Introduction                                                                                              
                   General Linear Model

We can use these constraints to eliminate two parameters, say  (3 , (2 , by writing

(3 = –(1 – (2  ,  (2 = –(1 , and the matrix form of the model can then be written
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Again we see that the four columns of the design matrix are linearly independent, and hence the matrix is of full rank 4.

The general linear model also covers cases where the response variable depends both on the values of certain quantitative covariates, and on the levels of certain factors (represented by categorical covariates) – see Analysis of Covariance later. Such models are a mixture of multiple regression models and analysis of variance models. 

Fitting the Model to the Observations: Least Squares Estimation of the Parameters  (  when the Design Matrix  X  is of Full Rank

As the observations  Y1, … ,Yn  are uncorrelated and have the same variance, we use the method of least squares  to fit the model to the observations.

The method of least squares proposes that we choose values for the parameters  (0, (1, …,(p–1  to minimise the sum of the squared deviations of the observations from their true means  (1, … , (n , i.e. to minimise
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Thus, the method consists of ‘fitting’ the unknown true means  (i ,  i = 1, …, n , as close as possible, in an overall sense, to the corresponding observations  Yi ,  i = 1,…, n , by an appropriate choice of values for the parameters  (0, (1, …,(p–1 , on which the  (i  depend. 

In the case where the design matrix is of full rank, and the model parameters therefore fully specified, we find that there is a unique set of values of the parameters which minimise  S , called the least squares estimators of  (0, (1, …, (p–1 .

To find the values of  (0, (1, …,(p–1  which minimise  S , we use the fact that  S  is minimum where    
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,    j = 0, 1,…, p – 1 .

Let  
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simultaneous equations      
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Then 
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,    j = 0, 1,…, p – 1 ,

i.e.        [
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Putting these  p  equations together in matrix form, we obtain
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Hence,  
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  is given by the matrix equation   
[image: image15.wmf]Y

X

X

X

¢

=

¢

b

ˆ

.

This equation has a unique solution if and only if the  p(p  matrix  
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 is invertible, which requires it to be of full rank  p . As the rank of  
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 is equal to the rank of  X , X(X  is invertible if and only if  X is of rank  p , i.e. if and only if  the design matrix  X  is of full rank.

Hence, when the design matrix is of full rank (and the model parameters therefore fully specified), the least squares estimators of the parameters  (0, (1, …,(p–1  exist, and are given by the matrix equation
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[Note. We see that the least squares estimators are linear estimators,  i.e. each

  estimator is a linear combination of the observations  Y1, … ,Yn .]

Lemma. 

The mean vector and covariance matrix of the least squares estimators are
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Proof.

These results follow from the properties of  the operators  ‘E’  and  ‘var’  for random vectors.

Write  
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The Residual Sum of Squares: Estimation of  (2 .
The values   
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 ,  i = 1, …, n ,   given by the fitted model at the same values of the covariates for which the actual observations  Yi , i = 1, … , n,  were made, are called fitted values.  In the full-rank case, the vector 
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  of fitted values is given by
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The matrix  H  is called the hat matrix.

The fitted values provide estimates of the true mean responses  E(Yi) ,  i = 1, … , n , at the corresponding values of the covariates.

[Note. For use below we note the following properties of the hat matrix:

           (i)    
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   (H  is idempotent).

 These properties also apply to the matrix  I – H . Thus:

           (iii)  
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   (I – H  is symmetric),

           (iv)  
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                   (I – H  is idempotent).]

The deviations    
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   ,    i = 1, … , n ,      

of the observations from the corresponding fitted values are called the residuals in the observations, as they are the parts of the observations not ‘accounted for’ by the fitted model. They can be thought of as ‘estimates’ of the unobserved errors (i , i = 1, … , n, in the observations, and so provide information about the variability of the observations about their true means. An estimate of the common error variance  (2  can be constructed from them.

The vector  
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 of residuals is given, in terms of the observations, by
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Substituting for  Y  from the model, we can also express the vector   R  of residuals in terms of the errors. Thus

    
[image: image34.wmf].

)

(

)

(

)

(

.

)

(

)

(

)

(

)

(

)

)(

(

)

(

1

  

H

I

    

H

I

X

X

H

I

X

X

X

X

X

X

    

H

I

HX

X

H

I

X

H

I

X

H

I

Y

H

I

R

e

e

b

b

e

b

b

e

b

b

e

b

e

b

-

=

-

+

-

=

-

+

¢

¢

-

=

-

+

-

=

-

+

-

=

+

-

=

-

=

-


This last expression for  R  shows that the residuals depend only on the errors in the observations, so are independent of the model parameters.

An estimator for the error variance  (2  is be based on the residual (or error) sum of squares  SSR , defined by
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Now the normal equations (given above) can be written in terms of the residuals as
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 ,   j = 0, 1,…, p – 1 ,

which show that the  n  residuals  R1, … , Rn  satisfy  p  linear constraints. Thus, any  n – p  of the residuals would determine the remaining  p  residuals from the linear constraints, i.e. only  n – p  of the residuals are independent, or ‘free’, and hence the residual sum of squares has  n – p  degrees of freedom.

Substituting for  R   from above, we can express  SSR  as a quadratic form either in terms of the errors, or in terms of the observations. Thus, in terms of the errors,
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Similarly, in terms of the observations     SSR = Y((I – H)Y .

[Note. If required, the dimension of an identity matrix may be indicated by a suffix;

 for example, the  n(n  identity matrix in the above quadratic forms may be written as

 In . This is useful in situations where we need to distinguish between identity 

 matrices of different dimensions.]
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