ANOVA Models(January/Feburary, 2006)                                                                                            
                   General Linear Model                                                                                                         

The extra sum of squares for the parameters (1, (2, (3 , having fitted (, (1, (2  is 

       SS((1, (2, (3 | (1) = SS(() – SS((1) = 1086.5 – 1041.67 = 44.83 .

D.f. of  SS((1, (2, (3 | (1) = d.f. of  SS(() – d.f. of  SS((1) = 4 – 2 = 2 .

The (uncorrected) total sum of squares of the observations is   
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The residual sum of squares is found by subtraction in the following ANOVA table:

	Source of Variation
	     SS
	DF
	   MS
	    F

	Due to (, (j 
	1041.67
	  2
	     – 
	    –

	Due to (i, having fitted (, (j
	    44.83
	  2
	 22.42
	17.94

	Residual
	      2.50
	  2
	   1.25
	    –

	Total (uncorrected)
	1089.00
	  6
	     – 
	    –


To test 
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, and its observed value FA = 17.94 is significant almost at the 5% level (F2,2; 0.05 =19.00,     F2,2; 0.10 = 9.00). There is evidence of differences between the effects of the three teaching methods on reading skill.

To test for differences between the effects of the schools, we test the null hypothesis
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 the model reduces to  Yijk = ( + (i + (ijk , or in matrix form
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 ,  say .

The sum of columns 2, 3, 4 of  X2 is equal to column 1 (one of the parameters (i is redundant), and hence X2 has rank 4 – 1 = 3.

The normal equations for fitting this second reduced model are 
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where      
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Hence, the normal equations are
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(One of these equations, the first say, is redundant, being a linear combination of the other three.)

To find a particular solution to these equations we need to impose one suitable constraint on the solution elements. Taking again the constraint 
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The sum of squares for fitting the parameters (2 is 
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D.f. of  SS((2) = rank of X2 = no. of parameters – no. of constraints = 4 – 1 =3 .

The extra sum of squares for the parameters (1, (2 , having fitted (, (1, (2, (3  is 

       SS((1, (2 | (2) = SS(() – SS((2) = 1086.5 – 1084.5 = 2.0 .

D.f. of  SS((1, (2 | (2) = d.f. of  SS(() – d.f. of  SS((2) = 4 – 3 = 1 .

We have the second ANOVA table:

	Source of Variation
	     SS
	DF
	   MS
	    F

	Due to (, (i 
	 1084.5
	  3
	     – 
	    –

	Due to (j, having fitted (, (i
	       2.0
	  1
	   2.00
	  1.6

	Residual
	       2.5
	  2
	   1.25
	    –

	Total (uncorrected)
	 1089.0
	  6
	     – 
	    –


To test 
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, and its observed value FB = 1.6 is not significant even at the 10% level          (F1,2; 0.10 = 8.526). There is no evidence of a difference between the effects of the two schools on reading skill.

Notes.

1) For such incomplete, unbalanced factorial designs, a separate analysis of variance

     is required to test for differences between the effects of the levels of each factor.

2) Traditional form of above ANOVA tables.

     To express the first of the above ANOVA tables in traditional form, i.e. as a 

     decomposition of the corrected total sum of squares
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     decompose the sum of squares  SS((1)  for the parameters (1 = [(    (1   (2](, into

     the sum of squares  SS(()  for the constant term (  (i.e. for fitting the model
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), and the extra sum of squares  SS((1, (2 | ()  for the parameters 

     (1, (2 , having fitted ( . Then, as described earlier, the sum of squares  SS(()  for

     the constant term ( ( which is not of direct interest) is removed from the table, and

     the uncorrected total sum of squares replaced by the corrected total sum of squares,

     to give the traditional form of the analysis of variance.

     The extra sum of squares  SS((1, (2 | ()  for the parameters (1, (2 (the school

     effects), having fitted ( , is described in words as the sum of squares for schools

     unadjusted for teaching methods ( or, ignoring teaching methods), as the effects of

     teaching methods are not taken into account in obtaining this sum of squares.

     Whereas the extra sum of squares  SS((1, (2, (3 | (1)  for the parameters (1, (2, (3 
     (the teaching method effects), having fitted (, (1, (2 , is described as the sum of 

     squares for teaching methods adjusted for schools (or, allowing for schools), as the

     effects of schools are first taken into account in obtaining this sum of squares.

     The sum of squares for the constant term ( is
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     and, hence, the extra sum of squares for the parameters (1, (2 , having fitted ( , is
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     The corrected total sum of squares is
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     The traditional form of the first of the above ANOVA tables is, therefore,

	Source of Variation
	  SS
	DF
	 MS
	   F

	Due to schools (unadjusted)

(or, due to (j , having fitted ()
	  1.50


	 1


	   – 


	   – 



	Due to teaching methods (adjusted)

(or, due to (i , having fitted ( , (j)
	44.83
	 2
	22.42
	17.94

	Residual
	  2.50
	 2
	  1.25
	   – 

	Total (corrected)
	48.83
	 5
	    – 
	   – 


     Similarly, the traditional form of the second of the above ANOVA tables is 

	Source of Variation
	  SS
	DF
	 MS
	  F

	Due to teaching methods (unadjusted)

(or, due to (i , having fitted ()
	44.33


	 2


	   – 


	   – 



	Due to schools (adjusted)

(or, due to (j , having fitted ( , (i)
	  2.00
	 1
	 2.00
	 1.6

	Residual
	  2.50
	 2
	 1.25
	   – 

	Total (corrected)
	48.83
	 5
	    – 
	   – 


     Note that the sums of squares attributed to the effects of the two factors teaching

     methods and schools (or, to the two groups of parameters {(i} and {(j}) are not

     the same in both tables, but depend on the order in which the effects are taken into

     account. It would, therefore, be incorrect to base a test of the hypothesis  
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, that all teaching methods have the same effect, on the

     unadjusted sum of squares due to teaching methods in the second traditional  

     ANOVA table, as this sum of squares ignores the presence of school effects. In the

     same way, it would be incorrect to base a test of the hypothesis 
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, that

     both schools have the same effect, on the unadjusted sum of squares due to schools  

     (which ignores the presents of teaching method effects) in the first traditional

     ANOVA table, and so both tables are required to test both hypotheses.

Relationship between the ‘Algebraic’ and General Linear Model Approaches to Analysis of Variance

In the ‘ordinary’, or ‘algebraic’, approach to analysis of variance for factorial experiments, we obtain a breakdown of the corrected total sum of squares 
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 of the observations into sums of squares for the various sets of factor effects, and a residual, or error, sum of squares, by purely algebraic means. This approach can only be used for sufficiently complete, ‘well-balanced’ designs, and would not have worked, for example, for the design in Example 1 above.

The general linear model approach to analysis of variance, however, in which we obtain a similar breakdown of the uncorrected, or corrected, total sum of squares of 
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