Random Effects Models                                                                                             Analysis of Experimental Data (Linear Models)

Random Effects Models                                                                                                                                     Design of Experiments

                                         RANDOM  EFFECTS  MODELS
So far we have considered experiments in which observations are obtained for all treatments, or factor levels, under investigation. The inferences we then draw from the data naturally only apply to the treatments, or factor levels used in the experiment, and not to other ‘similar’ treatments, or factor levels. The models for the observed responses in these experiments, e.g.  
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, are called fixed effects, or parametric, models,  since they contain fixed parameters representing the effects of given treatments, or factor levels.

It sometimes happens, however, that the number of treatments, or factor levels, we wish to investigate is so large that it is impractical to include them all in the experiment. We therefore select at random from this ‘population’ of treatments, or factor levels, a manageable number for use in the experiment. The inferences we draw from the experimental data will then apply to the whole population of treatments, or factor levels, and not just to those selected. The models for the observed responses in such  experiments (presented below) are called random effects, or components of variance models, since they contain random components representing the effects of  randomly chosen treatments, or factor levels.

                           Single Factor Experiments (One-Way Classification)

Consider an experiment to compare the effects of a large number of treatments (or levels of a single factor), on a given response variable. Suppose t treatments are selected at random from the population of treatments for use in the experiment, and that each of these treatments is replicated n times in a completely randomised design. Let 
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 denote the jth response for the ith treatment selected. Then
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where 
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 is the mean response for the ith treatment selected, and 
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 is the random error in the observation; as usual, we assume that the 
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As the t treatments are selected at random from the population of treatments, their mean responses 
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 are random drawings from the corresponding population of treatment mean responses, and so are themselves random variables. We shall assume that they can be regarded as independent random drawings from a  N((,
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The above model can therefore be written in the alternative form  
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 is called the random effect of the ith treatment selected; as the 
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variables. We also assume that the 
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Thus, the random effects model for the above balanced, completely randomised design, is
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where    ( is the mean of the population of treatment means,
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 is the random effect of the ith treatment selected, 
[image: image20.wmf]~

 

i

a

 N(0,
[image: image21.wmf]2

a

s

) ,  

             
[image: image22.wmf]ij

e

 is the error in the observation, 
[image: image23.wmf]~

 

ij

e

 N(0,
[image: image24.wmf]2

s

), 

and where all the random variables 
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,  i = 1, …, t ,  j = 1, …, n , are completely independent. 

For this model, each observed response has expectation  
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 are called the variance components of the observations.

Observed responses for different selected treatments are clearly independent, but those for the same selected treatment are correlated, as they contain the same random treatment effect. Thus, the covariance of a pair of observed responses from the same (the ith ) selected treatment is 

         
[image: image31.wmf].

0

0

0

)

var(

        

          

)

,

cov(

)

,

cov(

)

,

cov(

)

,

cov(

        

          

)

 

,

 

cov(

)

 

,

 

cov(

)

cov(

2

,

a

i

ir

ij

i

ij

ir

i

i

i

ir

i

ij

i

ir

i

ij

i

ir

ij

a

a

a

a

a

a

a

a

a

X

X

s

e

e

e

e

e

e

e

m

e

m

=

+

+

+

=

+

+

+

=

+

+

=

+

+

+

+

=


Hence, the correlation coefficient for the pair of observations is 
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[Note. For fixed effects models, all observations are independent.]

For random effects models, there are two basic inference problems:

(i)   to test for differences between the effects of all the treatments in the entire

       population of treatments,

(ii)  to estimate the variance components.

The inference procedures for a random effects model are based on the same analysis

of variance as that for the corresponding fixed effects model. The expected values of the mean squares of the terms in the analysis of variance breakdown are computed for the random effects model, and the results used to construct suitable estimators for the variance components, and test statistics for the hypotheses.

The analysis of variance breakdown for a single factor experiment was obtained earlier, but for completeness we briefly re-derive it here. Thus, the total sum of squares 
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and summing both sides of this equation with respect to both suffixes i and j, the cross-product terms sum to zero, and we obtain the breakdown
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                     (tn – 1) d.f.            (t – 1) d.f.           (tn – t) d.f.

The following ANOVA table shows this breakdown (with the usual names for the sums of squares), together with the expected mean squares (EMS) for the two terms on the right-hand side, computed for the above random effects model. The derivation is given later.

	Source of Variation
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Hypothesis Testing

To test for differences between the treatments effects for entire population of treatments, we test the null hypothesis that all the treatments in the entire population have the same effect, or, equivalently, that there is no variation in the treatment effects over the entire population of treatments, i.e. that 
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 = 0. The alternative hypothesis is that there are differences (there is variation) in the treatment effects over the entire population of treatments, i. e. that 
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Thus, in terms of the model parameters, to test for differences in the treatment effects for entire population of treatments, we test the null hypothesis
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From the expected mean squares in the above ANOVA table, we see that
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This suggests that we take as test statistic, for testing 
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where large values discredit 
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, the statistic F has an  F distribution with  t – 1 and  t(n – 1)  d.f. The derivation of this null distribution is discussed below.

Thus, for single factor experiments (the one-way classification), the test procedure for the random effects model is the same as that for the fixed effects model. However, the inferences are different for the two models, as the inference applies to an entire population of treatments in the case of the random effects model, but only to the treatments used in the experiment in the case of the fixed effects model.

Derivation of Expected Mean Squares 
We shall use the following known result.

  R1.  Let 
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Consider the treatments sum of squares 
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The model for the observed responses is 
[image: image59.wmf]ij

i

ij

a

X

e

m

+

+

=
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The treatments sum of squares can therefore be written


[image: image62.wmf](

)

(

)

å

=

+

=

-

=

å

+

-

+

å

=

+

+

-

+

+

=

å

-

=

=

×

×

=

×

×

=

×

×

=

×

t

i

i

i

i

i

t

i

i

i

t

i

i

i

t

i

i

Tr

t

i

a

U

U

U

n

a

a

n

a

a

n

X

X

n

SS

1

2

1

2

..

1

2

..

1

2

..

.

 variables

random

t 

independen

 

are

  

,

 

 

...,

 

,

1

  

,

 

  

    where

,

 

)

(

        

)

(

)

(

 

)

(

)

(

)

(

e

e

e

e

m

e

m
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Hence, applying the above result R1,
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Consider the error, or residual, sum of squares 
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This sum of squares can be written
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Note that the results for the expected mean squares do not depend on the normality assumption.

The Null Distribution of F
To deal with the null distribution of the above statistic F we shall use the following 

 known results.

  R2.  Let 
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  R3.  Let 
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Under the assumption that all the random variables 
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are independently normally distributed, any linear combination of these random variables is also normally distributed.

Consider the treatment sum of squares. From the previous section, 
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Consider the error sum of squares. Firstly, the errors 
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Also, the 
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[image: image90.wmf]E

SS

 in terms of the
[image: image91.wmf]ij

e

, from the previous section, and applying result R3 from above,

                             
[image: image92.wmf]2

)

1

(

1

2

1

1

2

2

χ

  

 

)

(

~

-

=

=

=

×

å

=

å

å

-

=

n

t

t

i

i

t

i

n

j

i

ij

E

W

SS

s

e

e

s

 .

Further, it can be shown that 
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Hence, the random variable  
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of independent (2 random variables, each divided by its degrees of freedom, and, hence, has a F distribution with  t – 1 and  t(n – 1)  d.f.

Finally, under the null hypothesis 
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Estimation of the Variance Components

Unbiased estimators for the variance components can be constructed by inspection of the expected mean squares (derived above)
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is the usual unbiased estimator of the error variance 
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This estimator can give rise to a negative estimate for 
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Confidence intervals for the error variance 
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 of the variance components, can be constructed, in the usual way from the respective distributional results (derived above)
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No distributional result is available from which exact confidence intervals for 
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 can be constructed, but procedures are available (which we shall not give here) for constructing approximate confidence intervals.

The variance of the estimator 
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 can, however, be derived, which will give an indication of the accuracy of a point estimate of 
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. To obtain the variance of 
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, we require the variances of the two mean squares 
[image: image111.wmf]E

Tr

MS

MS

  

,

 

. These can be obtained from the above distributional results involving the corresponding sums of squares, using the following result.

 R4.  Let  
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From above,     
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.  Hence, by result R4,
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Similarly, from above,    
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Hence, as 
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Since the variance components are unknown, this is estimated by
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An indication of the accuracy of a point estimate 
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. For example, we would be ‘very confident’ that the true value of 
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Example 1.

A chemical compound, used in the manufacture of a certain dye, is supplied to the manufacturer in batches, which may vary in quality. To investigate the effect of batch quality on the yield of dye, six batches were selected at random from those supplied. and, for each batch selected, five preparations of the dye were then made using equal amounts of the compound, randomly sampled from the batch. The yields of dye (kg) for each preparation are shown in the table below.

Test for differences between the effects of batches on the yield of dye, for the entire population of such batches of chemical compound.

Give an estimate of the component of variance between batches, together with an estimate of its standard error.
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