Introduction                                                                                              
                   General Linear Model

To find the expected value of the residual sum of squares, we use the general result on the expected value of a quadratic form. Thus, as  E(() = 0 ,
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Therefore,   
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Hence, the residual mean square (the residual sum of squares divided by its degrees of freedom)
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is an unbiased estimator of the error variance  (2 .

[Note. The residual sum of squares is also given by
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 This formula is more convenient for computations. ]

The Normality Assumption

To test hypotheses, and to construct confidence intervals, concerning the model parameters, we shall assume that the errors  (1, (2, …, (n  (equivalently, the observations  Y1, Y2, …, Yn ) are independent, normally distributed random variables. 

The least squares estimators  
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  are then all linear combinations of independent normal random variables  Y1, Y2, …, Yn . Hence, the estimators  
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 ,        i = 0, …, p – 1 , are individually normally distributed, while jointly they have a multivariate normal distribution with the mean vector and covariance matrix given above,  i.e.
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Note that the least squares estimators  
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  are not independent of one another in general, but have a correlation structure.

Also, from the theory of quadratic forms in independent normal random variables, the random variable
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and is independent of the estimators  
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. Then, from the above results, the least squares estimator 
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,   i = 0, … , p – 1.

Standardising,  
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 ~  N(0, 1) , and replacing  (  in this result by its estimator  S,  it follows in the usual way that the random variable  
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This result can be used to test a hypothesis, or to construct a confidence interval, concerning a single parameter  (i  ,  i = 0, … , p – 1. Tests of hypotheses concerning more that one parameter will be dealt with later.

Example 1. (Simple Linear Regression.)

Uncorrelated observations  Y1, Y2, … , Yn  (n > 1) of a response variable are made at the corresponding values  x1, x2, … , xn  of a covariate, where the covariate values are not all equal. The observed responses are related to the covariate values by the model
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   ,   where  E((i) = 0  ,   var((i) = (2  ,   i = 1, … , n .

Obtain the least squares estimators of the parameters, together with their variances and covariance.

Solution.

In matrix form, the model equations are
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The two columns of  X  are linearly independent as the  xi  are not all equal, and so 

X  is of full rank. Hence, the least squares estimators of  (0, (1  exist, and are given by  
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Hence, the least-squares estimators are
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The covariance matrix of these estimators is given by  
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Example 2.

A response variable  Y  is thought to be related to a covariate  x  (where the variables are measured in given units) by the cubic regression model 
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  ,   where the error  (  is distributed  N(0, (2)  for all  x .

Five independent observations  Y1,…, Y5  of  Y  are made at the corresponding values  0, 1, –1, x4, x5  of the covariate  x . Express the models for the observations in matrix form, and show that for x4 = 1 , x5 = –1,  and for  x4 = –1 , x5 = 1 ,  the least squares estimators of   (0 , (1 , (2   do not exist.

In a particular case with   x4 = 2 , x5 = –2 , the observed responses corresponding to the above values of  x  are, respectively,  4 , 9 , –3 , 27 , –23 . Obtain the least squares estimates of the parameters, and give the variances, covariances, and correlation coefficients of the estimators. 

Test whether or not a simple linear regression model is adequate.

Solution.   In matrix form, the model for the five observations is
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