raQDVOV (7.6)
oo W' Toay L
The following assertion is implied by [9, Theorem 3.10].
Theorem 7.1. The operator
. ~—1/2 —~1/2
MUE P 000) x H P (008) = HY2000) x HV200y)  (1.7)

is continuous and continuously invertible.
Theorem 7.1 will be instrumental in proving the following result.
Theorem 7.2. Operators (7.3) and (7.4) are continuously invertible.

Proof. (i) Let us start from operator (7.4). To this end let us define the operator

I R* —1II® ¢
jvitas I -V w
N 0 0 7TBQD v T@QD w ’

°

0 0 —ry W rmNE
and consider the new system
My =FH (7.8)
~ ~ - ~—1/2 —~1/2
where X = [p, 0, ¢, 9| € Lao(Q) x H(Q) x H / (09Qp) x H / (092x) and

F=[FIL AL FILFIT € Ly(Q) x HY(Q) x HY2(80p) x H™Y2(00y).
Consider now, the last two equations of the system (7.8),

~Toay VO + 7o, W = T3, (7.9)

T Wb+ 1, L =FIL. (7.10)

Multiplying equation (7.9) by p and applying relations (4.10) and (4.45) we obtain
T, VO + o0, W(no) = nF3", (7.11)

o W+ 7 £(ud) = FIL (7.12)

This system is uniquely solvable for 55 and 17:, since the matrix operator of the left
hand side is invertible, ¢f. Theorem 7.1. Hence v is uniquely determined from
the second equation of the system (7.8) and thus, by the first equation, p is also
uniquely defined. This proves the invertibility of the operator M 11 which implies
that M is a Fredholm operator with zero index.

Furthermore, the operator
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11 it 1 ——1/2 —1/2
MU — MY Ly(Q) x HY Q) x H 7 (0Qp) x H '~ (80y)
— Ly(Q) x HY(Q) x HY*(0Qp) x H™Y?(80y)

is compact due to Theorems 4.2, 4.4 and 4.7. Thus operator (7.4) is also a Fredholm
operator with zero index. By virtue of the Equivalence Theorem 6.3 and Remark
6.1, the homogeneous system (M11) has only the trivial solution, hence operator
(7.4) is invertible.

(i) Let us now consider operator (7.3). Let X = (ML1)~1F!! be the solution of
system (7.1) with an arbitrary right hand side F1* € L2(Q)x H(Q)x H/?(8Qp) x
H~Y%(0Qy), where

(M1 Ly(Q) x HY(Q) x HY2(0Qp) x H™Y2(80)

1/2
(

S L) x HY(Q) x H 000) x B (00x)

is the inverse of operator (7.4).
If, moreover, F}' € H"(Q, A) x H/*(0Qp) x H '/?(8y), then the first
two equations of system (7.1) and the mapping properties of the operators in these
—1/2 —~1/2
equations imply that X € H"°(Q; A) x H / (0Qp)x H / (0Qn). Consequently,
the operator

(M1 Ly(Q) x HY(Q) x HY2(0Qp) x H™Y2(80)

1/2 —1/2
! (0Qp) x H / (082N)
is also continuous and is an inverse of operator (7.3). O

Note that the BDIE system (M11,) given by (6.2) can be split into the BDIE
system (M11), of 3 vector equations (6.2b), (6.2¢), (6.2d) for 3 vector unknowns, v,
1 and ¢, and the scalar equation (6.2a) that can be used, after solving the system,
to obtain the pressure, p. Using matrix notation, equations (6.2b), (6.2¢), (6.2d)
can be written as

S Ly() x HY(Q) x H

M (v,4h, )T = F1, (7.13)
where
I+R -V w
M = T’BQD‘7+R “Toa, V. Toa, W | . (7.14)
Toay T (R.’ R) “Toay w’ Toay ct

Corollary 7.3. The operator
2 000) x H (00n)
— HY(Q) x HY2(0Qp) x HY2(0Qy)  (7.15)

s continuous and continuously invertible.

MY HY Q) x H

Proof. Operator (7.15) is continuous due to the mapping properties of the integral
operators involved in (7.14).

By the same arguments as in part (i) of the proof of Theorem 7.2, we obtain that
operator (7.15) is Fredholm with zero index. Complementing system (7.13) with an
arbitrary right hand side 1! € HY(Q) x H/2(8Qp) x H™/2(8Qx) by equation
(6.2a) with a right hand side Fy € La(€2), we arrive at system (7.1) which is solvable

—~—1/2 —~1/2
in Ly(Q) x HY(Q) x H / (0920p) x H / (02N), due to Theorem 7.2 for operator
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(7.4), and thus delivers a solution (v, 1, p) € H' () x ﬁ_l/Q(ﬁQD) X HUQ(BQN)
of system (7.13), which implies surjectivity of operator (7.15). To prove that the
operator is also injective, we assume the opposite, which would imply that operator
(7.4) is also non-injective thus contradicting its invertibility. O

Let Ajs denote the operator of left hand side in the BVP (2.9).

Corollary 7.4. Let f € L*(Q), g € L*(Q), ¢, € HY*(0Qp) and
o € H Y2(00N) respectively. Then, the BVP (2.9) is uniquely solvable in
H"(Q; A) and the operator

Ay HY(Q; A) — L2(Q) x L2(Q) x HY2(8Qp) x H™2(8Qy) (7.16)
(pa U) - AM(pv ’U) = (A(p, ’U), div (U)v r8S2D7+v, TBSINT+(p; ’U)) (717)
is continuously invertible.

Proof. By Theorem 7.2 for operator (7.3), BDIE system (6.2) is uniquely solvable
and by Theorem 6.3 it is equivalent to the BVP (2.9), which implies unique solv-
ability of the latter. In addition, the inverse to operator (7.16) is defined as

AX/[I(f,g7TaQD (}O’TBQN Uy) = [((Mil)_l]:il)lv ((Mil)_l}—*ll)ﬂ

and is continuous since operator (7.3) is continuously invertible and F!! contin-
uously depends on (f,g, ¥o, ®g) due to the mapping properties of the operators

involved in (6.3) and (6.4). O
7.2. Operators M?? and M?2. BDIE system (6.6) can be written in the matrix
form as
MBx = F2, (7.18)
where
I R® —I1° ¢
0 I+R -V w
. 1
MZ =10 ry, TR R) 7, <2I—W’> Poa, £F , (7.19)
1
0 Toay ’YJFR _Tassz Toay (2‘[ + W)

and X = (p,v, 1, ¢). By Theorems 4.1-4.4, the mapping properties of the operators
involved in (7.19) imply continuity of the operator

M2 YO0, 4) « H P 00p) x B (00y)
— H"(Q,A) x H'2(09p) x H*(0Qy). (7.20)
Lemma 7.5. Let 00 = S; U Sy, where S1 and Sy are two non-intersecting simply

connected non-empty submanifolds of 0 with infinitely smooth boundaries. For
any vector

F=(Fo,F,®,®) c H**(Q; A) x H™Y2(5,) x H/?(S5)
there exists a unique four-tuple
(g, For W, ®,) = Cs, 5, F € La(Q) x Ly(Q) x HY2(00) x HY?(99)
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such that
of, + %ug* + 0, — 1%, = Fy in Q, (7.21a)
Uf,-Qg. + V¥, - W, =F inQ, (7.21Db)
rs, . =¥ on S, (7.21¢)
rs, P =® in Ss. (7.21d)

Furthermore, the operator
Csys, : HYO (5. A) x H™Y2(S1) x HY?(S,)
— Ly() x Ly(Q) x H2(00) x HY*(0Q) (7.22)
18 COntinuous.
Proof. Let B : H*(S;) — H®(09), i = {1,2}, |s| < 1, be some linear continuous

extension operators from S; to the whole boundary 09 (cf. [30, Subsection 4.2]),

and let @0 = E;ll/ ¥ and ®° = Eéé ’P. Consequently, arbitrary extensions of the
functions ¥ and ® can be represented as

0~ 0 ~ ~  ~-1/2 o —~1/2
T, =0 4qp, &, =0"+p ndQ; YeH ' (S), pecH'  (S). (7.23)

The functions ¥, and ®,, in form (7.23) satisfy conditions (7.21c¢) and (7.21d).
Consequently, it is only left to show that the functions g., f.,® and @ can be

chosen in a particular way such that equations (7.21a)-(7.21b) are satisfied.
Applying relations (4.6)-(4.11) to equations (7.21a)-(7.21b), we obtain
o 4 . ~ o ]
Of. +gnge +10* (Vo +4) — I (u@o+pg) = Fo inQ  (7.24)

°

Uf.—O(ng.) +V (\110 n {5) W (1@ +pp) = pF Q. (7.25)

Applying the Stokes operator with constant viscosity p = 1, .24, to equations
(7.24), (7.25), and the divergence operator to equation (7.25), we obtain

o

f. = AFo,uF), g, = idiv (uF) (7.26)

which shows that the function f, and g. are uniquely determined by Fy and pF
and belong to L*(Q) and L?(), respectively.
Substituting now (7.26) into equations (7.24)-(7.25) gives

lisgp — UU(u@) = JoF, Vip— W(up) =JF inQ, (7.27)
where the continuous operators Jy and J are defined as
4 o /o . .
JoF = (FO — Sdiv (uF) - Q (A(FO,MF)) —Tis(B5 1 2w) + Hd(uE;f@)) ,
(7.28)
JF i= (nF — U (A(Fo, uF) ) +Qdiv (uF) — V(B> ®) + W(uEY’®))
(7.29)

By Theorems 4.1, 4.3, (JoF,JF) € H*(Q; A), thus the canonical conormal
derivative T+(J0]: ,JJF) is well defined. Then system (7.27) implies

rayt (Vo - W(@)) =rs, (vVIF), (7.30)
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ot (o~ L T TP o+
rs, [T (M) = T(u@), VI - W (@) )| = rs, (F7(F, ). (7.31)
System (7.30)-(7.31) can be written in the matrix form as

{ rs,V T527+}/i/:| { P ]_ rs, (YTJF)

i ue | = [ rs, (T+(J0]?, Jf)) ] :

7.32
rs, W/ rs, L ( )

The matrix operator given by the left-hand side of the equations (7.32) is an iso-
morphism between the spaces /HV71/2(5’2) X ﬁl/z(Sl) and HY?(Sy) x H™Y/2(Sy)
(see Theorem 7.1). Therefore the solution of system (7.32) can be written as
(@,9) = CF, where C is a continuous operator, which together with (7.26), (7.23)
and continuity of the extension operator Eg produces a linear continuous operator
Cs,.5, in (7.22).

Let us prove that ¥, and ®,, obtained by substituting in (7.23) any solution
(1,7),479) of (7.32), and f, g., given by (7.26), satisfy (7.21). Equations (7.21c) and
(7.21d) are immediately implied by (7.23). The couple

(1 — 14:3), V4§ — W (1))
satisfies the incompressible homogeneous PDE Stokes system with g = 1. It is
easy to check that the same system is also satisfied by the couple (JoF,JF). By
(7.30)-(7.31), the couples have coinciding mixed boundary conditions and thus they
coincide also in the domain ) by virtue of uniqueness of solution of the mixed BVP
for the Stokes system with u = 1, i.e., equations (7.27) hold and substitution of
(7.28), (7.29) into their right hand sides leads to (7.21a) and (7.21b).

To prove that the operator 551’52 is unique, let us consider system (7.21) with
zero right-hand side F. Then (7.26) implies f, = 0, g. = 0, while (7.21¢)-(7.21d)
and (7.23) give ¥, = 1:[;, P, = ¢ on I, and finally (7.32) implies 1:[; =0,p=0.
This means the solution (g, f,, ¥, ®.) of inhomogeneous system (7.21) is unique,

along with the operator Cg, g,. O

Corollary 7.6. Let 9Q = S;US,, where Si and Sy are two non-intersecting simply
connected non-empty submanifolds of O with infinitely smooth boundaries. For any
four-tuple

F = (Fo,F,Fa,F3)T € H (0 A) x H/2(S1) x HY?(S,),
there exists a unique four-tuple
(s Frr ®o, @) T = Cs, 5, F € L2(Q) x Ly(Q) x H2(9Q) x H'*(9Q),
such that

. 4
Of , + —puge +II°®, —114®, = Fy, inQ,

3 (7.33)
Uf,-Qg. +Vo, —-We,=F, inQ, (7.34)
rs, (TH(Fy, F1) — ¥,) = Fa, on Sy (7.35)
r5,(YFF1 — ®.) = F3, on Ss. (7.36)

Furthermore, the operator
Cs,.5, : HYO(QA) x H™Y2(Sy) x HY?(Sy) —
L2(Q) x L*(Q) x H™Y2(8Q) x HY?(69)

15 continuous.



3084 C. FRESNEDA-PORTILLO AND S. E. MIKHAILOV

Proof. The Corollary follows from Lemma 7.5 with W := rg, T (Fy, F1) — Fo and
® :=rg,y"F1 — Fs. N

Theorem 7.7. Operator (7.20) is continuously invertible.
Proof. Let us consider system (7.18) with an arbitrary right hand side
F2 e HY(Q; A) x HV2(09p) x HY*(0Qy).
By Corollary 7.6, the right hand side F22 can be written in form (7.33)-(7.36) with
S1 = 0Qp and Sy = 9Ny. In addition, (g*,f*,‘l’*,ql'*)T = CaQD7aQNf22 where
the operator
Coap ooy : HY (U A) x H™/?(0Qp) x H'/?(00y)
— L*(Q) x Ly(Q) x H/2(0) x H'?(99)

is continuous.
By Corollary 7.4 and Equivalence Theorem 6.3, there exists a unique solution
of the equation M22X = F?2. This solution can be represented as

X =(MP)1FE = [pv,, ¢,

where the operator

(M) HYO(Q A) x H2(00p) x H'/*(00)

S HY@QA) < H F00p) x B (00y). (7.37)

is given by
(P,0) = A3 (G Fror Tony, W Ton, 4] = Ajf Conp ooy Fios (7.38)
P =T%(p,v) — V. =T (p,v) — (Conp.00nxF)as (7.39)
p=7tv-—®, =~vTv - (CC’)QD’(')QN]:*ZQ)4. (7.40)

Continuity of the operators in (7.38)-7.40 implies continuity of operator (7.37). O
Let us express BIE system (6.20)-(6.21), for g = 1, in the matrix form as
M2X = F?2 (7.41)

where .XQ = ('Q/J,QO), ﬁ22 = |:T39D (j;-i_F - ‘I’0> 7raQN (7+F - (}0) 7i| and

1 o °
Toap (2I - W,) ranDL,'

/\;[22 _
- o 1 o
—’I"SQNV ’I"@QN (21+ W)

: (7.42)

The operator

peH

00p) x H' (00N) = H V2(000) x HY2(0Qy),  (7.43)

is evidently continuous.
We will further need the following extended system:

M2x = 72, (7.44)
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where X = (p,v,%, )", F22 = (0,0, F, , F5 )" and

I 0 —Iis 11
0 I -V %4
22 1 o .
M= =10 0 Toap, (21 - W') Fony £ . (7.45)
. 1 .
0 0 Ty, V Faos (21 + W)

In virtue of Theorem 7.7 with p = 1, the operator

Y2 000) x H ' (00w)

— H(Q, A) x H Y2(0Qp) x HY?(80y). (7.46)

M2 HY(Q,A) x H

has a continuous inverse.
Theorem 7.8. Boundary integral operator (7.43) is continuously invertible.

Proof. A solution of the system (7.41) with an arbitrary right hand side

. ~22 ~22
F2 = [F, Fy " e HY?0Qp) x H/?(00y) (7.47)
is given by the pair (1, ¢) which satisfies the following extended system:
M2x = F22, (7.48)

where X = (p,v, 9, )", F22 = (0,0,.70722,.70-'22)T and the operator M?22 is defined
by (7.45). Since operator (7.46) has a continuous inverse, this implies that operator
(7.43) is surjective. Corollary 6.4 implies that operator (7.43) is also injective and
thus an isomorphism. O

Let us now consider the operator M?22, defined by (7.19), in wider spaces,

M2 12(Q) x HY(Q) x H 2000) x B (00y)

— L2(Q) x HY(Q) x H Y?(0Qp) x HY2(80y). (7.49)

Theorems 4.1-4.4 imply that operator (7.49) is continuous and we can now prove
its invertibility.

Theorem 7.9. Operator (7.49) is continuously invertible.

Proof. Let us consider the operator

I 0 —1I1° I
0 I -V wW
—~ 1 o ~
MZ2=| 0 0 71y, (21 - W’) Toa, £ , (7.50)
1
0 0 o0, V Toay <21 + W)

which is a compact perturbation of the operator (7.49) due to Theorems 4.2, 4.4
and Corollary 4.7. Using relations (4.38) and (4.10), we can express the operator
M?? in the form

— 1 1 —
M?? = diag (1, ~1,1, I) M*2diag(1, uI , I, uI) (7.51)
Iz %
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where diag(a,bl,cI,dI) represents a 10 x 10 diagonal matrix

@« 00 0
diag(a, bI, eI, dT) — 8 g 2 8 (7.52)
00 0 d

The operator M?2 defined by (7.45) can be understood as a triangular block
matrix operator with the three following diagonal operators

I: L*(Q%) — L*(Q), (7.53)

I: HY(QT) - H'(QF), (7.54)

M2 ' P 0ap) x B 008) — HV2(00p) x HY/2(0Qy).  (7.55)
By Theorem 7.8, operator (7.55) is invertible. Consequently,

M2 12Q) x H'(Q) x H 2(000) x H (00)

— L*(Q) x HY(Q) x H-Y2(0Qp) x HY?(8Qy)  (7.56)
is an invertible operator as well. As p is strictly positive, the diagonal matrices are
invertible and the operator

722 . 12 1 ==—1/2 —=1/2
M= L5 (Q)x H (Q) x H (0Qp) x H " (0Qn)
— L*(Q) x HY(Q) x H™Y2(0Qp) x HY?(8Qy) (7.57)

is also invertible. Thus, operator (7.49) is a zero-index Fredholm operator. In-
vertibility of this operator then follows from its injectivity implied by Theorem
6.3(iii). O

The last three vector equations of the system (M22) are segregated from p. There-
fore, we can define the new system given by equations (6.6b)-(6.6d) which can be
written in the matrix form as

M2y = F22, (7.58)
where ) represents the vector containing the unknowns of the system
1 ——1/2 ~1/2
YV=(v,¢,¢)c H(Q) x H (0Qp) x H ' (0Qn),

and the matrix operator M?? is given by

I+R -V w
1
+ ° +
M22 = TaQDT (R 77-‘,’) Taap (21 - W,> raQD‘C (7.59)
1
T69N7+R _TaQNv Toa (2I+ W>

Following the reasoning similar to the proof of Corollary 7.3, we obtain the
following assertion.

Corollary 7.10. The operator
M2 HY Q) H P (000) < H 2 (00x) = H'(Q)x H™2(000) x H/?(90),

is continuous and continuously invertible.



BDIES FOR THE MIXED COMPRESSIBLE STOKES SYSTEM 3087

Acknowledgement. This research was supported by the grants EP/H020497/1,
EP/MO013545/1, and 1636273 from the EPSRC, UK, and also by a PhD studentship
from Brunel University London.

[1]

2]
3]
[4]

[5]

(6

20]

(21]
(22]

23]

REFERENCES

O. Chkadua, S. E. Mikhailov and D. Natroshvili, Analysis of direct boundary-domain inte-
gral equations for a mixed BVP with variable coefficient, I: Equivalence and invertibility, J.
Integral Equations Appl., 21 (2009), 499-543.

O. Chkadua, S. E. Mikhailov and D. Natroshvili, Analysis of some localized boundary-domain
integral equations, J. Integral Equations Appl., 21 (2009), 405-445.

M. Costabel, Boundary integral operators on Lipschitz domains: Elementary results, SIAM
J. Math. Anal., 19 (1988), 613-626.

G. Eskin, Boundary Value Problems for Elliptic Pseudodifferential Equations, Transl. of
Mathem. Monographs, Amer. Math. Soc., vol. 52: Providence, Rhode Island, 1981.

R. Gutt, M. Kohr, S. E. Mikhailov and W. L. Wendland, On the mixed problem for the
semilinear Darcy-Forchheimer-Brinkman PDE system in Besov spaces on creased Lipschitz
domains, Math. Methods in Appl. Sci., 40 (2017), 7780-7829.

R. Grzhibovskis, S. Mikhailov and S. Rjasanow, Numerics of boundary-domain integral and
integro-differential equations for BVP with variable coefficient in 3D, Computational Mechan-
ics, 51 (2013), 495-503.

D. Hilbert, Grundziige einer allgemeinen Theorie der linearen Integralgleichungen, Teubner,
Leipzig-Berlin, 2nd edition, 1924.

G. C. Hsiao and W. L. Wendland, Boundary Integral Equations, Springer, Berlin, 2008.

M. Kohr and W. L. Wendland, Variational boundary integral equations for the Stokes system,
Applicable Anal., 85 (2006), 1343-1372.

O. A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow, Gordon &
Breach, New York, 1969.

E. E. Levi, I problemi dei valori al contorno per le equazioni lineari totalmente ellittiche alle
derivate parziali, Mem. Soc. Ital. dei Sc. XL, 16 (1909), 1-112.

J. L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications,
Springer, Berlin, 1973.

W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge Univer-
sity Press, 2000.

S. G. Michlin and S. Préssdorf, Singular Integral Operators, Springer Berlin, 1986.

S. E. Mikhailov, Traces, extensions and co-normal derivatives for elliptic systems on Lipschitz
domains, J. Math. Anal. Appl., 378 (2011), 324-342.

S. E. Mikhailov, Localized boundary-domain integral formulations for problems with variable
coefficients, Engineering Analysis with Boundary Elements, 26 (2002), 681-690.

S. E. Mikhailov and N. A. Mohamed, Numerical solution and spectrum of boundary-domain
integral equation for the Neumann BVP with variable coefficient, Internat. J. Comput. Math.,
89 (2012), 1488-1503.

S. E. Mikhailov and I. S. Nakhova, Mesh-based numerical implementation of the localized
boundary-domain integral equation method to a variable-coefficient Neumann problem, J.
Eng. Math., 51 (2005), 251-259.

S. E. Mikhailov and C. F. Portillo, BDIE system to the mixed BVP for the Stokes equations
with variable viscosity, In Integral Methods in Science and Engineering: Theoretical and
Computational Advances, C. Constanda and A. Kirsh, eds., Springer, Boston, (2015), 401
412.

S. E. Mikhailov and C. F. Portillo, Analysis of boundary-domain integral equations based on a
new paramatrix for the mixed diffusion BVP with variable coefficient in an interior Lipschitz
domain, Journal of Integral Equations and Applications, forthcoming (2018). Available at
https://projecteuclid.org:443/euclid.jiea/1541668069.

C. Miranda, Partial Differential Equations of Elliptic Type, 2nd edn., Springer, 1970.

A. Pomp, Levi functions for linear elliptic systems with variable coefficients including shell
equations, Comput. Mech., 22 (1998), 93-99.

A. Pomp, The Boundary-domain Integral Method for Elliptic Systems. With Applications in
Shells, volume 1683 of Lecture Notes in Mathematics. Springer, Berlin-Heidelberg-New York,
1998.


http://www.ams.org/mathscinet-getitem?mr=MR2577510&return=pdf
http://dx.doi.org/10.1216/JIE-2009-21-4-499
http://dx.doi.org/10.1216/JIE-2009-21-4-499
http://www.ams.org/mathscinet-getitem?mr=MR2529616&return=pdf
http://dx.doi.org/10.1216/JIE-2009-21-3-407
http://dx.doi.org/10.1216/JIE-2009-21-3-407
http://www.ams.org/mathscinet-getitem?mr=MR937473&return=pdf
http://dx.doi.org/10.1137/0519043
http://www.ams.org/mathscinet-getitem?mr=MR623608&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3742162&return=pdf
http://dx.doi.org/10.1002/mma.4562
http://dx.doi.org/10.1002/mma.4562
http://dx.doi.org/10.1002/mma.4562
http://www.ams.org/mathscinet-getitem?mr=MR3038172&return=pdf
http://dx.doi.org/10.1007/s00466-012-0777-8
http://dx.doi.org/10.1007/s00466-012-0777-8
http://www.ams.org/mathscinet-getitem?mr=MR0056184&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2441884&return=pdf
http://dx.doi.org/10.1007/978-3-540-68545-6
http://www.ams.org/mathscinet-getitem?mr=MR2273914&return=pdf
http://dx.doi.org/10.1080/00036810600963961
http://www.ams.org/mathscinet-getitem?mr=MR0254401&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0350179&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1742312&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR881386&return=pdf
http://dx.doi.org/10.1007/978-3-642-61631-0
http://www.ams.org/mathscinet-getitem?mr=MR2772469&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2010.12.027
http://dx.doi.org/10.1016/j.jmaa.2010.12.027
http://www.ams.org/mathscinet-getitem?mr=MR2949461&return=pdf
http://dx.doi.org/10.1080/00207160.2012.679733
http://dx.doi.org/10.1080/00207160.2012.679733
http://www.ams.org/mathscinet-getitem?mr=MR2136853&return=pdf
http://dx.doi.org/10.1007/s10665-004-6452-0
http://dx.doi.org/10.1007/s10665-004-6452-0
http://www.ams.org/mathscinet-getitem?mr=MR3727954&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0284700&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1638252&return=pdf
http://dx.doi.org/10.1007/s004660050343
http://dx.doi.org/10.1007/s004660050343
http://www.ams.org/mathscinet-getitem?mr=MR1631644&return=pdf
http://dx.doi.org/10.1007/BFb0094576
http://dx.doi.org/10.1007/BFb0094576

3088 C. FRESNEDA-PORTILLO AND S. E. MIKHAILOV

24]

[25]

[26]

27)

(28]
29]
(30]

(31]

B. Reidinger and O. Steinbach, A symmetric boundary element method for the Stokes problem
in multiple connected domains, Math. Meth. Appl. Sci., 26 (2003), 77-93.

C. Le Roux and B. D. Reddy, The steady Navier-Stokes equations with mixed boundary
conditions: application to free boundary flows, Nonlinear Analysis, Theory, Methods € Ap-
plications, 20 (1993), 1043-1068.

J. Sladek, V. Sladek and S. N. Atluri, Local boundary integral equation (LBIE) method for
solving problems of elasticity with nonhomogeneous material properties, Comput. Mech., 24
(2000), 456-462.

J. Sladek, V. Sladek and J.-D. Zhang, Local integro-differential equations with domain ele-
ments for the numerical solution of partial differential equations with variable coefficients, J.
Eng. Math., 51 (2005), 261-282.

O. Steinbach, Numerical Approximation Methods for Elliptic Boundary Value Problems,
Springer Berlin, 2007.

A. E. Taigbenu, The Green Element Method, Kluwer Academic Publishers, Boston-Dordrecht-
London, 1999.

H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North-Holland,
Amsterdam, 1978.

W. L. Wenland and J. Zhu, The boundary element method for three dimensional Stokes flow
exterior to an open surface, Mathematical and Computer Modelling, 6 (1991), 19-42.

[32] T. Zhu, J.-D. Zhang and S. N. Atluri, A local boundary integral equation (LBIE) method in

computational mechanics, and a meshless discretization approach, Comput. Mech., 21 (1998),
223-235.

[33] T. Zhu, J.-D. Zhang and S. N. Atluri, A meshless numerical method based on the local

boundary integral equation (LBIE) to solve linear and non-linear boundary value problems,
Eng. Anal. Bound. Elem., 23 (1999), 375-389.

Received October 2018; revised January 2019.

E-mail address: c.portillo@brookes.ac.uk
E-mail address: sergey.mikhailov@brunel.ac.uk


http://www.ams.org/mathscinet-getitem?mr=MR1943111&return=pdf
http://dx.doi.org/10.1002/mma.347
http://dx.doi.org/10.1002/mma.347
http://www.ams.org/mathscinet-getitem?mr=MR1216499&return=pdf
http://dx.doi.org/10.1016/0362-546X(93)90094-9
http://dx.doi.org/10.1016/0362-546X(93)90094-9
http://www.ams.org/mathscinet-getitem?mr=MR2136854&return=pdf
http://dx.doi.org/10.1007/s10665-004-3692-y
http://dx.doi.org/10.1007/s10665-004-3692-y
http://www.ams.org/mathscinet-getitem?mr=MR2361676&return=pdf
http://dx.doi.org/10.1007/978-0-387-68805-3
http://www.ams.org/mathscinet-getitem?mr=MR503903&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1104998&return=pdf
http://dx.doi.org/10.1016/0895-7177(91)90021-X
http://dx.doi.org/10.1016/0895-7177(91)90021-X
http://www.ams.org/mathscinet-getitem?mr=MR1633729&return=pdf
http://dx.doi.org/10.1007/s004660050297
http://dx.doi.org/10.1007/s004660050297
mailto:c.portillo@brookes.ac.uk
mailto:sergey.mikhailov@brunel.ac.uk

	1. Introduction
	2. Preliminaries
	3. Parametrix and remainder
	4.  Parametrix-based volume and surface potentials
	5. The third cyanGreen identities
	6.  BDIE systems
	6.1.  BDIE system (M11_*)
	6.2.  BDIE system (M22_*)
	6.3. Equivalence of BDIE systems and BVP
	6.4. Boundary integral equations

	7. BDIE operators invertibility
	7.1. Operators M_*11 and M11
	7.2. Operators M_*22 and M22
	Acknowledgement

	REFERENCES

