ANOVA Models (January/Feburary, 2006)                                                                                            
                   General Linear Model                                                                                                         

The order of the letters in a block represents the order in which the catalysts are used on that day, and is chosen at random for each day (the experimental units within each block are allocated at random to the treatments).

[Note. Additional Randomisation. For any BIB design, the letters representing the treatments should be randomly assigned to them, and the order of the blocks in the design should be randomised.]

For a BIB design, the values of the five quantities  t, b, k, r, (  cannot be chosen independently, but are subject to the following restrictions :-

            (i)   tr = bk ,          (ii)   r(k – 1) =  ((t – 1) ,          (iii)   b ( t  .

Proof.

Restriction (i) follows because:

total number of units = number of treatments ( number of units per treatment = t ( r
                                  = number of blocks ( number of units per block = b ( k .

To establish restriction (ii), consider the r blocks that contain any given treatment (e.g., A in days 1, 2, 4, 6, 7, 10). For the rk units in these blocks, r of them (one per block) receive the given treatment (A), and the remaining  rk – r = r(k – 1)  the other treatments (B, C, D, E). Also, for these blocks, the given treatment (A) appears in the same block together with each of the other  t – 1  treatments (  times (e.g. AB, AC, AD, AE appears 3 times respectively), and so the number of units within these blocks receiving the other treatments is also given by  ((t – 1) , which proves (ii).

A proof of restriction (iii) is more difficult, and will not be given.

Existence of BIB Designs.

BIB designs can only exist for those values of the quantities  t, b, k, r, (  that satisfy the above restrictions. However, these restrictions are only necessary conditions for the existence of a BIB design, and even if a set of values for  t, b, k, r, (  satisfy the restrictions, there still may be no corresponding BIB design.

What we often know is t and k, then we need to find b, r and (.
For an experiment with t treatments and blocks of k units (k < t), we can always construct a BIB design by taking all possible selections of k treatments from t, and placing each selection in a block. We then have a BIB design with
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Such a design, which is said to be unreduced, often requires a large number of experimental units, and a design with fewer blocks and, therefore, fewer experimental units, may exist. These smaller BIB designs are harder to construct, but tables of 

existing designs are available.

The above example of a BIB design is unreduced, and a design with fewer blocks

does not exist in this case. HOWEVER, as an example of a case where a BIB design which is  smaller than the unreduced design does exist, consider an experiment with seven treatments  A, B, C, D, E, F, G, and blocks of three experimental units. Then, for the unreduced BIB design:

number of blocks 
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  (hence, total number of units required = 35(3 = 105),

number of times each treatment is replicated  
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number of times every two treatments appear together in the same block 
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The smaller design consists of the seven blocks  (where  r = 3 ,  ( = 1) :

            ABE ,      CDE ,      ACF ,      BDF ,      ADG ,      BCG ,     EFG .

This design requires 7(3 = 21 units, which is only 1/5 of the number required for the unreduced design, and may be preferred to the unreduced design (depending, for example, on the available experimental resources).

The additive model, given above, is assumed for the treatment responses (the validity of this assumption needs to be considered carefully in practice). Since, for a BIB design, we do not have a response for every treatment in every block, we cannot use an ‘ordinary’ two-way analysis of variance to test for differences between the effects of the treatments and the effects of the blocks, and the general linear model approach must be used.

Example 2.

An experiment was carried out to compare the effects of four catalysts  A, B, C, D  on the yield of a certain product from a chemical process. It was thought that changes in external conditions from day to day could affect the yield, and as only three runs of the process could be carried out on any day, a balanced incomplete block design was used with days as blocks. The resulting yields (in coded units), for the particular design used in the experiment, are shown in the following table.

	Catalyst
	                 Day

  1          2          3          4

	     A

     B

     C

     D
	 20        18        19         – 

  –         16        17        19

 13         –         11        15

   7          5         –           8


Verify that the design is a balanced incomplete block design.

Use an analysis of variance to test for differences between the effects of the four catalysts on yield. Also, report on whether or not blocking by day appears to have been effective. State the statistical model underlying your analysis.

Solution. (Here t=4, k=3, so b=4, r=3)

To verify that the above design is a BIB design, we have only to note that

· each block (day) contains the same number 3 of units (3 responses), which is less than the number of treatments (catalysts),

· each treatment is replicated the same number 3 of times in the design, and no

treatment appears more than once in the same block,

· every two treatments appear together in the same block the same number 2 of times. 

[Note. The design is unreduced; no smaller design exists.]

Let Yij denote the yield for the catalyst  i  on day j  (the catalysts are numbered 1 – 4 in alphabetical order).

Assume the additive model
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The matrix form of the model equations is
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The sum of columns 2–5 of the 12(9 matrix X , and the sum of columns 6–9, are both equal to column 1 (one of the parameters (i , and one of the parameters (j, are redundant). Hence, X has rank 9 – 2 = 7.

The normal equations for fitting the model to the observations are 
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[Note. For an additive model, the elements of the matrix X(Y consist of the sum Y.. of 

 all the observations, the sum Yi. of the observations for each treatment  i , and the sum 

 Y.j  of the observations for each block  j , for any design.] 

Hence, the normal equations are
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(Two of these equations are redundant, being linear combinations of the other seven.)

To find a particular solution of these equations, we impose the two constraints on the solution elements:         
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The normal equations then become
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Finally, substituting for the 
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Solving these equations, we obtain the particular solution of the normal equations
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The sum of squares for all the parameters ( is then
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To test for differences between the effects of the four catalysts, we test the null hypothesis
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 the model reduces to   Yij = ( + (j + (ij , or in matrix form
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The sum of columns 2–5 of the matrix X1 is equal to column 1 (one of the parameters (j  is redundant). Hence, X1 has rank 5 – 1 = 4. 

The normal equations for fitting the reduced model are  
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Hence, the normal equations are
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(One of these equations is redundant, being a linear combination of the other three.)

Imposing the constraint 
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 on the solution elements, we obtain the following particular solution of these equations:

      
[image: image25.wmf].

 

0000

.

0

ˆ

     

,

 

6667

.

1

ˆ

     

,

 

0000

.

1

ˆ

     

,

 

6667

.

0

ˆ

     

,

 

14

ˆ

4

3

2

1

=

=

-

=

-

=

=

b

b

b

b

m


The sum of squares for fitting just the parameters (1 is then
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D.f. of  SS((1) = rank of  X1 = no. of parameters – no. of constraints = 5 – 1 = 4.

The extra sum of squares for the parameters (i  having fitted ( , (j  is

              SS((i | ( , (j ) = SS(() – SS((1) = 2642.750– 2364.667 = 278.083 .

D.f. of  SS((i | ( , (j ) = d.f. of  SS(() – d.f. of  SS((1) = 7 – 4 = 3 .

The (uncorrected) total sum of squares of the observations is Y(Y = 
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The residual sum of squares is found by subtraction in the following ANOVA table:

	Source of Variation  
	     SS
	DF
	  MS
	    F

	Due to ( , (j 
	2364.667
	 4
	    – 
	    –

	Due to (i , having fitted ( , (j 
	  278.083
	 3
	92.694
	370.78

	Residual
	      1.250
	 5
	  0.250
	    – 

	Total (uncorrected)
	2644.000
	12
	    – 
	    – 


To test 
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, and the observed value FTr = 370.78 is significant at way above the 0.1% level (F3,5; 0.001 = 33.20). There is overwhelming evidence of differences between the effects of the four catalysts on the yield from the chemical process.

Similarly, to test for differences between the effects of the four days on the yield from the chemical process, we test the null hypothesis
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 the model reduces to  Yij = ( + (i + (ij , or in matrix form
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The sum of columns 2–5 of the matrix X2 is equal to column 1 (one of the parameters (i  is redundant). Hence, X2 has rank 5 – 1 = 4. 

The normal equations for fitting this reduced model are  
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Hence, the normal equations are
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(One of these equations is redundant, being a linear combination of the other three.)

Imposing the constraint 
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 on the solution elements, we obtain the following particular solution of these equations:
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The sum of squares for fitting just the parameters (2 is then
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D.f. of  SS((2) = rank of  X2 = no. of parameters – no. of constraints = 5 – 1 = 4.

The extra sum of squares for the parameters (j  having fitted ( , (i  is

              SS((j | ( , (i ) = SS(() – SS((2) = 2642.750 – 2624.667 = 18.083 .

D.f. of  SS((j | ( , (i ) = d.f. of  SS(() – d.f. of  SS((2) = 7 – 4 = 3 .

We thus obtain the second ANOVA table:

	Source of Variation  
	     SS
	DF
	  MS
	    F

	Due to ( , (i 
	2624.667
	 4
	    – 
	    –

	Due to (j , having fitted ( , (i
	    18.083
	 3
	 6.028
	 24.11

	Residual
	      1.250
	 5
	 0.250
	    – 

	Total (uncorrected)
	2644.000
	12
	    – 
	    – 


To test 
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, we take as test statistic 
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, and the observed value FBl = 24.11 is significant at above the 0.5% level      (F3,5; 0.005 = 16.53). There is strong evidence of differences between the effects of the four days on the yield from the chemical process, and so blocking by day appears to have been effective in reducing uncontrolled variation.

Comparison of Pairs of Treatment Effects

The difference (i – (u between the effects of the ith and uth treatments is estimated by 
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, using any particular solution of the normal equations for fitting the full model. 

As mentioned earlier, for the balanced incomplete block design the difference between the effects of a pair of treatments can be estimated with the same precision for all pairs of treatments. It can be shown that, for all  i , u  (i ( u),
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Hence, under the normality assumption,   
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 , whence

standardising, and replacing  (   by  S  in the denominator of the standardised random variable, where  S2 = MSR  on  tr – t – b + 1  d.f.,  we obtain the distributional result
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This result can be used for inferences about the true difference  (i – (u  between the effects of the ith and uth treatments, in the usual way :-

Confidence Limits.

100(1 – ()% confidence limits for (i – (u  are given by    
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Least Significant Difference Test.

If the ANOVA  F test provides evidence of differences between the treatment effects,

then we can investigate how the treatment effects differ by testing the equality of each pair by the following procedure, which is equivalent to a  t  test for each pair.

For a test of  ‘(i = (u’  against  ‘(i  ( (u’ , at the 100(% level of significance, we reject 

 ‘(i = (u’ if  
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Example 3.

As a follow-up of the treatment effects in Example 2,

(i)   investigate how the effects of the four catalysts differ, using a least significant

       difference test with a significance level of 5%,

(ii)  give a 99% confidence interval for the difference between the effects of   

       catalysts B  and  C.

Solution.

(i)   For a test of  ‘(i = (u’  against  ‘(i  ( (u’ , at the 5% level of significance, we reject 

 ‘(i = (u’ if  
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To carry out the test of equality of every pair of treatment effects, we arrange the solution elements 
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	 i
	  4(D)        3(C)        2(B)        1(A)   
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                                                  (No pair can be underlined.)

Thus all the catalyst effects appear to differ from one another, with  A  producing the highest yield, B  the next highest, C the next highest, and  D  producing the lowest yield.

(ii)  99% confidence limits for  (2 – (3  are
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We can be 99% confident that the difference (2 – (3  between the effects of catalysts  B  and  C  lies in the interval  [3.25 , 6.75].
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