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Abstract

In this paper, we construct boundary-domain integral equations (BDIEs) of the Dirichlet and mixed bound-
ary value problems for a two-dimensional variable-coefficient Helmholtz equation. Using an appropriate
parametrix, these problems are reduced to several BDIE systems. It is shown that the BVPs and the formu-
lated BDIE systems are equivalent. Fredholm properties and unique solvability and invertibility of BDIE
systems are investigated in appropriate Sobolev spaces.

Keywords Helmholtz equation - Dirichlet problem - Mixed problem - Parametrix - Boundary-domain
integral equations - Equivalence - Fredholm properties

1 Introduction

Many problems of mathematical physics and engineering such as the ones associated with steady-state oscillations
(mechanical, acoustic, electromagnetic, etc.) lead to the Helmholtz equation. Since the fundamental solution of the
constant-coefficient Helmholtz equation is known explicitly, the boundary value problems (BVPs) for this equation can
be reduced to the boundary integral equations (BIEs), which have the advantage that the dimension of the problem is
reduced by one and the BIEs could be effectively solved numerically.

In applications, such as seismic or medical imaging, the coefficients in the Helmholtz equation become variable [26].
For such partial differential equations (PDEs) with variable coefficients, a fundamental solution is generally not available
in explicit form, preventing the reduction of BVPs for such PDEs to explicit BIEs. Instead, one can use a parametrix (Levi
function), which is more widely available, to reduce the variable-coefficient BVPs to either segregated or united direct
boundary-domain integral or integro-differential equations [19], BDIEs or BDIDEs. These equations are well studied
for Dirichlet, Neumann, and mixed (Dirichlet-Neumann) BVPs for variable-coefficient second-order scalar elliptic PDE
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n a
Au() = Y % [a(x) ;‘ix)] =f(x), xe€Q (1)

i=1

in 3D [6-9, 20, 23, 24] as well as in 2D [4, 5, 13].
However, this is not the case for the parametrix-based system of BDIEs for variable-coefficient Helmholtz equation

Au(x) + kz(x)u(x) =f(x), x € Q (1.2)

where k(x) is a real function of x, a(x) is a known variable coefficient, u is an unknown function, and f € L*(Q)is a given
function. Note that when Q = R" and k(x) is constant outside a bounded domain, (1.2) can be reduced to the Lippmann-
Schwinger type integral equation; see, e.g., [15, Section 8] for the case when a(x) is a constant in R”, and [11, 16, 17] for
the case when a(x) is a constant only outside a bounded domain in R”. In both cases, the integral equations can be con-
sidered as special cases of BDIEs. We also mention [1], where the numerical solutions of BDIE and BDIDE of the mixed
problem for PDE (1.2) are given (without analysis of the equivalence to the BVP or the solution existence and uniqueness).
Applying the previously developed techniques for the operator A in (1.1), in this paper, we shall construct and inves-
tigate BDIE systems for the Dirichlet and mixed (Dirichlet-Neumann) BVPs associated with PDE (1.2) in appropriate
function spaces in the two-dimensional case. The BDIEs in the n—dimensional cases with n > 3 can also be analyzed
in a similar way, although the scaling with the parameter r,, in the parametrix will not be needed in such cases because
the invertibility of the standard single layer potential operator will not depend on the domain size then.

2 Preliminaries

Let Q be a domain in R? bounded by a smooth curve 0Q. The set of all infinitely differentiable func-
tions on Q with compact support is denoted by D(Q). The function space D’(Q) consists of all continuous lin-
ear functionals over D(Q). The space of restrictions to Q of functions in D(R?) is denoted by D(Q). The space
H*(R?), s € R, denotes the Bessel potential space, and H~*(R?) is the dual space to H°(R?). We define
H'(Q) = {u € D'(Q) : u= Ul for some U € H*(R?)}, and H () is the space of functions in H'(Q) with zero traces
on 0Q. By H*(0Q2), we denote the Bessel potential spaces on the boundary 02 (cf., e.g., [18]).

For the scalar elliptic differential operator A given by

2

0 0
A= Z o [a(x)a—Xi], 2.1

i=1
we consider the Helmholtz equation
Au(x) + K @)u(x) = f(x), xeQ

where k(x) is a real function of x, a(x) is a known variable coefficient, u is an unknown function, and fis a given function
in Q. We assume that a, k € C®(Q) and 0 < ay < a(x) < a; < oo for some constants a, and a,, for all x € Q.

Letus denote A, :=A + k2. Following the definition given, e.g., in [10, 14, 21], for s € R the subspace H‘“O(Q;Ak) of
H*(Q) is defined as

HY(QA,) (= {g € H'(Q) : Aig € L*(Q)}, (2.2)
with the norm ”g”iﬁ«ﬂ(Q;Ak) = ||g||zv(9) + ||Akg||i2(9). Since Au—Au=kuel*Q) for ue H(Q), we get

H"(Q;A,) = H"°(Q:;A). Moreover, if s, < s, then we have the embedding H*"*((;A,) € H20(Q;A)).
Foru € H*(Q2), s > 3/2, the corresponding classical co-normal derivative operator on 0Q in the sense of traces denoted
by T¢* is given by
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X L ou)
T u(x) = Z a(@@)n;(x)y* gxx

i=1 l

2.3)

where n(x) is the outward (to Q) unit normal vector at the point x € dQ, and y™ is the trace operator.
Foru € H*(Q)and v € H'(Q), from the Gauss-Ostrogradsky theorem, we get

: u(x) dv(x)
/ VOAu()dx =~ Y / a@) ZER ) 4 / T u(x)y v()dsS,
Q -1 JQ ox; ox Q

From this, we obtain the first Green identity:
Elu,v) = — / V(O)Au(x)dx + / T u(x)ytv(x)ds,, (2.4)
Q 0Q

where
E(u,v) :=/a(x)Vu(x)'Vv(x)dx—/kz(x)u(x)v(x)dx
Q Q

is the symmetric bilinear form.

Even though the classical co-normal derivative is, generally, not defined for u € H*(Q), s < 3/2 (some examples are
provided in [23, Appendix A]), there exists the following continuous extension of this definition of the classical co-normal
derivative hinted by the first Green identity (2.4), foru € HS~°(Q;Ak), 1/2 <5 <3/2(see,e.g., [10], [18, Lemma 4.3],[21, 22]).

Definition 2.1 For u € H**(;A,), 1/2 < s < 3/2, the (canonical) co-normal derivative T*u € HS"(()Q) is defined in
the following weak form:

(T*u, w) o i= (A, 7/_1W)ﬂ + &,y w)

1 2.5)

= (Auy~'w), + E sy W), Yw e H3T(09Q).

In (2.5) and further on, y~! H3'?(a§2) — H?>7(Q) is a bounded right inverse to the trace operator
cHY(Q) > H 54(09) the notation (-, ) denotes the duality brackets between the spaces H~ : 2(0Q) and H> '_Y(()Q)
whlle (-, -)q denotes the duality brackets between the spaces H*~'(Q) and H'~*(Q), extending the usual L*-inner products.
The operator T+ : H* 0(Q,Ak) — H*3/2(9Q) is continuous for s > 1 /2. Moreover, as we observe from [21, Corollary 3.14],

TYu=T%uforu e H'(Q), s>3/2. (2.6)
By [10, Lemma 3.4], the first Green identity (2.4) in the form
(THu,y™v) = Eu,v) + (A, v) . 2.7)

holds foru € H'"*(Q:;A,) and v € H'(Q).
Interchanging the roles of u and v in the first Green identity (2.7) foru € H'(Q)and v € H'"*(Q;A,), we obtain the first Green
identity for v,

(T, 7 u) = E,u) + (Apv,u) . (2.8)
Then, subtracting (2.8) from (2.7), we obtain the second Green identity for u,v € H'O(Q;A,),

(A, vy = A,y =T u,y™v)  —(T*v,r%u) . 2.9)
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3 Parametrix-based potential operators
Definition 3.1 A function P(x, y) is a parametrix for the operator A, if
(AP y) = 6(x —y) + R (x,y),
where 6 is the Dirac-delta distribution, while R, (x, y) is a remainder possessing at most a weak singularity at x = y.

Based on [19], the function

Lo < lx =yl
za(y) Ty

1
P(r.y) = —=Py(x)) = 3 ) xyeR?

6))

where r, > 0 is a constant parameter, is a parametrix for the operator A. Note that

lx =yl
Ty

1
Pr(x,y) = Zln( ), ry >0, x,yER2 3.1

is a fundamental solution of the Laplace operator, A (cf., e.g., [18, Theorem 8.1]). We can also take P(x, y) as a parametrix
for the operator A,. Then, the corresponding remainder function becomes

R.(x,y) = KF()P(x,y) + R(x,y),  x,y € R, (3.2)

where

2

X =Y da(x) )
R(x,y) = R x,y € R*,
() Z‘ 2za(y)lx — y|* ox; g

is the remainder function for the operator A and is weakly singular due to the smoothness of the function a(x). Hence,
R, (x,y) is also weakly singular, and thus, P(x, y) is, indeed, a parametrix for the operator A,.

3.1 Surface potentials

The single and the double layer surface potential operators corresponding to the parametrix P(x, y) are defined for y ¢ 0Q as
Ve(y) 1= — / P(x,y)g(x)dS,, We(y) :=— / [T} P(x, y)| g(x)dS,
oQ aQ

where the integrals are understood as the appropriate dual products if the scalar density function g is not integrable.

The corresponding boundary integral (pseudodifferential) operators of direct surface values of the single layer potential V
and of the double layer potential W, and the co-normal derivatives of the single layer potential VW', and of the double layer
potential L7, for y € 0Q, are

Ve(y) i=— / P(x,y)g(x)dS,, We(y) 1= — / [TFP(x,y)| gx)dS,.
oQ oQ 3.3)
Wg(y) 1= - / [Ty+ P(x, y)]g(x)de, L7g(y) :=TTWg().
0Q

Let Vy, Wa, Vi, W, and LJA“ denote the potentials and the boundary operators corresponding to the Laplace operator
A. That is, the subscript A means that the corresponding surface potentials are constructed by means of the fundamental
solution (3.1) of the Laplace operator A. Then, the following relations hold in 2D (cf. [13]).

1 1
Vg = ;VA& Wg = ;WA(ag) 3.4
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1 1
Vg = =Vag, Wg = =Wh(ag),
a a

wsewig[od (4)]s

L= (a9 + [a ()] Waag).

The following two theorems are proved in [13, Theorem 1 and Theorem 2].

Theorem 3.2 Letu € H_%(()Q) andv € H% (0Q). Then, the following relations hold for y € 02,

Y Vu@y) = Vu(y),

Y Wi(y) = —%v(y) + W),

THViy) = 2u(s) + W',
Theorem 3.3 Fors € R, the following operators are continuous,

vV HOQ) » H3(Q),
W H'(0Q) — H 1 (Q),
VWW' © H(0Q) — H'' (0Q).

These theorems imply the following assertion.
Corollary 3.4 The following operators are continuous,
Vi HO0Q) — H%QA,), s> -
Wi H(0Q) » HFOQA), s>

Proof For g € H*(0Q), from Theorem 3.3, we get Vg € H”%(Q). Then,

2

A(Vg) = A(aVg) - Y 0,(Ved,a)
i=1
2

2
= A(V,p8) — Z 0,(Vgo,a) = — 2 0,(Vgo,a)
i=1 i=1

belongs to L2(Q) if s > —%. A similar proof holds for the operator W as well.

3.5)

(3.6)

3.7

(3.8)

3.9)

(3.10)

O

The compactness of the following surface potential operators in Corollary 3.5 follows directly from Theorem 3.3 and

Rellich compact embedding theorem, see, e.g., [18, Theorem 3.27].

Corollary 3.5 Fors € R, the following operators are compact,

VW, W' 1 H(0Q) — H*(0Q).
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Fors € R, I'; € 0Q, let us define the following subspaces of the space H*(d€2), (see, e.g., [27, pp 147):

H'(T')) := {y € H'(0Q) : suppy C T},
H;, (0Q) 1= {y € H'(0Q) : (w,1) =0},
Fli*(rl) ‘= {ll/ € FIS(FI) . <l[/, 1>a§z = O}

Corollary 3.5 implies the following assertion.
Theorem 3.6 Let I') and I, be non-empty smooth pieces of a curve 0Q. Then the operators
r Ver Wor W' H(T)) — H(Ty). 3.11)
are compact for s € R.
In (3.11) and further on, rl_l, r[‘z, etc. denote the corresponding restriction operators.
3.1.1 Invertibility of single layer potential operator on 8Q

It is well known that the kernel of the operator
VY, @ H3(0Q) — H3 (0Q), (.12)

with the parameter r, = 1in (3.1), is non-zero for some domains in 2D (see, e.g., [27, Theorem 6.22 proof]). Then, the
first relation in (3.5) and scaling imply a non-zero kernel also for V with r, > 0, for some domains £2.
The following result is proved in [13, Theorem 4].

Theorem 3.7 Lety € H*_.l/2

*

0Q). If Vy = 0 0n 0Q, then v = 0.

On the other hand, choosing for a given £ an appropriate parameter r,,, one can get the zero kernel for V not only on
the subspace H*_*l / 2(69) but also on the entire space H~'/2(0Q) and then prove the following invertibility assertion.

Theorem 3.8 Let Q C R? with ry > diam(Q). Then, the operator

Vi H3(0Q) — H3(0Q) (3.13)
is invertible.
Proof For r, = 1, the assertion is available in [13, Theorem 5]. For arbitrary r, > diam(Q), the invertibility of operator
(3.12) can be obtained by scaling the result for ry = 1, e.g., from Theorem 6.23 and reasoning following it in [27]. Then, the
first relation in (3.5) implies the invertibility of operator (3.13) as well. (Cf. also [2, Theorem 5.2] and [3, Theorem 6].)

O

Similarly to [5, Corollary 2.7], we obtain the following assertion.
Corollary 3.9 Let I'| be non-empty relatively open connected part of a curve 0Q. Then, the operator

Py B> — H:(I)

is bounded and Fredholm of index zero.
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Theorem 3.10 LetI'; be a non-empty relatively open connected part of the boundary curve 0Q with r, > diam(I";). Then,
the operator r. V. H:(I'y) » H2(I')) has a bounded inverse.
1
Proof Taking into account the condition r, > diam(I";), we can follow the proof of [5, Corollary 2.9]. O
Due to (3.9) and the second relation in (3.4), relation (3.7) can also be written as
C —[£++a—a(—ll+w>] on 0Q (3.14)
& o\~ 2 & : :

where Lg: =L (ag).
The following assertion is available, e.g., in [5, Theorem 2.10] (cf. [6, Theorem 3.6] in the 3D case).

Theorem 3.11 Let ', be a non-empty open smooth part of 0Q.
(i) Then, the operator
r L:HAT) - H (@I
1

is continuously invertible.
(il) Moreover, the operator

r (Lt =1y HiT) - HA(T)
is bounded, and the operator
r(ct =1y Hir) - HOA)
is compact.
3.2 Volume potentials

Similar to [4, 6, 19], we define the parametrix-based logarithmic and remainder volume potential operators, respec-
tively, as

Pey) := /Q Plx,y)gdx,  Rug(y) := /g Ry(x,y)g)dx, y € R,

Remark 3.12 As for the layer potentials, let P, denote the logarithmic potential for the operator A, that is,
Prgy) = /QPA(x, ygx)dx, x,y€ R,
where P, is the fundamental solution (3.1). Then,
Pg=1Pg Rug =P +Re, (3.15)

where R is the parametrix-based remainder volume potential operator for the remainder function R(x, y) and, see [13, 19],
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2
1
Rg = _; ; ai[PA(gaia)],
where 0, = d/0x;.

Theorem 3.13 Let Q be a bounded open region in R? with closed, infinitely smooth boundary 0Q. The following opera-
tors are continuous.

P H(Q) — H2(Q), 5> —%; (3.16)
R H'(Q) — H(Q), 5> —%; (3.17)
R, : H(Q) — H*T'(Q), 5> —%; (3.18)
R HY(Q) — HTI0Q), s> —%; (3.19)

TR, : H(Q) — H™:(0Q), s> (3.20)

Proof For (3.16) and (3.17), we refer to [13, Theorem 3]. From the second relation in (3.15), together with (3.16) and
(3.17), we obtain the continuity of (3.18). The continuity of the operators (3.19) and (3.20) is the direct consequence of

the trace theorem, Definition 2.1 of the co-normal derivative and relation (2.6). O

Corollary 3.14 The following operators are continuous.

P H(Q) — H0(Q:A)), s>0; (3.21)
R : H'(Q) — HOQA)), s> 1; (3.22)
Ry » HY(Q) — HO(QiA)), s> 1. (3.23)

Proof Using the continuity of operators (3.16), (3.17), and (3.18) and the space definition (2.2), we obtain the continuity
of operators (3.21), (3.22), and (3.23). O

Corollary 3.15 The following operators are compact.

R, H(Q) — H(Q), s> —%; (3.24)
VR, L HY(Q) — HTH0Q), s> —%; (3.25)
T*R, : H'(Q) — H3(0Q) s> % (3.26)

Proof The compactness of operators (3.24), (3.25), and (3.26) follows from (3.18), (3.19), and (3.20) and the Rellich
compact embedding theorem. O
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Corollary 3.16 The operator
Ry — R : H(Q) — HO(QA), s>0, (3.27)

is compact.

Proof From the second equation in (3.15), we see that R, g — Rg = P(k*g). Then, by (3.16) for s > —1/2, the operator
R, — R : H(Q) — H*"*(Q) is continuous, and the operator R, — R : H*(Q) — H*(Q) is compact. Hence, the operator
A(R, —R) : H*(Q) — H*(Q)is also continuous for s > —1/2, and the operator A(R, — R) : H*(Q) — L*(Q)is compact
for s > 0.

Further, A,(R,-R)=aAR, - R)+ ¥ (0,0)9,(R, - R) + (R, - R). The operator 9{(R, —R) : H'(Q) —» H**'(Q)
is continuous, and hence, the operator 9,(R; —R) : H'(Q) — H(Q) is compact for s > —1/2. Thus, the operator
AR, —R) : H(Q) — L*(Q) is compact for the operator A, with infinitely smooth coefficients, for s > 0. Hence, the
compactness of operator (3.27) follows from the space definition (2.2). O

Corollary 3.17 Let ', and T, be non-empty, non-intersecting parts of 0SQ2 such that 0Q = Fl U 1:2. Then, the operators
rrRr PR D HY@) — HTA(Y),
r TR THRy 2 H(Q) — HTHT),
are compact for s > %
Proof Theorem 3.13 implies that the following operators are continuous for s > %:
rrRy Q) — HYET)),
r TR D H(@) — H3 ().

Then, the proof follows from the compactness of the embeddings H”%(F DC H‘Y_%(Fl) and HS_%(Fl) C Hs_%(l",). The
proof holds true also for k = 0. O

4 The third Green identity

As, e.g.,in [4-6, 13], foru € H"*(Q;A,), we substitute P(x, y) for v(x) in Green’s second identity (2.9) for Q \ E(y), where
B_(y)is a disc of radius € centered at y and take the limit as € — O to arrive at the parametrix-based third Green identity

u+Ru—VTtu+Wytu=PAu in Q. 4.1)

Taking the trace of (4.1) and using relations (3.8) and (3.9), we obtain
%fru + 7y "R = VT u+Wytu=y"PAu  on 0Q. 4.2)

From Corollaries 3.4 and 3.14, we see that each term of (4.1) belongs to H'*(Q;A, ). Now, taking the co-normal deriva-
tive of (4.1) and using relation (3.10), we get

%T+M +T*Ru—W'T u+T*Wytu =T*PAu  on 0Q. 4.3)

If u € H'(Q) is a solution of equation Au=finQ, where f € L*(Q), then (4.1) becomes

u+Ru—VTtu+Wytu=Pf in Q. 4.4)



Journal of Mathematical Sciences

For some functions f, ¥, and @, let us consider a more general indirect integral relation associated with (4.4),

u+Ru—-VY¥+Wo=Pf in Q. 4.5)

Lemma 4.1 Letu e H(Q).f € L*(Q), ¥ € H_%(OQ), ® € H: (0Q) satisfy (4.5). Then, u belongs to H'"*($;A,) and is a
solution of PDE Ayu = f in Q, and

V¥ - TYu)(y) - W@ —ytu)(y) =0, yeQ. (4.6)

Proof As in [6, Lemma 4.1] in the 3D case for k = 0, from Corollaries 3.4 and 3.14, we conclude that all terms in
(4.5) except u belong to H'0(Q;A,). Then, (4.5) implies that u belongs to H'9(Q;A,) as well. Now, let us prove the
remaining results.

Subtracting (4.5) from (4.1), we obtain

V¥* — WO* = P[A,u—f] in Q, 4.7)
where ¥* := T*u — ¥ and ®* := y*u — ®. Multiplying equality (4.7) by a(y) and using relation (3.4) and (3.15), we get
VAlP* - WA(GQ*) = pA [Ak"‘ _f]’ in Q (48)

The application of the Laplace operator A to (4.8) gives

Au—f=0 in Q. 4.9)
This shows that u solves the differential equation A u = f in Q.
Substituting (4.9) into (4.7) leads to (4.6). O
Lemma 4.2

(i) Let¥* e HT%(()Q) and ry > diam(Q). If V¥* = 0in Q, then ¥* = 0 on 0Q.
(i) Let®* € H2(0Q)andry > 0. [f W®* = 0in Q, then ®* = 0 on 0Q.

Proof The assertion was proved in [13, Lemma 2] for r, = 1. Taking into account Theorem 3.8, we follow the proof of
[13, Lemma 2] almost word for word to obtain the assertion for arbitrary r, > 0. O

Lemma 4.3 Let 0Q2 = Fl U FZ, where I and Iy are non-empty, non-intersecting relatively open parts of the boundary
curve 0Q. Let ®* € Hz T,) and ¥* € H™ : () with ry > diam(I')). If

VE() - WO () =0, yeQ (4.10)
then ¥* = 0 and ®* = 0 on 0Q.

Proof Keeping in mind [18, Theorem 8.16], we follow the proof of [6, Lemma 4.2 (iii)] (See also [5, Lemma 2.12], [2,
Lemma 5.8], [3, Lemma 3]). O

Remark 4,4 The results of Lemmas 4.2 and 4.3 with no restriction on the parameter r, can be similarly obtained if
¥* € H,(0Q) and ¥* € H,2 (")), respectively.
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5 Boundary-domain integral equations of the Dirichlet BVP

Consider the Dirichlet BVP

Au=f  inQ

rtu =g, on 0Q, (5.1

for unknown function u € H'(Q), where f € L*>(Q)and ¢, € H ; (0Q) are given functions. The first equation is understood
in the distribution sense.

Let us derive and analyze BDIE systems for the Dirichlet BVP (5.1).

To reduce the variable-coefficient Dirichlet BVP (5.1) to segregated BDIE systems, we denote the unknown co-normal
derivative as y := T*u and further consider y as formally independent of u.

5.1 BDIE system (D1)

We substitute A,u and y*u from the Dirichlet BVP (5.1) into (4.1) and into its trace (4.2) to reduce the Dirichlet BVP (5.1)
to the BDIE system (D1) with the unknowns u and y:

u+Ru—Vy =F, in Q,

Y Ryu—Vy =y*Fy—q@, on 0Q, (DD
where
Fy=Pf—We, in Q (5.2)
The matrix form of system (D1) is .A,iu = F', where U = (u, y)' € H'O(Q:A,) x H_%(aﬂ),
Ak - [ 7+Rk -V 7= 7+F0 -9 | (53)

From the mapping prloperties of P and W provided in Sectionl 3, we get F, € H'"9(Q;A,). Moreover, the trace theorem
implies that y*F,, € Hz(0Q). Therefore, FleH L0(Q:A,) X H2(0Q). Due to the mapping properties of the operators
involved in (5.3) (see Section 3), the following operators are bounded:

AL H\(Q) x H3(0Q) — H'(Q) X H3 (0Q), (5.4)
Ay T HYO(Q:A)) x H:(0Q) — H'(QA,) x H (0%). (5.5)

Remark 5.1 F' = 0 if and only if (f, ¢,) = 0.

Proof If F' =0, then F, = 0 and y*F, + ¢, = 0. Consequently, ¢, = 0 on Q. From this and F,, = 0, we obtain that
Pf = 01in Q, and hence, f = 0in Q. The reverse implication is trivial. O

5.2 BDIE system (D2)

This system is obtained by substituting A« and y*u from the Dirichlet BVP (5.1) into (4.1) and into its co-normal deriva-
tive (4.3), with the unknowns u and y:
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u+Ru—Vy =F, in Q,
%l]/ +T*Ru—-W'y =T"F, on 0Q, 02)
where F|; is the relation (5.2). The system (D2) can be written in matrix form as
AU =7,
where
I+R -V F,
2. _ k 2 _ 0
Ak.— T+Rk %I_W/]s f—|:T+F0:|’
and F is given by (5.2). The following operators are bounded:
A H\(Q)x H™3(0Q) — H'(Q) x H2(0Q), (5.6)
A2 HY(QiA) X H2(0Q) — H'(QiAy) x H™3(9Q). (5.7)

Remark 5.2 F* = 0 if and only if (f, ¢,) = 0.

Proof 1f 7> = 0, then F, o = 0. From which we get
0= A(@aF,) = A(PAf) + AWA(py) =f in Q.

Then, the condition F;; = 0 gives W, (¢,) = 0 and Lemma 4.2(ii) implies that ¢, = 0 on dQ. The reverse implication is
trivial. -

6 Equivalence, Fredholm properties, and invertibility for BDIEs of the Dirichlet BVP

In this section, we first prove the equivalence of the Dirichlet BVP (5.1) to the BDIE systems (D1) and (D2), and then
we show the necessary conditions for the invertibility of the two corresponding operators to the BDIE systems.

Theorem 6.1 Let ¢, € H:(0Q) and f € LA(<).
(i) If some u € HY(Q) solves the BVP (5.1), then the pair (u, w)', where

w=Tue H:(0Q), 6.1)

solves BDIE systems (D1) and (D2). 1

(i) Letry > diam(Q). If a pair (u, w)' € H'(Q) X H™2(0Q) solves BDIE system (D1), then u solves BVP (5.1) and y
satisfies (6.1). ]

(iii) Letry > 0.Ifapair(u,y) € H'(Q) x H 2(0Q) solves BDIE system (D2), then u solves BVP (5.1), and y satisfies
(6.1).

Proof To prove (i), we letu € H'() be a solution of the BVP (5.1). Since A,u = f € L*(Q), we getu € H'0(Q;A,). Set-
ting w = T*u and recalling how BDIE system (D1) and (D2) are constructed, we obtain that the couple (u, y)' solves the
systems.
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To prove (ii) and (iii), let us assume first that a pair (1, )" € H'(Q) X H_% (0Q2) solves system (D1) or (D2). Due to the
first equation in the BDIE systems, the hypotheses of Lemma 4.1 are satisfied implying that u belongs to H'%(Q;A,) and
solves the PDE in the BVP (5.1) in Q. Moreover, the equation

Wipy —r @) - Vy =T () =0, yeQ, (6.2)

holds.
To prove the remaining parts of (ii), we let (u, w)' € H'(Q) x H -3 (0Q) solve system (D1). Taking the trace of the first
equation in (D1) and subtracting the second equation from it, we get the Dirichlet boundary condition

yfu=¢, on 0Q,
and substituting this in equation (6.2) we obtain
Vg —Ttuw)(») =0, yeQ.

Since r, > diam(£2), from Lemma 4.2 (i), we get y = Tu.

To complete (iii), we let (u,y) € H'(Q) x H 2(dQ) solve system (D2). It is already shown that u € H"*(Q:A,).
Moreover, all the remaining terms in the first equation of (D2) belong to H!°(Q;A,) due to the mapping properties of the
operators involved (see Section 3). Then, taking the co-normal derivative of the first equation in (D2) and subtracting the
second one from it, we get

v =T%u on 0Q.
Then, inserting this in (6.2) gives
Wipy—r"w(») =0, yeQ,
and Lemma 4.2 (ii) implies ¢, = y*u on 0Q. O
Theorem 6.1 implies the following two corollaries.

Corollary 6.2 Let ¢, € H?(9Q) and f € L*(Q).

(1) Letry > diam(Q). If a pair (u, w)' € HI(Q) X H_%(()Q) solves BDIE system (D1), it solves BDIE system (D2).
(i) Letry> 0. Ifapair(u,w) € H'(Q) X H 2(0Q) solves BDIE system (D2), it solves BDIE system (D1).

Corollary 6.3
(i) Letry > diam(Q). The homogeneous counterpart of BDIE system (D1) has a non-trivial solution in H' X H -3 (0QQ)
if and only if the homogeneous counterpart of the Dirichlet problem (5.1) has a non-trivial solution in HlI(Q).
(i) Letry > 0. The homogeneous counterpart of BDIE system (D2) has a non-trivial solution in H Q) x H 2(0Q) if

and only if the homogeneous counterpart of the Dirichlet problem (5.1) has a non-trivial solution in H'(Q).

Let us now analyze the Fredholm properties of operators (5.4), (5.5), (5.6), and (5.7). As a bi-product, we also
prove the invertibility of the corresponding operators for k = 0.

Theorem 6.4

(1) Ifry > diam(Q), then operator (5.4) is Fredholm with zero index.
(i) Ifry > 0, then operator (5.6) is Fredholm with zero index.
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Proof (i) Let r, > diam(€). Let us consider the auxiliary operator

.| =V
el 4
Then, the operator A! : H'(Q) X '%(dQ) — H'(Q)xH %((39) is bounded. It is invertible due to the invertibility of
its diagonal operators

[ H'(@©Q) > H'(@Q) and V:H :(0Q) — H:(0Q),

see Theorem 3.8. Due to the mapplng properties of the operators involved, the operator
Al Al HI(Q)XH_E(()Q)—>H1(Q)><H2(69)Where

A,L—Ai=[ R 0],

y"Ry O

is compact. Thus, operator (5.4) is Fredholm with index zero.
(ii) The operator .A2 H'(Q) X H_E 0Q) — H'(Q) x H_E (0Q2), where

, [ =V
““*—[o %,]

is bounded. It is also invertible due to the invertibility of its diagonal operators
[:H(@Q — H'(Q) and [:H3(0Q) — H3(0Q),
By Corollaries 3.5 and 3.15, the operator

A= A% H\Q) x H™2(0Q) — H'(Q) x H3(0Q),

where
R, O
2_ g2 _ k
Ak A* [ T+Rk _ W/ ] )
is compact. This implies that operator (5.6) is a Fredholm operator of index zero. O

Let us consider the particular cases of operators (5.4), (5.5), (5.6), and (5.7), for k = 0, that is,

Al L H\(Q) x H2(0Q) — H'(Q) x H3 (0Q), 6.3)
Al HY(Q:4) x H™2(0Q) —> H"(Q:A) X H3 (0Q), (6.4)
A2 2 HY(Q) x H2(0Q) — H'(Q) x H™3(9Q), (6.5)
A2 2 HYO(Q:A) X H2(0Q) — H"(Q:A) x H™3(0Q), (6.6)

where

I+ R -V , [I+R -V
AO_[)/+R —v]’ A _[T+R SI-W' |
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Theorem 6.5

(1) Ifry > diam(L2), then operators (6.3) and (6.4) are invertible.
(i) Ifry > 0, then operators (6.5) and (6.6) are invertible.

Proof The theorem for r, = 1 was proved in [13, Theorems 7 and 8]. Here, we update the proof for arbitrary r, > 0.

It is well known that the homogeneous Dirichlet problem (5.1) with k = 0, that is, with A, = A, where the operator A
is given by (2.1) and 0 < @, < a(x) < a, < oo, has only the trivial solution in H'°(Q;A) and H'(Q). This can be obtained,
e.g., from the first Green identity (2.7). Then, the equivalence Theorem 6.1 implies that operators (6.3), (6.4), (6.5), and
(6.6) are injective. By Theorem 6.4, operators (6.3) and (6.5) are Fredholm operators with zero index. Then, the injectivity
of operators (6.3) and (6.5) implies their invertibility (see, e.g., [18, Theorem 2.27]). ]

To prove invertibility of operator (6.4), we remark that for any FleH" O(Q,A) X H2(0Q)), a solutlon of the equa-
tion A]L{— F! can be written as U = (./41)_1.7:l where (A])‘ H'(Q) tz(()Q) - H(Q) XH_E(()Q) is the con-
t1nu0us inverse to operator (6. 3) But due to Lemma 4.1 the first equation of system (D1) with k=0 1mphes that

(.Al) IF e H'9(Q:A) x H™ 2 (0Q) and moreover, the operator(.A Yl HYO(QA) X H2(0Q) — H'YO(:A) X H—z(ag)
is continuous, which implies invertibility of operator (6.4).
The invertibility of operator (6.6) is proved in a similar fashion. O

Now, we are in the position to prove an analog of Theorem 6.4 for operators (5.5) and (5.7).
Theorem 6.6

(1) Ifry > diam(Q), then operator (5.5) is Fredholm with zero index.
(i) Ifry > 0, then operator (5.7) is Fredholm with zero index.

Proof By Theorem 6.5, we see that operators (6.4) and (6.6) are invertible. Due to Corollary 3.16, the operators

Ay = Ay HYO(Q:A)) x H™3(0Q) — H"(Q:A) x H%(ag),
A= A2 HYO(@QA) X H3(0Q) — HY(Q:A,) x H3(09),

where
Ry,—R O R,—R 0
1_ gl k 2_ 42 _ k
A=A [ 't (R, —-R) 0]’ A=Ay [ T*(R, - R) O]’
are compact, implying that operators (5.5) and (5.7) are Fredholm operators with index zero. O
Corollary 6.7

(1) Let ry > diam(Q). The homogeneous counterpart of the Dirichlet problem (5.1) has only the trivial solution in
HY(Q) if and only if operators (5.4) and (5.5) are invertible.

(i) Letry > 0. The homogeneous counterpart of the Dirichlet problem (5.1) has only the trivial solution in H'(Q) if
and only if operators (5.6) and (5.7) are invertible.

Proof If the homogeneous counterpart of the Dirichlet problem (5.1) has only the trivial solution in H'(€2), by Corollary
6.3(i), the operators (5.4) and (5.5) will be injective. Hence, these operators become invertible due to Theorem 6.4.

Conversely, if the operator (5.4) or (5.5 is invertible, the homogeneous counterpart of BDIE system (D1) can have
only the trivial solution in H'(Q) x H™2(dQ), and hence, the result follows from Corollary 6.3 (i).
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For operators (5.6) and (5.7), the proof is similar. O

7 Boundary-domain integral equations of the mixed BVP

Let 0Q = ED U EN, where 0€2;, and 0Q, are non-empty, relatively open, non-intersecting parts of 0Q. We will
derive and analyze the system of BDIEs for the following mixed BVP

Awi=f in Q
ru=g, on 09, (7.1)
Tu =y, on 0Qy,

for unknown function u € H'(Q), where f € L*(Q), ¢, € H ; (082p) anq vy €EH '%(aQN) are given functions.
Similar to the 3D case in [6] and the 2D case with k = Oin [5], we let ®, € H2(0Q)and ¥, € H 2(0Q) be some extensions of the
given function ¢, from 0€2, to d€2 and y, from 0, to 9€2, re~s]i)ectively. Then, an arblitrary extension® € H2(0Q) pre~serlving the
function space can be represented as® = @, + p withp € H2(0Qy);and ¥ € H 2(0Q)as¥ = ¥, + y withy € H 2(0Qp).
Considering (4.1), and restrictions of either (4.2) or (4.3) on the appropriate parts of 0Q, we reduce the BVP
(7.1) to four different BDIE systems. In each case, we substitute f for A u, ® = @, + ¢ for the boundary trace
y*uand ¥ =¥, +y for the co-normal derivative T*u, where @, and ¥, are considered known while the triple
(u,w, @) € HYO(Q:A,) X H 2(0Qp) X H2(0Qy) is to be found.

7.1 BDIE system (M11)

This system is obtained by considering the third Green identity (4.1) in &, the restriction of its trace (4.2) on 0€2,, and
the restriction of its co-normal derivative (4.3) on dQ,, with respect to the unknowns u, y, and ¢:

u+Ru—-Vy+We=F,, in Q,
YRy =V + Wo =y Fy— @, on 0Qp, M11)
T"Ru-Wy+Lro=T"F,—w, on 0Q,

where
The BDIE system (M11) can be rewritten in matrix form as
M u=F", (7.3)

where % = (u, y, @) € H'O(Q:A,) x H™3(0Q,) x H? (0Qy) and

I+R, -V w F,
+ +
M/il = raQDy Ri - raQDV rr?QDW > Fl = ra:sz Fo—ao |
r TR, —-r W' r [* r TTF, —y,
oy oy oy oy

Due to Corollaries 3.4 and 3.14, we get F, € H'9(Q:A,). Then we have F'! € H'0(Q:A,) x H (0Q,) x H™ 3 (9Qy)
and the operators

M HNQ) x H™3(09Q)) X H2 (0Qy) — H'(Q) X H(0Q),) X H™2(0Qy), (7.4)



Journal of Mathematical Sciences

M HYOQA) X H3(0Qp) x H3 (0Qy) — H'O(QiAy) X H2(0Q,) X H™2 (0Qy) (1.5)

are bounded.
Taking into account Lemma 4.3, we prove the following Remark in the same way as [6, Remark 5.1].

Remark 7.1 Let r, > diam(Q). '! = 0 if and only if (f, ®,, ¥,) = 0.
7.2 BDIE system (M12)

By taking the third Green identity (4.1) in € and its trace (4.2) on the whole boundary 02, we arrive at the system
M12):

u+Ru—Vy+We=F, in Q,

MI12
%(p +y"Ru—-Vy+We=y"F,—®, on 0Q, ( )

where F; is given by the relation (7.2). System (M12) can be rewritten in matrix form as
MPy=F2, (7.6)

where % = (u,, ) € H'O(Q:A,) x H™3(0Q,,) x Hz (9 and

F,
’ F2 [ 0 ]
rTFy— @

12 _
ME=1 R, -y ST+W

Note that F'* € H LO@A,) x H ; (0€2). Due to the mapping properties of the operators involved (see Corollaries 3.4
and 3.14, Theorem 3.13 and [13, Theorem 1]), we see that the operators

M2 - HY(Q) x H™3(0Qp) x H3(0Qy) — H'(Q) x HZ(09), 1.7)

M2 HYO@QiA) X H3(0Qp) x H2 (0Qy) — H'O(QiA,) X H (0Q) (7.8)

are bounded.

Remark7.2 Let¥, € H™3(0Q) with ro > diam(Q). Then, F'> = 0 if and only if (f, ®,, ¥,) = 0.

Indeed, the latter obviously implies the former. Conversely, let 7 12 = (Fy,ytFy— ®,) =0.From F, =0,we get f =0
and V¥, — W®; = 0 in Q. Again from y*F,, — ®, = 0, we get ®, = 0 on dQ. Hence, we obtain V¥, = 0 in Q, and the
result follows from Lemma 4.2 (i).

7.3 BDIE system (M21)

We obtain this system by using the third Green identity (4.1) on  and its co-normal derivative (4.3) on the whole
boundary 9€2:
ut+tRu—Vy+We=F, in Q,
(M21)

%lﬂ +T*Ru-W'w+Lro=T"Fy—¥, on 0Q,

where F) is given by (7.2). We rewrite the system (M21) in matrix form as
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M21%= fZl
k 9
where % = (u,y, @) € H'O(Q:A,) x H™3(0Q,,) x H (9 and

21 _ 21 __ FO
M = T*Ry 3 I-W' £+]’ }—_[TJfFO—‘I’O'

Here, ! € H"O(QA,) X H—%(ag). Due to the mapping properties of the operators involved in M?!, the following
operators are bounded.

M2 HY(Q) x H™3(0Qp) x H3 (0Qy) — H'(Q) X H™3(0Q), (1.9)
M2 s HY(QiA) x H2(0Q)) x H3 (0Qy) — H'(Q:A,) X H2(0Q). (7.10)

Remark 7.3 Letr, > 0. F*! = 0 if and only if (f, ®,, ¥,) = 0.

We prove this remark in the same way as Remark 7.2.

7.4 BDIE system (M22)

Here, we use the third Green identity (4.1) in Q, the restriction of its trace (4.2) on dQ and the restriction of its
co-normal derivative (4.3) on 0Q,, to get the system (M22),

u+Ru—-Vy+We=F, in Q,
1

—y+T"Ru-Wwy+Lo=TF,—-¥, on 0Q,

2 (M22)

%(p + 7yt Ru—Vw + We =yTF,—®, on 0Q,,

where F; is given by (7.2). Let us write the system (M22) in matrix form as
2 22
MU= F~,
where % = (u,y, ) € H'O(Q:A,) x H™3 (0Qp,) x H? (9Qy), and

[ 1+ R, -V w
1 ’ +
Miz = ", T*R, . <EI -Ww ) raQD/J

0!

1
. YR, - rmNV . <51 + W)

Fy
o, (THFy =%y |
. (ytF, — ®,)

From the mapping properties of the operators involved, 7** € H LO(QA,) x H _%((BQD) X H %(091\,) and the following
operators are bounded.

M2 H\Q) x H™3(0Q)) X H2(0Qy) — H'(Q) X H™2(0Q,) X HZ(0Qy), (7.11)
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M 2 HW(QA) X H3(0Qp) x H3 (0Qy) — H'O(QiA) X H™3(9Q),) X H2 (0Qy). (7.12)
Taking into account Lemma 4.3, we prove the following remark in the same way as [6, Remark 5.11].

Remark 7.4 Letr, > diam(Q). 7** = 0 if and only if (f, @, ¥,) = 0

8 Equivalence, Fredholm properties, and invertibility for BDIE operators of the mixed BVP
Let us prove that the mixed BVP (7.1) is equivalent to the BDIE systems (M11), (M12), (M21), and (M22).

Theorem 8.1 Let @, € H% (0Q)and ¥, € H—%(ag) be some extensions of ¢, € H% (082p) and y € H_é (0Qy), respec-
tively, and let f € L*(Q).

(i) If someu € H'(Q) solves the mixed BVP (7.1), then the triple (u,w, @) € H'(Q) X ITI_% (082p) X ITI% (0Q2y), where
v =T"u-Y,, p=y7"u—®, on 0Q, (8.1)

solves the BDIE systems (M11), (M12), (M21) and §M22)

(ii) Letry > diam(Q). If a triple (u, w, @) € HY(Q) x H_E(aQD) X Hz (082y) solves one of the BDIE systems (M11) or
(M12) or (M22), then u solves BVP (7.1), and relatlons (8 1) hold.

(iii) Letry > 0. If a triple (u,w, )’ € H'(Q) X H_'(()QD) X HZ(()QN) solves the BDIE system (M21), then u solves
BVP (7.1), and relations (8.1) hold.

Proof To  prove (i), we letu € H'(Q) be a solution to BVP (7.1). Then, for y and ¢ defined by (8.1), we gety € H™ (OQD)
andp € H: (0€2y). Recalling how the four BDIE systems were constructed, the result immediately follows from relations
(4.1)—(4.3).

To prove (ii) and (iii), let us first assume that a triple (u, w, @)’ € H'(Q) X H_E(GQD) X Hz (0Q2y) solves either the
BDIE system (M11) or (M12) or (M21) or (M22). The first equation of each system and Lemma 4.1 with ¥ =y + ¥,
and ® = ¢ + ®; imply that u solves the PDE A u = f on Q and the relation

VP* — Wd* =0 in Q (8.2)
holds for
V'=¥,+y—T'u and ®* =0,+¢—yTu. (8.3)

Whenever in the remaining proof we take the trace or co-normal derivative of the first equation of each system, we
make use of relations (3.8)—(3.10) and the last equatlon 1n (3.3).

Proof for (M11). Let a triple (u, y, @) € H'(Q) X H_E(aQ ) X Hz (0€2y) solve the BDIE system (M11). Taking the
trace of the first equation in (M11) on 0€2;, and subtracting the second equation from it, we obtain

yfu=¢, on 0Qp, (8.4)

i.e., u satisfies the Dirichlet condition in (7.1). We now take the co-normal derivative of the first equation in (M11) on
0Qy and subtract the third equation from it to get

T*u=1y, on 0Qy, (8.5)

i.e., u satisfies the Neumann condition in (7.1). Taking into account that ¢ = 0, @, = ¢, 0n 0Qp and y =0, ¥, =y
on 0Qy, (8.4) and (8.5) imply that the first equation in (8.1) is satisfied on 0Q), and the second equation in (8.1) on 0Q,.
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From this and relation (8.3), we have v e [Tl_é(aQD) o e ITI%(()QN) Since relation (8.2) holds and r;, > diam(d<2},),
from Lemma 4.3, we get ¥* = ®@* = 0, which completes the proof of condltlons (8.1).

Proof for (M12). Now, let a trlple (u,y, ) € H(Q) x H™> (0Q2p) X H (0€2y) solve BDIE system (M12). Taking trace
of the first equation in (M12) on dQ2 and subtracting the second one from it, we obtain

yfu=®,+¢ on 9Q, (8.6)

which means that the second equation in (8.1) holds. Since ¢ = 0, ®, = ¢, on 0€2;,, we see that the Dirichlet condition
in (7.1) is satisfied.
Due to (8.6), the second term in (8.2) vanishes and by Lemma 4.2(i), we obtain

Y,+y —Ttu=0 on 0Q, (8.7)

which shows that the first equation of (8.1) is satisfied as well. Since y = 0, ¥, = y,, on 0L, (8.7) implies that u satisfies
the Neumann boundary condition in (7.1).

Proof for (M22). Now, let a triple (u, w, @)’ € H'(Q) X H_' (082p) X Hz (0€2y) solve the BDIE system (M22). Taking
the co-normal derivative of the first equation in (M22) on 0, and subtracting it from the second equation, we obtain

w=T"u-"¥, on dQ,. (8.8)
Taking the trace of the first equation in (M22) on 02y and subtracting it from the third equation yields
=y u—®, on IQ,. (8.9)

Equations 8.8 and 8.9 1m91y that the first equatlon in (8.1) is satisfied on d€2;, and the second one on 0€2,. Due to (8.8)
and (8.9), we have ‘I‘* € H 2(0Qy), ®* € Hz (0€2p) in (8.2) and (8.3). Then, Lemma (4.3) withI'; = 0Qy and I, = 0Q,
implies that ¥* = @* = 0, which completes the proof of conditions (8.1) on the whole boundary 0€2. Taking into account
thatp = 0, D, = @, 0n 0Q, and y = 0,¥, = y; on 0QN, (8 1) 1mp11es the boundary conditions in the mixed BVP (7.1).

Proof for (M21). Let a triple (u, y, @)’ € H'(Q) X H'E (082p) X H2 (0€2y) solve the BDIE system (M21). We take the
co-normal derivative of the first equation in (M21) on 0Q and subtract the second equation from it to obtain

wv+%,—-T'u=0 on 0Q, (8.10)

which is the first equation of (8.1). Since y = 0, ¥, = y;, on 0Ly, we see that u satisfies the Neumann condition in (7.1).
Due to (8.10), the first term in (8.2) vanishes and, by Lemma 4.2(ii), we obtain

Dy +¢—ytu=0 on oQ, 8.11)

which means that the second condition in (8.1) holds as well. Since ¢ = 0, ®, = ¢, on 0Q,, from (8.11), we see that u
satisfies the Dirichlet boundary condition in (7.1).

Corollary 8.2 Let ®, € H% (0Q) and ¥, € H_%(éﬂ) be some extensions of @, € H% (0Q2p) and y, € H_% (0Qy), respec-
tively, and let f € L*(Q).

() Letry> diam(Q). If a triple (u, y, @) € H'(Q) x H™(0Qp,) x H(9Qy) solves the BDIE system (M11) or (M12)
or (M22), then it solves all the other three BDIE Systems.

(i) Letry> 0. Ifatriple (u,w, @) € H'(Q) x H_E(OQD) X H 2(0Qy) solves the BDIE system (M21), then it solves
(M11), (M12) and (M22).
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Corollary 8.3

(i) Letry> dlam(Q) The homogeneous counterpart of BDIE system (M11) or (M12) or (M22) has a non-trivial solu-
tion in H(Q) x H_i (082p) X Hz (082y) if and only if the homogeneous counterpart of the mixed problem (7.1) has
a non-trivial solution in H'(Q).

(i) Let ry>0. \ The homogeneous counterpart of BDIE system (M21) has a non-trivial solution in
H'(Q) x H> 2(082p) X H: (082y) if and only if the homogeneous counterpart of the mixed problem (7.1) has a non-
trivial solution in H (Q).

Now, we prove the Fredholm property of the corresponding operators of the BDIE system (M11), (M12), and (M21).
Theorem 8.4

(1) Ifry > diam(Q), operators (7.4) and (7.7) are Fredholm with index zero.
(i) Ifry > 0, operator (1.9) is Fredholm with index zero.

Proof Here, we follow the arguments similar to the ones used in [6, for 3D case].
Operator (7.4). To prove the Fredholm property of operator (7.4), let us consider the operator

I -V w
MU 0 —rmDV 0 .
0 0 r L

where £ is given by (3.14).
The operator M i 'is an upper triangular matrix operator with the following scalar diagonal operators,

1:H(Q) — H'(Q),
Vv HH00,) — H3(0Q,),

r
0Qp

r L HY09Qy) — H3(09y),

oQy

that are invertible (due to Theorems 3.10 and 3.11(i) for the second and third operators). Along with the mapping proper-
ties of the operators V and W (see Theorem 3.3), the operator

M H\(Q) x H3(0Qp) x H? (0Qy) — H'(Q) x H3 (9Q,,) x H™2 (0,
is invertible. The operator

M= M H Q) x H3(09Q),) X H2 (0Qy) — H'(Q) X H3(0Q)) X H™2(09y),

where
Ry 0 0
+
./\/l]lcl —M}kl = rmDy Rk 0 rmDW
r TR,  -r W' r (£+—£>
oy aQy oQy

is compact due to Corollaries 3.15 and 3.17 as well as Theorems 3.6 and 3.11(ii). Hence, (7.4) is a Fredholm operator
with zero index.
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Operator (7.7). Let us denote

Then,
M2 2 H\(Q) x H3(0Q)) x H2(0Qy) — H'(Q) x H3 (0Q)

is bounded. To show the invertibility of /\/l}f, taking into account Theorem 3.10, we follow the proof for 3D case in [6].
Consider the equation

M2y =F (8.12)

with an unknown vector % = (u, y, p)' € H'(Q) x H3 (9Qp) x H (9Qy) and a given vector F := (F,, F,)' € H'(Q) X H3 (09).
Rewrite (7.9) componentwise as

u—Vy +We=F, inQ, (8.13)
1 ~
E(p—Vu/=F2 on 0. (8.14)
The restriction of (8.14) on 09, gives
—r o VW =150 F. (8.15)

Due to Theorem 3.10, (8.15) is uniquely solvable, i.e., for arbitrary I’NT2 (S H3 (0Q) there exists a unique y € ﬁ‘%(agn)
satisfying (8.15). Moreover,

~ ~ 1
[Vl// + Fz] € H(09y). (8.16)
Then, (8.14) along with (8.16) yields that ¢ is defined also uniquely as
o= 2[1/1,/ + E] € H(09y).

Hence, (8.14) with arbitrary F, € H3 (9) defines ¢ € Hz(9Qy) and w € H™> (0Qp,) uniquely. Since Vi, We € H' (),
from (8.13) we obtain that

u:Vy/—W(p+1?71 in Q,

showing that the function u € H'(Q) is also defined uniquely. The above arguments show that operator M}FZ is invertible.
Due to Corollaries 3.5 and 3.15, the operator

M2 = M2 2 H(Q) x H3(0Q)) x H2 (0Qy) — H'(Q) x HZ(0Q)
where

R 0 0
12 _ aq12 . k
M =M Y Ry 0 W’
is compact. Then, operator (7.7) is Fredholm of index zero.
Operator (7.9). The proof for operator (7.9) follows by the arguments similar to those in the proof for operator (7.7). Let
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Then,

M H(Q) x H™2(0Qp) x H (0Q) — H'(Q) x H™2(09)

is bounded. Since the operators I : H'(Q) — H'(Q) and L:H ; (0Qy) - H -3 (0Q) are invertible, using similar arguments

as in the proof of the operator (7.7), we can show that Mil is invertible.
Due to the mapping properties of the operators involved, the operator

M2 — A2 HNQ) x H3(0Qp) x H3(0Qy) — H'(Q) X H™2(0Q),

where

21 21 . Ry 0 0
S

is compact implying that ./\/l]%l is Fredholm operator of index zero.

Let us consider the particular cases of operators (7.4), (7.5), (7.7), (7.8), (7.9), and (7.10), for k = 0, that is,

MU HYQ) x H3(0Qp) x H3(0Qy) — H'(Q) X H3(0Q),) X H™3(0Qy),
MU HYO(Q:A) x H3(0Q)) X H2 (0Qy) — H"(Q:4) X H3(9Q),) X H™3(0Qy),
M2 HY(Q) x H™3(0Qp) x H3(0Qy) — H'(Q) x H2(0Q),

M2 HY(QiA) x H3(0Qp) x H3 (0Qy) — H'Y(Q:A) x H (0Q),

M2': H\Q) x H™3(0Qp) x H2(0Qy) — H'(Q) X H™2(0Q),

M HYO(Q:A) x H3(0Q)) X H2 (0Qy) — H"Y(Q:A) X H™2(0Q).
where

I+R -V w

1 _ + _
M() = rasz[,y R rdszDv raszDW >
r T"R —-r W' r LF
oy oy oy

[I+R -V w
| T*R =W L]

I+R -V W

12 _
Mo =1 g -V I+W)

21 _
My =

(8.17)

(8.18)

(8.19)

(8.20)

8.21)

(8.22)
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Theorem 8.5

(1) Ifry > diam(L2), then operators (8.17), (8.18), (8.19), and (8.20) are invertible.
(i) Ifry > 0, then operators (8.21) and (8.22) are invertible.

Proof This theorem for r, = 1 was proved in [12, Theorem 3.25]. Here, we update the proof for arbitrary r, > 0 similar
to Theorem 6.5 for the BDIE system of the Dirichlet problem.

It is well known that the homogeneous mixed problem (7.1) with k = 0, that is, with A, = A, where the operator A is
given by (2.1) and 0 < g, < a(x) < a; < oo, has only the trivial solution in H"*(€;A) and H'(Q). This can be obtained,
e.g., from the first Green identity (2.7). Then, the equivalence Theorem 8.1 implies that all operators (8.17)—(8.22) are
injective. By Theorem 8.4, operators (8.17), (8.19), and (8.21) are Fredholm with zero index. Then, the injectivity of
operators (8.17), (8.19), and (8.21) implies their invertibility (see, e.g., [18, Theorem 2.27]).

To prove the invertibility of operator (8.18), we remark that for any
Fl' e HYO(Q;A) x H%(aQD) X H_%(aQN) , a solution of the equation M(I;Z/l =7F'" can be written as
U=MHTFT, where (M) HI(Q) x H2(0Q,) X H3(9Qy) — H'(Q) x H™2(0Q,) x H2(0Q,) is the con-
tinuous inverse to operator (8.17). But due to Lemma 4.1, the first equation of system (M11) with
k=0 implies that U= (./\/l(')l)‘llj’-'” GHl’O(Q;Ak)X[TI_%(GIQD)XITI%(@QN), and moreover, the operator
(MDY HYO(QA) x H (0Qp) X H™2(0Qy) — HO(Q:A,) x H™2 (92p) x H?(0Qy) is continuous, which implies the
invertibility of operator (8.18).

The invertibility of operators (8.20) and (8.22) is proved in a similar fashion. O

Now, we are in the position to prove an analog of Theorem 8.4 for operators (7.5), (7.8), and (7.10).
Theorem 8.6

(1) Ifry > diam(Q), operators (7.5) and (7.8) are Fredholm with index zero.
@) Ifry > 0, operator (7.10) is Fredholm with index zero.

Proof By Theorem 8.5, we see that operators (8.18), (8.20), and (8.22) are invertible. Due to Corollaries 3.16, the operators

M= M HYO(QiA) x H3(0Q)) X H2(0Qy) — H"Y(Q:A,) X H3(0Qp) X H™2(0Qy),
M2 = M HYOQiA) x H3(0Q)) X H (0Qy) — H'Y(Q:A,) X HZ(09),
M2 = M2 HYO(QiA) x H3(0Q)) X H2(0Qy) — H'(Q:A,) X H3(0Q).

where
Rk - R 0 0
M]il _— M(l)l = raQ y+(Rk _R) 0 0
- T*(R,—R)00
R,—R 00 R,—R 00
12 _ pq02 _ k 21 _ aq20 k
Me = Mo [y+(7zk—7z)00]’ MO M= R, —my 0 0
are compact, implying that operators (7.5), (7.8), and (7.10) are Fredholm operators with index zero. O

Due to Corollary 8.3 and Theorem 8.4, we obtain the following assertion.
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Corollary 8.7

(1) Letry > diam(Q). The homogeneous counterpart of the mixed problem (7.1) has only the trivial solution in H L)
if and only if the operators (7.4), (7.5), (7.7), and (7.8) are invertible.

(i) Letry > 0. The homogeneous counterpart of the mixed problem (7.1) has only the trivial solution in H'(Q) if and
only if the operators (7.9) and (7.10) are invertible.

Remark 8.8 Equivalence, Fredholm properties, and invertibility for BDIE operators (7.11) and (7.12), for M?2, are not
analyzed in Section 8. Note that they can be considered using a different approach similar to [9, Theorem 7.1], [12, Theo-
rem 3.31], cf. also [6, Theorems 5.15, 5.19].
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