Introduction                                                                                              
                   General Linear Model

Proof. 

To prove the result, we express each of the sums of squares on the right-hand side of the breakdown as a quadratic form in the observations. Thus :-

The fitted values are given by  
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And we have already shown that the residual sum of squares is
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Hence,      
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which establishes the breakdown.

The sum of squares of the fitted values is also variously called the sum of squares for the fitted model, the regression sum of squares, and the sum of squares for the parameters ( . We shall denote it by  SS(() ; the above decomposition can the be written
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[Note. Alternative Formulae.

 We have already seen that the residual sum of squares is also given by
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 ,  and from the above breakdown we see that  
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Both these formulae are more convenient for computations. ]
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 EMBED Equation.3  [image: image9.wmf]
Expected Values of the Sums of Squares in the Breakdown.

We have already shown that the residual sum of squares  SSR  has  n – p  d.f. , and expectation  E(SSR) = (n – p)(2 , and hence  E(MSR) = (2 . 

The sum of squares for the parameters  (  (or, of the fitted values) has expectation
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The degrees of freedom of  SS(()  are given by the rank of  H , and since  H  is 

idempotent,   rank(H) = tr(H) = p ,  i.e.  SS(()  has  p  d.f.  (= number of parameters in ( ).

Hence, the mean square for  (  ,  MS(() = SS(()/p , has expectation
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The above results are summarised in the following analysis of variance table:

	Source of Variation
	            SS
	  DF
	        EMS

	Due to parameters  (
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	Residual
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	Total (uncorrected)
	         Y(Y
	    n
	           – 


Under the normality assumption, this basic analysis of variance provides an overall test of the hypothesis that all the parameters  (0 , (1 ,…, (p–1   are zero, and hence that the observations do not depend on any of the covariates  x0 , x1 ,…, xp–1  (this would mean that  Yi = (i , i = 1,…,n , i.e. that the observations consisted of error only!).

Thus, to test the hypothesis 

                              H0:  ( = 0        against       H1:  ( ( 0  ,

examination of the above expected mean squares suggests that we take as test statistic
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   under  H0 ,

where only large values of  F  discredit  H0 . 

To derive the null distribution of the test statistic  F  we use the distribution theory of quadratic forms. Thus, we have already seen that, regardless of the value of  ( , the residual sum of squares can be expressed as the quadratic form  
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  in the  errors . Since this is a quadratic form in independent  N(0, (2)  random variables  (1, (2,…, (n , and since the matrix  (I – H)  is idempotent of rank  n – p , it follows immediately that 
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We have also seen that the sum of squares of the fitted values, or sum of squares due ( , can be expressed as the quadratic form  
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in the observations. Now, under H0 ,  Y = ( , and the quadratic form becomes 
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Further, the quadratic forms  SS(()  and  SSR  are independent as  H(I – H) = H – H2 =

H – H = 0 . 

Hence, under H0 , the test statistic   
[image: image22.wmf])
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     is the ratio of  independent  (2  random variables divided by their degrees of freedom, which, by definition, has an  F distribution with  p  and  n – p  degrees of freedom.

Example 4.

Referring to Example 2, test whether or not all three parameters  (0 , (1 , (2  may be taken to be zero.

Solution. 

From the solution to Example 2, the sum of squares of the observations is  Y(Y = 1364 , and the sum of squares for the parameters (  is  
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giving the analysis of variance

	Source of Variation
	   SS
	 DF
	  MS
	F-value

	Due to parameters  (
	1361.2
	  3
	453.73
	324.10

	Residual
	      2.8
	  2
	    1.4 
	     –

	Total (uncorrected)
	1364
	  5
	     – 
	     –


(The residual sum of squares is found by subtraction.) 

We test the hypothesis    H0: (0 = 0, (1 = 0, (2 = 0    against    H1: the  (i  are not all 0 ,

and take as test statistic    
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The observed value of  F  is significant at above the 0.5% level (F3, 2; 0.005 = 199.2),

and so there is strong evidence that at least one of the  (i  is non-zero.

[Remarks.

1) The above conclusion was to be expected since, in Example 2, we found evidence that the single parameter  (2  differed from zero

2)   Testing the hypothesis that all the (i  are zero (and, therefore, that the

      observations consist only of error) is usually of little interest. In the above case,

      we would be more interested in testing whether or not the response  Y  actually

      depends on the covariate x, which requires a test of the hypothesis that  the two

      parameters  (1 and  (2  are zero (and, therefore, that the observations simply

      vary about an unknown mean value  (0 ). Testing this kind of hypothesis is dealt

      with in the next section.]

Tests concerning a Subset of the Parameters: the Extra Sum of Squares Principle

We often wish to decide whether or not a subset of the covariates,  xq, xq+1,…, xp–1, say, collectively have any effect on the response variable  Y . This leads us to test the null hypothesis that the corresponding subset of the parameters  (i  are all zero,  i.e. to test

       H0: (q = (q+1 =…= (p–1 =0      against      H1: (q , (q+1 ,…, (p–1  are not all 0 . 

We partition the parameter vector  (  as
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and correspondingly partition the design matrix  X  as  X = [X1   X2]  , where  X1 consists of the first  q  columns of  X  (which are the values of the covariates  x0, x1,…, xq–1), and  X2  consists of the last  p – q  columns of  X  (which are the values of the covariates  xq, xq+1,…, xp–1). 

The full model  (i.e. the model containing all the parameters) can then be written
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and under the above null hypothesis  H0: (2 = 0  ,  the model reduces to
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To test the hypothesis H0, we fit both the full and the reduced models to the observations, by the method of least squares. For fitting the full model, we have the
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