Introduction                                                                                              
                   General Linear Model

The least squares estimators of the parameters  (  exist, and are given by
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, if and only if the matrix  X  is of full rank, or, equivalently, if and only if the matrix  X(X  is invertible. 
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and is invertible matrix if and only if its determinant is non-zero.

For  x4 = 1 , x5 = –1 , and for  x4 = –1 , x5 = 1 ,  
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  , which is not invertible as  det(X(X) = 0 . Hence, for both of these pairs of values of  x4 , x5  the least squares estimators of the parameters  (  do not exist. 

For the particular case  x4 = 2 , x5 = –2 :-
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[Note. Inversion of a partitioned matrix.
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 ,   where  A , B  are invertible square matrices.]

        
[image: image6.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

=

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

-

-

ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

-

-

-

=

¢

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

-

-

=

412

112

14

23

27

3

9

4

8

8

1

1

0

2

2

1

1

0

1

1

1

1

1

,

23

27

3

9

4

Y

X

   

   

Y

 .

          
[image: image7.wmf]=

¢

¢

=

-

Y

X

X

X

1

)

(

ˆ

b
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Thus, the least squares estimates of the parameters are   
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The covariance matrix of the least squares estimators is   
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Hence, the variances and covariances of the estimators are
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The correlation coefficient of  
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, are both zero, while the correlation coefficient of 
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Thus, the estimator 
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  is uncorrelated  with (and, therefore, because of the normality of the observations, independent of) each of the estimators 
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To test whether or not a simple linear regression model is adequate, we test the null hypothesis

                     H0:  (2 = 0    against    H1:  (2 ( 0 .

Take as test statistic     
[image: image20.wmf]72

5

2

2

2

ˆ

)

ˆ

r(

a

ˆ

v

ˆ

S

T

b

b

b

=

=

  ,    where  S2 = MSR  ,  

which has a  t  distribution with   n – p = 5 – 3 = 2 d.f.  under  H0 .

For the given data   
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Therefore,     
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 ,  which is significant at above the 5% level  ( t2; 0.025 = 4.303  [two-tailed test] ).

Thus, there is evidence that  (2  differs from zero, and hence that a simple linear regression model would not be adequate.

Remark: this step also tells us how to test if an individual parameter is zero.

Estimation of the Mean Response for given Covariate Values
The mean response corresponding to a given set of covariate values                                   x = [ x0  x1 … xp-1 ](   (which need not be a set used in the experiment), is      
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An estimator for this mean response is provided by  
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 may also be used to predict the actual response Y  that would be obtained for the given set of covariate value, and it is then called a predicted value.

Lemma.

The mean and variance of the estimator 
[image: image26.wmf]Y

ˆ

 are

    
[image: image27.wmf]b

x

¢

=

+

+

+

=

-

-

1

1

1

1

0

0

...

)

ˆ

(

E

p

p

x

x

x

Y

b

b

b

  ,  
[image: image28.wmf]x

X

X

x

1

2

)

(

)

ˆ

var(

-

¢

¢

=

s

Y

 . 

[
[image: image29.wmf]Y
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 is an unbiased estimator of  E(Y) .]

Proof. 
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Under the normality assumption  
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 is a linear combination of the independent normally distributed random variables  Y1, Y2, … , Yn , and hence
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Standardising this result, and replacing  (  by its estimator  S  , it follows that
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This result can be used to test a hypothesis, or to construct a confidence interval, concerning the mean response  E(Y) = x((  for given covariate values  x .

Example 3.

Referring to Example 2, give a 95% confidence interval for the true mean response corresponding to the covariate value  x = 3/2 .

Solution.

The mean response corresponding to  x = 3/2  is
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which is estimated by     
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            =(20.631641 .

[Alternatively, we may compute  var(
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For the given data   
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Hence, 95% confidence limits for  E(Y) are
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Thus we can be 95% confident that the true mean response  E(Y)  corresponding to the covariate value  x = 3/2  lies in the interval  [11.82 , 19.91] .

Question:  how to test if the whole parameter vector 
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Analysis of Variance for the General Linear Model
Lemma.

The uncorrected total sum of squares of the observations   
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or, in words,
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