ANOVA Models  (January/February 2007)                                                                                          
                   General Linear Model                                                                                                         

    ANALYSIS OF VARIANCE MODELS AS GENERAL LINEAR MODELS:

                              DESIGN MATRIX NOT OF FULL RANK  

Analysis of variance models represent the effects, on a response variable, of one or more factors, each appearing at a discrete set of levels, in contrast to regression models that represent the effects of quantitative covariates. As we have already seen, such models can be expressed as general linear models by introducing (dummy) categorical covariates to represent the factor levels.

Example 1 (Motivation example).

A preliminary experiment, to compare three methods for teaching reading to children, was conducted in two schools. In school 1, teaching methods 1 and 2 were used, and the reading skills of two randomly chosen children who received teaching method 1, and one randomly chosen child who received teaching method 2, were tested. In school 2, teaching methods 2 and 3 were used, and the reading skills of one randomly chosen child who received teaching method 2, and two randomly chosen children who received teaching method 3, were tested. The children tested were given a mark out of 20 for their reading skills, and the following results were obtained.

	School
	      Teaching Method

    1              2             3

	    1

    2
	10 , 12        16             –

     –            18        11 , 12


The effects of school and teaching method on reading skill are assumed to be additive. Analyse the data to test for differences between the effects of teaching methods, and between the effects of schools, on reading skill. State the model underlying the analysis. 
Discussion: due to additive, let  Yijk  denote the mark obtained by the  kth  child who received teaching method  i in school  j.

We assume the additive model 
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Last, 

In the classical approach to analysis of variance for factorial experiments, we need to obtain a breakdown of the corrected total sum of squares 
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 of the observations into sums of squares for the various sets of factor effects, and a residual, or error, sum of squares. However, this is an incomplete design while classical  approach can only be used for sufficiently complete, ‘well-balanced’ designs.

As a more general example to that given earlier, consider a complete two-factor experiment with a factor A at a ((2) levels and a factor B at b ((2) levels, with only one observation for each treatment-combination. Let Yij denote the response obtained at the ith level of factor A and the jth level of factor B , and suppose we assume the additive model
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The model equations for the ab responses can be expressed in the matrix form of the general linear model as
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A main feature of the design matrix X in this representation of the ANOVA model is that it is not of full rank. We see, by inspection, that the a + b + 1 columns of X are subject to (just) two independent linear dependencies: the sum of columns 2 to a+1 (corresponding to the a levels of factor A), and the sum of columns a+2 to a+b+1 (corresponding to the b levels of factor B), are both equal to column 1.Hence,             (a + b + 1) – 2 =  a + b – 1 of the columns of X are linearly independent, and so X is of rank a + b – 1, which is less than full rank.

This feature of the design matrix is related to the fact that the parameters of ANOVA models are not fully specified, and there is parameter redundancy. Thus, in the above case, we essentially have two parameters too many, which results in the rank of the design matrix being two less than the number of parameters in (, i.e. the rank of the design matrix is equal to the number of non-redundant parameters.

As, in the case of ANOVA models, the design matrix X is not of full rank, the matrix 
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 of the model parameters ( , do not exist. This, of course, is to be expected, as the parameters are not fully specified.

As discussed previously, the problem of parameter redundancy can be avoided by placing suitable constraints on the model parameters, and using them to remove excess parameters. The parameters are then fully specified, and the design matrix, for the form of the model with the reduced number of parameters, is of full rank. 

An alternative approach, which we shall use, is to retain all the model parameters, allowing them to remain incompletely specified, and to work with a design matrix of less than full rank. A reason for preferring this approach to the above is that the choice of constraints to remove redundant parameters is largely arbitrary, and the model loses its symmetry with parameters removed, which seems unsatisfactory. Also, in theoretical work, there is sometimes an advantage in retaining all the model parameters.

Thus, consider a general linear model  Y = X( + ( , where  Y = [Y1 … Yn]( is a vector of  n  observed responses,  ( = [(0 … (p–1 ](  is a vector of  p unknown parameters, X  is a  n(p  design matrix of rank  r < p  (so X is of less than full rank), and  (  is a vector of  n  independent errors, each distributed  N(0, (2). 

Although  X  is not of full rank, we can still use the method of least squares to fit the model to the observations, i.e. to find values
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 for the parameters  (  to minimise the sum  S  of the squared deviations of the observations Y from their means 
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We have already shown that these values
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As  X  is not of full rank, 
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 does not exist, and these equations do not have a unique solution. As the rank of  X  is  r < p , only  r  of the  p  normal equations are linearly independent (the remaining  p – r  equations being linear combinations of these), and so there are more ‘unknowns’ 
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 than there are linearly independent equations to determine them. Consequently, the normal equations will have an infinite number of solutions, where none of these solutions can be regarded as estimates of the unknown parameters  ( , as the parameters are not fully specified. We say that the parameters (  are not estimable.

However, for ANOVA models, we are not interested in the values of the parameters themselves, but in certain linear combinations of them. For example, in the above case of the two-factor experiment with an additive model, we would be interested in

 (i)     
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, the true mean response for the ith level of A and jth level of B ,

and it is linear combinations of parameters such as these that we should like to estimate. We can do so if they are estimable functions of the parameters, which are defined in the general case as follows.

Definition.

A linear combination 
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 of the parameters (  is called an estimable function, or is said to be estimable, if there exists a linear combination 
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  of the observations Y that is an unbiased estimator of it,   i.e. such that  E(l(Y) = (((.

Since  E(l(Y) = l(E(Y) =
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, it follows that a linear combination  (((  of the parameters is an estimable function if and only if  ((( = 
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, i.e. if and only if it can be represented as a linear combination of the true means of the observations. Such a representation is not usually unique, and so there are usually many possible linear unbiased estimators for an estimable function.

The linear combinations of parameters given above, in the case of the two-factor experiment with an additive model, are all estimable functions as they can be expressed as linear combinations of the true means of the observations. Thus:-

(  For (i) we can write  
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(  For (ii), we can write, in the same way as for (i),  
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While there are usually many linear unbiased estimators for an estimable function   (((, it can shown that the best such estimator, i.e. the one having the smallest variance, is given by 
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 is any solution of the normal equations, all such solutions giving the same, best estimator.

Thus, we require just one of the infinite number of solutions of the normal equations. A simple way of finding such a particular solution is to impose a sufficient number of ‘constraints’ on the solution elements 
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 to enable the normal equations to be solved for just one solution. The constraints that we choose are largely arbitrary, and are only imposed on the solution elements in order to obtain a particular solution to the normal equations. The constraints are not imposed on the model parameters 
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As mentioned above, as  X  has rank  r < p , the p normal equations provide only r linearly independent equations for the p solution elements 
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. Hence, to obtain a particular solution we require an additional  p – r linearly independent equations for the solution elements, which we provide by imposing  p – r  suitable constraints on the solution elements.

[Note. The number of such constraints required corresponds to the number of

           redundant  parameters in the model.]

Having found just one solution 
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 of the normal equations by this device, we then proceed in essentially the same way as in the full rank case; the same formulae generally apply, but with appropriate modification to the degrees of freedom of sums of squares. Thus:-

( The (best) estimators of the true mean responses 
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( The usual ANOVA breakdown of the total sum of squares Y(Y  of the observations 

   still applies, and the sum of squares  SS(()  for the parameters (  (or of the fitted

   values) is given, as usual, by
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   However, the degrees of freedom of  SS(()  are given by the rank of  X , and so   
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   [Note.  D.f. of  SS(() = rank of  X 
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( The residual sum of squares  SSR  is given, as usual, by
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Hypothesis Testing: implementing the extra sum of squares principle
In the above case of the two-factor experiment with an additive model, consider a test of the null hypothesis that all a levels of factor  A have the same effect, i.e. a test of
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The common value, (  say, of the effects (i under the null hypothesis is unspecified (it is not necessarily 0), as the parameters are incompletely specified.

Under 
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but as        ( + ( is just a constant, the model may be written simply as   
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Hence, to test the null hypothesis 
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, to the observations, and apply the extra sum of squares principle, in the usual way.

The general linear model approach to the analysis of data from factorial experiments does not require the experimental design to be complete (i.e. not all treatment-combinations need be present), or the design to be balanced (i.e. we need not have the same number of observations per treatment-combination). Such data cannot be analysed by the ‘ordinary’ analysis of variance technique, based on an ‘algebraic’ decomposition of the corrected total sum of squares of the observations. The general linear model approach to the analysis of data from an incomplete, unbalanced design is illustrated in the following solution of  example 1.

Solution. (Referring to Example 1)

Let  Yijk  denote the mark obtained by the  kth  child who received teaching method  i in school  j.

We assume the additive model 
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In the matrix form of the general linear model, the model for the observations is
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We see that the sum of columns 2, 3, 4 of the 6(6 design matrix X , and the sum of 

columns 5, 6, are both equal to column 1 (one of the parameters (i , and one of the parameters (j , are redundant). Hence, X has rank 6 – 2 = 4.

The normal equations for fitting the model to the observations are 
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Hence, the normal equations are
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(Two of these equations are redundant, being linear combinations of the other four.)

To find a particular solution to these equations, we need to impose two suitable constraints on the solutions elements; we shall take  
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The normal equations then become
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(We shall ignore equations (i) and (vi), as being redundant.)

From equation (ii), 
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, and substituting successively into equations (v), (iii), (iv), gives 
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. Hence, a particular solution of the normal equations is  
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To test for differences between the effects of the teaching methods, we test the null hypothesis
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 ,  say .

The sum of columns 2, 3 of  X1 is equal to column 1 (one of the parameters (j is redundant), and hence X1 has rank 3 – 1 = 2.

The normal equations for fitting this reduced model are 
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Hence, the normal equations are
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(One of these equations, the first say, is redundant, being a linear combination of the other two.)

To find a particular solution to these equations we need to impose one suitable constraint on the solution elements. Taking again the constraint 
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D.f. of  SS((1) = rank of X1 = no. of parameters – no. of constraints = 3 – 1 = 2 .
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