Introduction                                                                                              
                   General Linear Model

Now, under  H0, the model reduces to  Y = X1(1 + ( = (Y + (  , and
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Hence,  SS((2 | (1)  is a quadratic form in the independent normal random variables  Y1, Y2,…, Yn  having the same variance  (2 , where the matrix  A = H – H1 of the quadratic form is idempotent of rank  p – q , and where, under  H0 , the mean vector  (Y  of the random variables satisfies the condition  A(Y = 0 . Hence, from the distribution theory of quadratic forms,  
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Also,  SS((2 | (1)  and  SSR  are independent as the product of the matrices of their 

quadratic forms is  (H – H1)(I – H) = H – H1 – H2 + H1H = H – H1 – H + H1 = 0 .

[Remarks.

 (i)  The condition  A(Y = 0  means, of course, that, under H0 ,  

       SS((2 | (1) = (((H – H1)(  , which is a quadratic form in independent  N(0, (2)

       random variables.

 (ii) The above results can also be established using Cochran’s theorem.]

Hence, under  H0 , the test statistic    
[image: image3.wmf])
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the ratio of independent  (2  random variables divided by their degrees of freedom, which, by definition, has an  F distribution with  p – q  and  n – p  degrees of freedom.

Example 5.

The skein strength  Y  of cotton yarn is assumed to be related to its fibre length  x1 , fibre tensile strength  x2 , and fibre firmness  x3 , by the multiple linear regression model

                           E(Y) = (0 + (1 x1 + (2 x2 + (3 x3  .

The data in the tables below gives the measured values of  Y  (in lb) , x1 (in 10-2 in.) , x2 (in 108 lb per in.2)  and  x3 (in 10-2 (g per in.),  for 18 pieces of yarn.

Test whether or not skein strength depends on fibre tensile strength and fibre firmness.
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Solution.

The (full) model for the 18 observations  Yi ,  i = 1,…, 18,  is
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where the errors  (i ,  i = 1,…18,  are independent  N(0, (2)  random variables.

[Note. In this case, the values of the covariates  x1 , x2 ,  x3  are not fixed in advance, as

 is required in the general linear model, but are measured for each piece of cotton yarn

 along with the response Y,  i.e. the covariates too are random variables. However, in

 such a situation, we simply consider the distribution of the response variable  Y  to be

 conditional on the observed values of the covariates, which may then be treated as if 

 they were fixed. This is implicit in the above model.]

To test whether or not the response  Y  depends on the two covariates  x2  and  x3 , we test the null hypothesis

                    H0: (2 = (3 = 0      against     H1: (2 , (3   are not both  0 .

To test this hypothesis, we fit the full model, and the reduced model under  H0 , to the observations.

For fitting the full model, the least squares estimates of the parameters are
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[Remark. The matrix calculations are laborious by hand, as  X(X  is a 4(4 matrix, and

 details are not shown. A suitable statistical package should be used for model fitting.]

The sum of squares for all the parameters  (   is then   
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Under  H0 , the model reduces to
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For fitting the reduced model, the least squares estimates of the parameters are
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and the sum of squares for the parameters  (1  is   
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Hence, the extra sum of squares for the parameters  (2 =[(2    (3]( , having fitted the 

parameters  (1 , is    SS((2 | (1) = SS(( ) – SS((1) = 167912.25 – 167311.49 =600.76 .

The sum of squares of the observations is  
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Thus, we have the analysis of variance (the residual sum of squares and its d.f. are obtained by subtraction);

	Source of Variation
	      SS
	DF
	  MS
	  F

	Due to parameters  (1 
	167311.49
	  2
	    –
	  –

	Due to (2  having fitted  (1
	      600.76 
	  2
	300.38
	6.442

	Residual
	      652.75
	14
	  46.63
	  –

	Total (uncorrected)
	168565.00
	18
	    –
	  –


To test  the above null hypothesis  H0  against  H1 , we take as test statistic 
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 ,  under  H0  ,  and the observed value of  F is significant 

almost at the 1% level  (F2, 14; 0.01 = 6.515). There is strong evidence that at least one of the parameters  (2 , (3   differs from zero, and hence that the skein strength of cotton yarn depends on fibre tensile strength and fibre firmness, collectively.

Traditional Form of the Analysis of Variance for Models with a Constant Term

The linear model           Y = (0 + (1x1 +…+ (p–1xp–1 + (  ,

 representing the relationship of an observed response  Y  to a set of covariates  x1 , x2, …, xp–1 , includes a constant term  (0  (which corresponds to a dummy covariate  x0  taking the constant value 1). In practice, we would usually want to include such a term in a linear model, as has been the case in all our examples.

For such a model, to test whether or not the response has any dependency on the set of covariates collectively, we test the null hypothesis 

       H0: (1 = (2 = … = (p–1 = 0    against    H1: (i  ,  i = 1,…, p – 1 , are not all  0 ,

which concerns every parameter except  (0 .

We can use the extra sum of squares principle to test this hypothesis.

As usual, let   Y = X( + (   denote the full model for a set of  n  observed responses, where the normal theory assumptions apply, and the design matrix is of full rank.

For fitting the full model, the sum of squares for all the parameters ( = [(0  (1 ... (p–1](  is   
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Under  H0 , the model reduces to
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  ,  where  1  denotes a column vector of  n 1’s .

In terms of the individual observations, the reduced model is, of course,

                        Yi = (0 + (i  ,   i = 1,…, n .

For fitting the reduced model, applying the matrix formulae (which hold for the single parameter  (0 ), the least squares estimator of  (0 is   
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and the sum of squares for  (0  is   
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These results can also be simply (and more naturally) obtained from first principles. Thus the least squares estimator of  (0  is that value which minimises   
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which is easily shown to be  
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 ,  i = 1,…, n , and hence the sum of squares for  (0 , which is the sum of the squares of the

PAGE  
28

_1043920522.unknown

_1043931603.unknown

_1043933101.unknown

_1043934123.unknown

_1043934278.unknown

_1043934365.unknown

_1043933744.unknown

_1043931830.unknown

_1043922966.unknown

_1043924544.unknown

_1043921140.unknown

_1043860021.unknown

_1043919919.unknown

_1043920276.unknown

_1043919507.unknown

_1043770787.unknown

_1043840586.unknown

_1043763866.unknown

