Random Effects Models                                                                                                                                     Design of Experiments

State the model underlying the analysis.

	                                           Batch Number
     1                  2                 3                 4                 5                6
	

	 1.545

 1.440

 1.440

 1.520

 1.580
	
	 1.540

 1.555

 1.490

 1.560

 1.495
	
	 1.595

 1.550

 1.605

 1.510

 1.560
	
	 1.445

 1.440

 1.595

 1.465

 1.545
	
	 1.595

 1.630

 1.515

 1.635

 1.625
	
	 1.520

 1.455

 1.450

 1.480

 1.445
	


       Totals:    7.525           7.640          7.820          7.490          8.000          7.350
Solution.

Let 
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 denote the yield of dye for the jth preparation made using compound from the ith batch selected. Then we assume the model
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The corrected total sum of squares is 
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The sum of squares for batches is
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The error sum of squares will be found by subtraction in the following ANOVA table.

	Source of Variation
	      SS
	DF
	     MS
	   F

	Batches
	0.056352
	   5
	0.011270
	4.598

	Error
	0.058824
	 24
	0.002451
	   – 

	Total (corrected)
	0.115176
	 29
	       – 
	   – 


To test for differences between the effects of the batches on the yield of dye, for the population of batches of chemical compound, we test the null hypothesis
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The test statistic is 
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, and its observed value is significant at just above the 0.5% level (F5,24; 0.005 = 4.486). There is strong evidence that the effects of the batches, on the yield of dye, vary over the population of batches.

The component of variance 
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 between batches is estimated by 
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The estimate of the variance of 
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[Comment. The standard error is comparable in magnitude to the point estimate, and

                   so 
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 is not very precisely estimated.]

                     Two Factor Experiments (Two-Way Classification)
Consider an experiment to investigate the effects of two factors A and B on a given response variable, where both factors have a large number of different levels. Suppose r levels are selected at random from the population of levels of  factor A, and, independently, c levels are selected at random from the population of levels of factor B, for use in the experiment. For the selected levels, suppose that each of the r(c treatment-combinations is replicated n (( 1) times in a completely randomised design.

The Model
To construct a model for the observed responses for the selected levels of the factors, consider first all treatment-combinations arising from the populations of levels of the two factors.

Suppose factor A and B  have M  and N levels, respectively, where M and N are both large. Then the true mean response
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 corresponding to level I of factor A and level J of factor B can be expressed as
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Corresponding to the (large) populations of levels of factors A and B , we now have a population of main effects 
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 of factor A , a population of main effects 
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 of factor B , and a population of interaction effects 
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 of the two factors. Since the sum of the effects in each of these populations of effects is zero, the mean of the effects in each of the populations is zero. We shall assume that the three (large) populations of effects can each be regarded as having a normal distribution, the population of main effects of factor A having a N(0,
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For the levels of the two factors used in the experiment, let 
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 denote the kth response obtained for the ith selected level of factor A, and the jth selected level of factor B . Then the model for the observed response is
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As the levels of the factors used in the experiment are selected at random from the populations of levels, the main and interaction effects in the above model are themselves random drawings from the above populations of effects. Hence,
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We further assume that all the random variables 
[image: image24.wmf],

 

 

...,

 

,

1

  

,

 

 

,

 

)

(

 

,

 

 

,

 

r

i

ε

ab

b

a

ijk

ij

j

i

=



[image: image25.wmf] 

,

 

 

...,

 

,

1

c

j

=



 EMBED Equation.3  [image: image26.wmf] 
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are completely independent.

For this model, each observed response has expectation
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Thus each observation has four variance components.

Using the results from the experiment, we shall want to test for differences (for variation) between the main effects of the levels of each factor, and for interaction effects between the two factors, for the entire populations of levels of the factors. We shall also want to estimate the variance components.

Analysis of Variance of the Observed Responses. 

We first consider the case where n ( 2.

The analysis of variance breakdown of the total sum of squares 
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 for a balanced two-factor experiment is briefly re-derived here, for completeness. Thus, we write
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Squaring and summing with respect to all three suffixes, all six cross-product terms sum to zero, and we obtain
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i.e.  
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