Random Effects Models                                                                                                                                     Design of Experiments
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Using the computational formulae
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SSA(B will be found by subtraction in the following ANOVA table.

	Source of Variation
	     SS
	 DF
	  MS
	   F

	Main effects Analysts
	  5.0208
	   2
	2.5104
	5.519

	Main effects Thermometers
	  4.6146
	   3
	1.5382
	3.381

	Interaction

Analysts(Thermometers
	  2.7292
	   6
	0.4549
	2.079

	Error
	  2.6250
	 12
	0.2188
	   – 

	Total (corrected)
	14.9896
	 23
	    – 
	   – 


To test for differences between the main effects of analysts, for the population of analysts, we test the null hypothesis
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We take as test statistic  
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, and its observed value is

 significant at just above the 5% level (F2,6; 0.05 = 5.143). There is evidence of differences (variation) in the main effects of analysts on the determination of the melting point of hydroquinane, for the population of analysts.

To test for differences between the main effects of thermometers, for the population of thermometers, we test the null hypothesis
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We take as test statistic  
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, and its observed value is just significant at the 10% level (F3,6; 0.10 = 3.289). There is slight evidence of differences (variation) in the main effects of thermometers on the determination of the melting point of hydroquinane, for the population of thermometers.

To test for interaction effects between analysts and thermometers, for the populations of analysts and thermometers, we test the null hypothesis
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We take as test statistic  
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, and its observed value is not significant, even at the 10% level (F6,12; 0.10 = 2.283). There is no evidence of interaction effects between analysts and thermometers, for the populations of analysts and thermometers, and hence the effects of analysts and thermometers, on the determination of the melting point of hydroquinane, appear to be additive.

(ii)

Point estimates of the four components of variance are as follows:
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[Comment.  Thus, the variance of the main effects of analysts appears to make the

 greatest contribution to the variance of the values for the melting point of 

 hydroquinane, followed by the variance of the experimental error, the variance of the

 main effects of thermometers, with the variance of the interaction effects making the

 smallest contribution. (As there is no evidence that the variance of the interaction

 effects differs from zero, we could argue that there is no reason to estimate it.)] 

                                       The Additive Mixed Model

It sometimes happens with a two-factor experiment that the levels of one of the factors are fixed, while the levels of the other factor are selected at random from a large population of levels. The models for the observed responses in such experiments are called mixed models, as they contain terms for both fixed and random effects. We shall only consider the additive mixed model, where there are no interaction effects between the levels of the two factors.

As an example of an experiment for which a mixed model would be appropriate, consider an experiment to compare t given methods of teaching reading to children. Suppose each method is used to teach children in each of  s schools, where the schools are selected at random for the experiment from a large population of schools of a similar kind. Then the effects of the given teaching methods on the measured reading skills of the children are fixed, while the effects of the selected schools are random, resulting in a mixed model for the measured reading skills. If we can assume that there is no interaction between teaching methods and schools, then the mixed model would be additive.

In general, consider an experiment to compare the effects of two factors A and B on a given response variable. Suppose all r levels of factor A are used in the experiment, while c levels of factor B are selected at random, from a large population of levels, for use in the experiment. We shall deal with the case where only one response is obtained for each of the r(c treatment-combinations used in the experiment, and shall suppose that there is no interaction between the factors. Let 
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 denote the response for the ith fixed level of factor A, and the jth selected level of factor B. Then an appropriate model for the observed response is 
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For this model, the expectations and variances of the observed responses are
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Thus each observation has two variance components.

Using the results from the experiment, we shall want to test for differences between the effects of the r fixed levels of factor A, and for differences between the effects of all levels of factor B in the entire population of levels of this factor. We shall also want to estimate the variance components.

Analysis of Variance of Observed Responses
The analysis of variance for a two-way classification, with one observation per treatment-combination, given in a previous section, is 
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The following ANOVA table shows this breakdown, and the degrees of freedom of the sums of squares, together with the expected mean squares for the terms on the right-hand side, computed for the additive mixed model. The derivation is given later.
	Source of Variation
	   SS
	       DF
	  MS
	       EMS

	Effects A
	  SSA
	       r – 1 
	 MSA
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	Effects B
	  SSB
	       c – 1 
	 MSB
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	Error
	  SSE
	 (r – 1)(c – 1) 
	 MSE
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	Total (corrected)
	  SST
	      rc – 1 
	    – 
	             –


Hypothesis Testing

To test for differences between the effects of the r fixed levels of factor A, we test the null hypothesis
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Guided by the above expected mean squares, we take as test statistic
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