Random Effects Models                        Analysis of Experimental Data (Linear Models)

Random Effects Models                                                                                                                                     Design of Experiments

The following ANOVA table shows this breakdown, and the degrees of freedom of the sums of squares, together with the expected mean squares for the terms on the right-hand side, computed for the above random effects model. The derivation is given later.

	Source of Variation
	   SS
	       DF
	  MS
	       EMS

	Main effects A
	  SSA
	       r – 1 
	 MSA
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	Main effects B
	  SSB
	       c – 1 
	 MSB
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	Interaction A(B
	  SSA(B
	 (r – 1)(c – 1) 
	 MSA(B
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	Error
	  SSE
	     rc(n – 1)
	 MSE
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	Total (corrected)
	  SST
	      rcn – 1 
	    – 
	             –


Hypothesis Testing

To test for differences between the main effects of the levels of factor A for the entire population of levels of the factor, we test the null hypothesis that the main effects are the same for the entire population of levels, or, equivalently, that there is no variation in the main effects over the entire population of levels. Thus we test
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From the expected mean squares in the above ANOVA table, we see that
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This suggests that take as test statistic, for testing 
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 , where large values discredit 
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 has an F distribution with  r – 1  and  (r – 1)(c – 1)  d.f. 

[Note. The test statistic compares the mean square for the main effects of factor A
 with the interaction mean square, and not with the error mean square. This is an

 important difference between the test procedures for the random effects and fixed

 effects models.]

Similarly, to test for differences between the main effects of the levels of factor B for the entire population of levels of the factor, we test the null hypothesis
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Guided by the expected mean squares, as above, we take as test statistic 
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Finally, to test for the presence of interaction effects for the entire populations of levels of the two factors, we test the null hypothesis (of no interaction effects for the entire populations of levels) 
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Again, guided by the expected mean squares, we take as test statistic
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The derivation of the null distributions of the F statistics is discussed below.

Estimation of the Variance Components

Unbiased estimators for the four variance components can be constructed by inspection of the above expected mean squares. Thus:-

i)                                    
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       is the usual unbiased estimator of the error variance 
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ii)    We see that  
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iii)  We see that 
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iv)   Similarly, an unbiased estimator of the component of variance 
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Although we shall not give them here, the variances of the means squares can be obtained using the distributional results given below, and hence the variances of the

above estimators derived, in the same way as for the single-factor experiment. 

Case where n = 1.
With only one response 
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 for the ith selected level of factor A, and  jth selected level of factor B,  i = 1, …, r ,  j = 1, …, c , there is no ‘within-sample’ variation, and hence no error sum of squares. The analysis of variance breakdown becomes 
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The following ANOVA table shows this breakdown, and the degrees of freedom of the sums of squares, together with the expected mean squares for the terms on the right-hand side, computed for the random effects model (these correspond to taking   n = 1 in the previous expressions).

	Source of Variation
	   SS
	       DF
	  MS
	       EMS

	Main effects A
	  SSA
	       r – 1 
	 MSA
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	Main effects B
	  SSB
	       c – 1 
	 MSB
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	Interaction A(B
	  SSA(B
	 (r – 1)(c – 1) 
	 MSA(B
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	Total (corrected)
	  SST
	      rc – 1 
	    – 
	             –


Hypothesis Testing
Although there is no error sum of squares arising from ‘within-sample’ variation, we can still test each of the null hypotheses 
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Thus, for the random effects model, with one observation per treatment-combination, there is no need to assume that the factors do not interact in order to test for differences between the main effects. However, it is not possible to test for interaction, unless an external estimate of the error variance is available.

Estimation of the Variance Components

With only one observation per treatment-combination, we can still estimate the components of variance 
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 for the main effects of the factors, using the same estimators as before. However, we cannot estimate the component of variance 
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Derivation of Expected Mean Squares

The model for the observed responses is
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Averaging in the model, we obtain (there being no constraints on random effects)
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SSA  can therefore be written
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Now,  
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Hence, applying result R1, given previously,
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Hence,    
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Similarly,    
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