Introduction                                                                                              
                   General Linear Model

                  THE  GENERAL  LINEAR   MODEL: INTRODUCTION

We consider experimental situations in which the observed response  Y  depends on the values of  p  non-random variables  x0, x1,…, xp–1  called independent variables, controlled variables, regressor variables, explanatory variables, or covariates. We suppose that the mean response is related to the covariates by the equation 
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and that   var(Y) = (2 ,  a constant for all x0, x1,…, xp–1 .   

The equation for  E(Y)  is called a linear model because it is a linear function of the parameters  (0, (1,…, (p–1 , which are sometimes called partial regression coefficients.

[Note. The covariate  x0  takes the constant value 1  if there is a constant term (0  in the model.]

Suppose  n  uncorrelated (or, more strongly, independent) observations  Y1, Y2,…, Yn  of the response variable are made at the corresponding values  (x01, x11,…, xp–1,1) ,  (x02, x12,…, xp–1,2) ,…, (x0n, x1n,…, xp–1,n)  of the covariates. Then the model equations are 
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and   var(Yi) = (2 ,   cov(Yi, Yj) = 0  ,   i ( j  ,    i, j = 1,…, n  .

The model can be equivalently written as 
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where  (i ,  i = 1,…, n ,  represent the random errors in the observations, and where  

            E((i) = 0 ,    var((i) = (2 ,   cov((i, (j) = 0  ,   i ( j  ,    i, j = 1,…, n  .

In matrix form, the model for the observations is
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i.e.                      Y = X( + (   ,   say, 

where the vector  (  of random errors has mean vector     E(() = 0  , 

and covariance matrix     var(() =  
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[Note.    E(Y) = X(  ,    var(Y) = var(() = (2I .]  
The columns of the matrix  X  represent the values of the covariates   x0, x1,…, xp–1 . 

We generally have  n > p  , i.e. generally there are more observations than unknown parameters  (0, (1,…, (p–1 , and so the  n(p  matrix  X  has more rows than columns. It then follows that the maximum rank that  X  can have is  p , in which case the matrix is said to be of full rank.

[Note. The rank of a matrix is the number of linearly independent rows, or columns, of the matrix  (these two quantities are the same for any matrix).]

The above model is called the general linear model as it covers both multiple regression and analysis of variance models :-

Multiple Regression Models.  

In this case the covariates are all quantitative variables. For example, the yield  Y  from a chemical process may depend on the values of the quantitative variables temperature x1 , pressure  x2 , and amount of a catalyst  x3 , and it may be appropriate to represent the relationship by the multiple regression model
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If yields  Yi , i = 1,…, n,  are measured for corresponding sets of values  (x1i, x2i, x3i),   i = 1,..., n,  of the covariates, then the matrix form of the model for the observations is as given above, but with  the a column of  1’s  as first column of the matrix  X , as here  x0i = 1  for all  i .

For multiple regression models, the columns of the matrix  X  are usually linearly independent, and so the matrix  X  is usually of full rank. 

Note that, if appropriate, powers and products of given covariates may be included as additional covariates, as in the model
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where we have the additional covariates  
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. This model would be appropriate if covariate  x1  had a ‘quadratic’ effect on the observed response, and if there were interaction between the effects of covariates  x2  and  x3 .

Analysis of Variance Models.

In this case the covariates are all categorical variables, representing the factor levels. For example, consider an experiment in which three methods of teaching reading to children are compared in two different schools. For simplicity, suppose that just one child is taught by each method in each school, the child being selected at random from those starting to learn how to read. Let  Yij  denote the measured reading skill of the  child taught by method  i  in school  j , at the end of the experimental period.

Suppose we assume the additive model
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where     (  is the ‘reference’ level, or ‘overall mean’,

               (i  is the effect of teaching method  i  ,

               (j  is the effect of school  j ,

               (ij  is the error in the observation, where  (ij ~ IN(0, (2) .

We would use a two-way analysis of variance to test for differences between the effects of the three teaching methods, and for a difference between the effects of the two schools, on a child’s reading skill.

The above ANOVA model can be expressed in the form of the general linear model by introducing three categorical covariates  x1, x2,  x3  to represent the three levels of teaching method, and two categorical covariates  x4, x5  to represent the two levels of school; for teaching method  i  and school  j  these covariates take the values
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and     
[image: image11.wmf],

  

2

,

0

2

,

1

    

,

  

1

  

,

0

1

  

,

1

5

4

î

í

ì

¹

=

=

î

í

ì

¹

=

=

j

j

x

j

j

x

ij

ij

    for all  i .

The ANOVA model can then be written in the form of the general linear model as
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The matrix form of this model is
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For ANOVA models, the matrix  X  corresponds to the particular experimental design that is being used (in the above case, to a  3(2  factorial design with one observation per treatment-combination), and for this reason it is called the design matrix. This term may be used for the matrix  X  of any general linear model, including multiple regression models.

Note that the matrix  X  in the above ANOVA model is not of full rank as its six columns are not linearly independent. We see, by inspection, that the sum of columns 2, 3, 4, and the sum of columns  5, 6, are both equal to column 1, and so only four of the six columns of  X  are linearly independent. Thus the design matrix is of rank 4.

The reason for this is that the six parameters of the ANOVA model are not fully specified, and there is parameter redundancy; we essentially have two parameters too many. This parameter redundancy may be removed by placing a linear constraint on each of the sets on parameters  {(1, (2, (3} and {(1, (2}, so that the six parameters of the model are then equivalent to four independent parameters. If the model is expressed in terms of four independent parameters, then the corresponding design matrix  X  will be of full rank 4. Two common sets of constraints are :-

The ‘corner’ constraints
      (3 = 0 ,  (2 = 0    (the last, or the first,  parameter in each set is put equal to zero).

For these constraints, the reference level  ( = (32 , the true response corresponding to the last level of each factor.

These constraints eliminate the parameters  (3 , (2 , and the matrix form of the model can then be written
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We see that the four columns of  the design matrix are linearly independent, and hence the matrix is of full rank 4.

The zero-sum constraints
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For these constraints, the reference level  
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