Introduction                                                                                              
                   General Linear Model

breakdown of the sum of squares of the observations

                                 Y(Y = SS(() + SSR  ,

where  SS(()  is the sum of squares for all the parameters, and  SSR  is the residual sum of squares for fitting the full model. Similarly, for fitting the reduced model we have the corresponding breakdown 
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where  SS((1)  is the sum of squares for the remaining parameters, and  
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 is the residual sum of squares for fitting the reduced model.

Now the residual sum of squares for fitting a model is actually the minimum value, with respect to the model parameters, of the sum of the squared deviations of the observations from their means, which is minimised in obtaining the least squares estimators. If additional parameters are included in the model, then this minimum value can only decrease, and hence we must have  
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 , as the full model has the additional parameters  (2 . From the above identities, the decrease in the residual sum of squares, due to the additional parameters, means that the sum of squares for the parameters must increase. In fact 
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and hence the decrease in the residual sum of squares, due to the inclusion of the additional parameters  (2 ,  is equal to the increase in the sum of squares for the model parameters.

This increase in the sum of squares for the parameters, or decrease in the residual sum of  squares, due to the inclusion of the additional parameters  (2  in a model that  already contains the parameters  (1 , is called the extra sum of squares for  (2 , having fitted  (1 , and is denoted by  SS((2 | (1) . Thus

                        SS((2 | (1) = SS(() – SS((1) = 
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and we formally show below that this sum of squares has  p – q  d.f.  (= number of parameters in  (2 ). Thus, we have the further breakdown of the sum of squares of the observations, and corresponding breakdown of its its degrees of freedom,

           Y(Y    =     SS(()   +    SSR      =     SS((1)   +   SS((2 | (1)   +    SSR  .

         (n d.f.)        (p d.f.)     (n–p d.f.)        (q d.f.)        (p– q d.f.)      (n– p d.f.)

The extra sum of squares  SS((2 | (1)  provides the basis for a test of the hypothesis  H0 . For if  (2 = 0  this extra sum of squares is expected to be small, and so large 

values will discredit  H0 . In fact, we show below that the mean square for  (2 , having 

fitted  (1 ,   MS((2 | (1) = SS((2 | (1) /(p – q)  ,  has expectation (under the full model) 
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, with equality if and only if  (2 = 0, where  H1  is the hat matrix for the reduced model. 

We have already shown that  E(MSR) = 
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, regardless of the value of  ( .

The sums of squares in the breakdown are calculated by the usual formulae. We shall denote the least squares estimators of the parameters  (1  for the reduced model ,        i.e. under the hypothesis  H0 , by  
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, to distinguish them from the least squares estimators for the full model.

We summarise the above results in the following analysis of variance table:

	Source of Variation
	                       SS
	 DF
	     EMS

	Due to parameters  (1
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	Due to  (2  having fitted  (1 
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	p – q
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	Residual having fitted  ( 
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	Total (uncorrected)
	                   Y(Y
	  n
	        –


Under the normality assumption, this analysis of variance provides a test of the hypothesis that the subset  (q , (q+1,…, (p–1  of the parameters (the components of  (2 ) are all zero.

Thus, to test the hypothesis

                             H0:  (2 = 0        against        H1:  (2 ( 0  ,

examination of the above expected mean squares suggests we take as test statistic
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where large values of  F  discredit  H0 . The null distribution of the test statistic is derived below.  

Derivation of results stated above.

To obtain these results we express the extra sum of squares  SS((2 | (1)  as a quadratic form in the observations  Y . 

For fitting the full model, we have already seen that the sum of squares for all the parameters  (  can be expressed as  SS(() = Y(HY ,  where   
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Similarly, for fitting the reduced model, the sum of squares for the parameters  (1  can be expressed as  SS((1) = Y(H1Y ,  where   
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[Note. The least squares estimators of the parameters  (1 of the reduced model are, of

 course, given by   
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Hence, the extra sum of squares can be expressed as

               SS((2 | (1) = SS(() – SS((1) = Y(HY – Y(H1Y = Y((H – H1)Y .

In the following derivations, we shall use the fact that the  n(q  submatrix  X1  can be written as  
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, where  Iq is a  q(q  identity matrix and 0 is a  (p–q)(q  null matrix.

The hat matrices  H  and  H1  are symmetric and idempotent. Hence :-

(i)   H – H1  is a symmetric matrix.

(ii)  (H – H1)2 = H2 + H12 – HH1 – H1H = H + H1 – HH1 – H1H .
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       Similarly,    H1H = H1 .

       Hence,  (H – H1)2  = H + H1 – HH1 – H1H = H + H1 – H1 – H1 = H – H1 .

       Thus,  H – H1  is an idempotent matrix.

The degrees of freedom of the extra sum of squares  SS((2 | (1) = Y((H – H1)Y  is given by the rank of the matrix  H – H1 , and since the matrix is idempotent, its rank is equal to its trace. We have already seen that  tr(H) = p , and so, similarly,        tr(H1) = q , and hence

         d.f. of  SS((2 | (1) = rank(H – H1) = tr(H – H1) = tr(H) – tr(H1) = p – q .

The expected value of the extra sum of squares, under the full model, is
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Now,    
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  ...(i),   and
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Transposing both sides of this matrix equation gives the equivalent result
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Hence, substituting into the above expression for the expected value of the extra sum of squares, we obtain
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The first term in this expression for the expected value of the extra sum of squares is never negative, since, as  I – H1  is a symmetric, idempotent matrix, it can be written
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which shows that it is the sum of the squared components of the vector  (I – H1)X2(2 .

Hence, the expected value of the corresponding mean square is 
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The null distribution of the statistic  F  for testing the hypothesis  H0: (2 = 0   is obtained in the usual way, as follows.

We have already shown that, for the residual sum of squares,  
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The extra sum of squares is the quadratic form  SS((2 | (1) = Y((H – H1)Y  ,  where   H – H1  is a symmetric, idempotent matrix.
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