Random Effects Models                        Analysis of Experimental Data (Linear Models)

Random Effects Models                                                                                                                                     Design of Experiments

The interaction sum of squares  SSA(B  can be written
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Hence,    
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The error sum of squares  SSE  can be written
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Now 
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 is the mean of the group of errors 
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, k = 1, …, n  (i, j fixed), which are independent random variables each with mean 0 and variance 
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Hence,     
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The results for the expected mean squares apply also in the case n = 1 (except for the error mean square, which does not then exist), and do not depend on the normality assumption.

The Null Distributions of the F  Statistics
Under the normality assumption, any linear combination of the random variables in the random effects model is normally distributed

Consider the sum of squares for the main effects of factor  A. From the previous section,    
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Hence, by result R2, given previously, 
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Similarly, for the sum of squares for the main effects of factor B,
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Consider the error sum of squares. As 
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 ,  i = 1, …, r ,  j = 1, …, c .

Hence, using the above expression for  SSE, and applying result R3, given previously,
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To deal with the interaction sum of squares we need the following result (which can be shown from the distribution theory of quadratic forms, to be studied later).

 R6.  Let 
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,  i = 1, …, r ,  j = 1, …, c ,  be independent random variables, each

        distributed N(
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Consider the interaction sum of squares. Using the expression for SSA(B from the previous section, and applying result R6 above,
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[Note. The above distributional results can be used to obtain the variances of the mean

 squares, in the same way as for the single-factor experiment.]

It can also be shown that all the sums of squares in the ANOVA breakdown are independent.

Hence, the random variable 
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is the ratio of independent (2 random variables, each divided by its degrees of freedom, and, hence, has a F distribution with  r – 1  and  (r – 1)(c – 1)  d.f.

And, under the null hypothesis 
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The other null distributions are established in the same way.

Example 2.

An experiment was carried out to investigate variations in values for the temperature of the melting point of hydroquinane, determined by different analysts using a certain type of thermometer. Three analysts, and four thermometers of the given type, were selected for the experiment, and each analyst was required to make two independent determinations of the melting point, using each of the four thermometers. The following results were obtained (temperatures were measured in degrees Fahrenheit, and coded by subtracting 172 from each value).

	Analyst
	                             Thermometer
     1                    2                     3                    4

	     1

     2

     3
	2.0 , 1.5         1.0 , 1.5        –0.5 , 0.5         1.5 , 1.5

1.0 , 1.0         0.0 , 1.0        –1.0 , 0.0       –1.0 , 0.0 

1.5 , 1.0         1.0 , 1.5          1.0 , 1.0         0.5 , 1.0


The three analysts, and four thermometers, used in the experiment are to be regarded as random selections from large populations of such analysts and thermometers of the given type. For these populations

(i)   test for differences between the main effects of analysts, for differences between

       the main effects of thermometers, and for interaction effects between analysts and 

       thermometers,

(ii)  give estimates for the four components of variance.

State the model underlying the analysis.

Solution.

Let 
[image: image26.wmf]ijk
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 denote the kth determination made by the ith analyst selected, using the jth thermometer selected. We assume the model 
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