Random Effects Models                                                                                                                                     Design of Experiments

To test for differences (variation) between the effects of the levels of factor B for the

entire population of levels of the factor, we test the null hypothesis
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Again, guided by the expected mean squares, we take as test statistic
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where large values discredit 
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Thus, the test procedures for the additive mixed model are the same as those for the additive fixed effects model, but the inference concerning the factor with random effects applies to an entire population of levels.

Estimation of the Variance Components
From the expected mean squares, we see that unbiased estimators of the two variance components are:

i)       
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  (the usual unbiased estimator of the error variance),

ii)      
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Derivation of the Expected Mean Squares

The model for the observed responses is
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Averaging in the model, we obtain, as 
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SSA can therefore be written
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Hence,
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applying result R1, given previously, to the second term on the right-hand side, with 
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, i = 1, …, r , which are independent random variables each with mean 0 and variance 
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Hence,  
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SSB can be written
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The 
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 are independent random variables, each with mean 0 and variance 
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The error sum of squares  SSE can be written
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Hence,
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Hence,  
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The Null Distributions of the F  Statistics
Consider the sum of squares for the fixed effects of factor A. From the previous section, under 
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Consider the sum of squares for the random effects of factor B. From the previous section,  
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and, hence, 
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Consider the residual sum of squares. From the previous section,
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It can also be shown that the sums of squares in the ANOVA breakdown are independent.

Hence, under 
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   is the 

ratio of independent (2 random variables, each divided by its degrees of freedom, and, hence, has an F distribution with  r – 1 and  (r – 1)(c – 1) d.f.

The distribution of FB under 
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Comparison of Pairs of Fixed Effects

The difference 
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Thus,  
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