ANOVA Models                                                                                                         Analysis of Experimental Data (Linear Models)

ANOVA Models (January/Feburary, 2006)                                                                                          
                   General Linear Model                                                                                                         

the observations by fitting full and reduced models to the observations, applies for designs in general, and so was used in Example 1 above.

For those designs for which the analysis of variance breakdown can be obtained by the algebraic approach, it can be shown that the general linear model approach gives exactly the same breakdown; hence, for such designs, the two approaches are equivalent. We shall demonstrate this for the complete two-factor experiment with one observation per treatment-combination discussed previously, which will also serve as a second illustration of the general linear model approach to analysis of variance.

The matrix form  Y = X( + (  of the model for the n =  ab  observed responses for this experiment is given on page 1, where the  ab((a+b+1)  design matrix X  has rank     (a + b – 1).

The normal equations for fitting the model to the observations are 
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Hence, the  a + b + 1  normal equations are
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As  X  has rank a + b – 1 , two of these equations are redundant, being linear combinations of the other a + b – 1. (We can see this directly from the equations  –  the sum of the equations in each of the groups (1) and (2) is equal to the first equation).

To find a particular solution of these equations, we need to impose two suitable constraints on the solution elements; a convenient choice is the zero-sum constraints
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The normal equations then become
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Hence, a particular solution of the normal equations is
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i.e.        
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The sum of squares for all the parameters  ( is then
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D.f. of  SS(() = r = rank of X = no. of parameters – no. of constraints = (a+ b + 1) – 2 

                            = a + b – 1 .

The residual sum of squares  SSR  is here more conveniently obtained directly, rather than using the formula 
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D.f. of  SSR = n – r =ab – (a + b – 1) = (a – 1)(b – 1).

To test for differences between the effects of the  a  levels of factor  A , we test the null hypothesis
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The sum of columns 2 to b+1 of the matrix X1 is equal to column 1 (one of the parameters (j is redundant), and hence  X1  has rank  (b + 1) – 1 = b .

The normal equations for fitting this reduced model are  
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Hence, the normal equations are
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As one of these equations is redundant, to find a particular solution we need to impose one suitable constraint on the solution elements. Taking again the constraint 
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D.f. of  SS((1) = rank of  X1 = no. of parameters – no. of constraints = (b + 1) – 1 = b .

The extra sum of squares for the parameters  (1, …, (a , having fitted  (, (1, …, (b  (or sum of squares for factor A adjusted for factor B), is
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We thus have the following ANOVA table for testing 
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To express this table in traditional form, we decompose the sum of squares  SS((1)  for the parameters 
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. Removing the contribution SS(() due to the constant term, we obtain the traditional form of the ANOVA table for testing the null hypothesis
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Similarly, the traditional form of the ANOVA table for testing the null hypothesis
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[image: image45.wmf]ij

i

ij

Y

e

a

m

+

+

=

 under 
[image: image46.wmf]B

0

H

) is 

	Source of Variation
	                   SS
	       DF

	Due to factor A  (unadjusted)
	          
[image: image47.wmf]å

-

=

×

a

i

i

Y

Y

b

1

2

..

)

(


	      a – 1 

	Due to factor B  (adjusted)
	          
[image: image48.wmf]å

-

=

×

b

j

j

Y

Y

a

1

2

..

)

(


	      b – 1 

	
Residual
	
[image: image49.wmf]å

å

+

-

-

=

=

×

×

a

i

b

j

j

i

ij

Y

Y

Y

Y

1

1

2

..

)

(


	(a – 1)(b – 1)  

	Total (corrected)
	         
[image: image50.wmf]å

å

-

=

=

a

i

b

j

ij

Y

Y

1

1

2

..

)

(


	    ab – 1 


We see that the analysis of variance breakdown of the corrected total sum of squares is exactly the same in both (traditional) tables, i.e. for each factor, the unadjusted and adjusted sums of squares are the same. Thus, for the complete two-factor experiment with one observation per treatment-combination, the sum of squares for the effects of
a factor is independent of whether or not the effects of the other factor have also been taken into account, and so may simply be called the sum of squares due to the factor. Only one analysis of variance table is therefore required for both tests, and we further see that this table is exactly the same as that obtained by the algebraic approach, which is what we set out to demonstrate.

As mentioned above, the algebraic approach to analysis of variance can only be used for sufficiently ‘well-balanced’ designs, while the general linear model approach enables us to extend the technique to unbalanced designs, for which the algebraic approach would fail.

Comparison of Pairs of Factor Effects
We illustrate this for the above two-factor experiment.

The difference  (i –  (u between the effects of the ith and uth  levels of factor A is estimated by 
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, using any solution of the normal equations for fitting the full model, as all solutions give the best linear unbiased estimator. Thus, using the above particular solution of the normal equations, 
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which is just the difference between the means of the observed responses for the two levels of factor A.

As 
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 are independent (being the means of different groups of responses),
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Hence, under the normality assumption,   
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 ,  whence 

standardising, and replacing  (  by  S  in the denominator of the standardised random variable, where  S2 = MSR  on  (a–1)(b–1) d.f., we obtain the distributional result
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This result may be used for inferences about the true difference (i –  (u  between the effects of the ith and uth  levels of factor A; for example, 100(1–()% confidence limits for  (i –  (u  are
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                                    Balanced Incomplete Block  Designs
Consider an experiment to compare the effects of  t  treatments on a given response variable, where each treatment is applied to a different set of experimental units and the response observed for each unit.

Now, the random, or uncontrolled, variation in the treatment responses – experimental error – is due, at least in part, to differences amongst the experimental units, and the purpose of ‘blocking’ in the design of experiments is to reduce this uncontrolled variation. The procedure is to group the units into blocks of units that are as homogeneous as possible, so that some of the variation due to differences amongst the units can be accounted for as systematic differences between the blocks of units as a whole, i.e. by including block effects in the model. The remaining uncontrolled variation, due to differences amongst the units within blocks, should, therefore be smaller. The experimental units within each block are allocated at random to the treatments, to ensure that the remaining differences amongst the units do not have a systematic effect on the treatment responses.

Consider such a randomised block experiment, in which there is no more than one observation per treatment per block,  and let Yij  denote the response for the ith treatment in the jth block. Block effects are taken to be additive, and so we assume the model
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If every treatment appears once in every block we have a randomised complete block design, which is equivalent to the two-factor experiment with one observation per treatment-combination, discussed above, with ‘treatments’ and ‘blocks’ as the ‘factors’. In this case to test for differences between the effects of the treatments, and for differences between the effects of the blocks (such differences indicating that blocking was effective in reducing uncontrolled variation), we can use an ‘ordinary’ two-way analysis of variance, and the general linear model approach is not required. Also, the difference (i – (u  between the effects of the ith and uth treatments is estimated by  
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, the difference between the means of the observed responses for the two treatments, and this estimate is used to compare pairs of treatment effects, as described above. As the variance of 
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 is the same for all pairs of treatments, differences between pairs of treatment effects are estimated with equal precision.

It may happen that suitable blocks for an experiment are not large enough to accommodate every treatment. For example, suppose we wish to compare the effects of five catalysts (the treatments) on the yield from a chemical process, but can only carry out three process-runs per day. If changes in external conditions from day to day could affect process yield, then it would be desirable to use days as blocks to eliminate (or, account for) this possible source of uncontrolled variation. But as only three process-runs are possible per day (as there are only three ‘experimental units’ per block), we cannot use all the catalysts on any one day (we cannot include all the treatments in any one block). Thus, a randomised complete block design cannot be used for this experiment.

In other situations, it may be beneficial to group experimental units into blocks that are not large enough to contain all treatments, to obtain greater homogeneity of the units within each block. Blocks that are too small to contain all the treatments are said to be incomplete.

If the available blocks are incomplete, and all treatments comparisons are of equal importance, we should still like to be able to estimate the differences between pairs of treatment effects with equal precision. This is possible with a balanced incomplete block design, defined as follows.  

BIB Design:

A design to compare t treatments, with b blocks of experimental units, is called a balanced incomplete block (BIB) design, if

· each block contains the same number k of experimental units, where  k < t ,

· each treatment is replicated the same number r of times in the design, and no treatment appears more than once in the same block,

· for each pair of treatments, the two treatments appear together in the same block the same number ( of times in the design.

[Note. All individual treatments, and pairs of treatments, are dealt with equally – in a

           balanced way – by the design.]

An example of a BIB design, which could be use for the above experiment to compare the effects of five catalysts A, B, C, D, E, is:

	                                               Day (Block)

 1           2          3          4          5          6          7          8          9         10
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For this design,

      number of treatments   t = 5,

      number of blocks   b = 10,

      number  of experimental units per block   k = 3,

      number of times each treatment is replicated   r = 6,

      number of times any two treatment appear together in the same block   ( = 3.
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