ANCOVA                                                                                            
                   General Linear Model                                                                                                         

(iii)  Fitting the models  
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  to the data, give sums

        of squares for the model parameters of 1045761 and 967060, respectively. 

        Test for differences between the effects of three treatments on abrasion loss, and

        for whether or not the use of hardness as a concomitant variable was effective.

Solution.

(i)          
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The underlying trends of the plots for the three treatments appear to be approximately parallel straight lines, and so hardness appears to have the same (linear) effect on abrasion loss for all treatments, which is required for a concomitant variable. Also, the spread of the values of hardness is approximately the same for all treatments, indicating that hardness is not itself affected by the treatments, which is also a requirement for a concomitant variable. Hence, the use of hardness as a concomitant variable, having a linear effect on abrasion loss, appears to be satisfactory.

(ii)

The matrix form of the given model is
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 , say   (X is of full rank 4).

The normal equations for the least-squares estimates are  
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Hence, the normal equations are
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Substituting for the 
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The sum of squares for the model parameters is
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(iii)

To test for differences between the effects of the treatments, we test the null hypothesis 
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Under 
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, and, for fitting this model, the sum of squares for the parameters is           

                           SS((, () = 1045761 ,   with  2 d.f.

Hence, the extra sum of squares for differences between the parameters 
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with  d.f. = 4 – 2 = 2.

The uncorrected total sum of squares is 
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The ANOVA (or ANCOVA) is

	Source of Variation
	     SS
	DF
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	   F

	Due to (, (
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, and its observed value is significant at way above the 0.1% level (F2,26; 0.001 = 9.116). There is overwhelming evidence of differences between the effects of the three treatments.

To test whether or not hardness affects abrasion loss, we test the null hypothesis
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squares for the parameters is   SS(
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Hence, the extra sum of squares for the parameter ( , having fitted the parameters 
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) = 1124470 – 967060 = 157410 ,  with  d.f. = 4 – 3 = 1.

The second ANOVA is 

	Source of Variation
	     SS
	DF
	     MS
	   F

	Due to (i
	  967060
	  3
	       – 
	   – 

	Due to ( , having fitted (i
	  157410
	  1
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	Residual
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The statistic for testing 
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, and its observed value is significant at way above the 0.1% level (F1,26; 0.001 = 13.74). There is overwhelming evidence that hardness affects abrasion loss, and hence that its use as a concomitant variable was effective in reducing uncontrolled variation.

To illustrate the increase in sensitivity of the test for differences between the effects of the treatments, due to the use of hardness as a concomitant variable, we shall again test the null hypothesis
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but, this time, without using the concomitant variable.

Ignoring the concomitant variable, the model for abrasion loss is just 
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, and, for fitting this model (which is now the full model), the sum of squares for the model parameters is, from above,  SS(
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The extra sum of squares for differences between the parameters 
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The ANOVA (which is just a one-way ANOVA) is

	Source of Variation
	     SS
	DF
	   MS
	   F

	Due to (
	  923306             
	  1
	     – 
	   – 

	Due to diff. between (i, having fitted (
	    43754
	  2  
	21877
	3.259

	Residual
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	Total (uncorrected)
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The statistic for testing 
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, and its observed value is nearly significant at the 5% level (F2,27; 0.05 = 3.354). There is some evidence of differences between the effects of the three treatments, but the strength of the evidence revealed by the above analysis of variance is very much weaker than that revealed by the previous analysis of covariance, which made use of the concomitant variable.

Example 2.

Referring to Example 1, suppose that another property of the specimens of synthetic rubber had been measured, in addition to hardness. It was suggested that this quantity should be used as a second concomitant variable for the analysis of the data, and so the model  
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 denotes the value for the property for the jth specimen that received treatment i, giving a sum of squares for the parameters of 1126875. Test whether or not the use of the additional concomitant variable was effective.

Solution.

The proposed model 
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, with the additional concomitant variable, is now the full model for the analysis.

To test whether or not the additional concomitant variable affects abrasion loss, we test the null hypothesis
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For fitting the above full model, the sum of squares for the model parameters is
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The ANOVA is

	Source of Variation
	     SS
	DF
	   MS
	   F

	Due to (i , (
	1124470  
	  4
	     – 
	   – 

	Due to ( , having fitted (i , (
	      2405
	  1
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, and its observed value is not significant, even at the 10% level (F1,25; 0.10 = 2.918). There is no evidence that the additional concomitant variable affects abrasion loss, and hence it does not appear to be effective in reducing uncontrolled variation.

Use of Concomitant Variables in More Complex Designs

Concomitant variables can be used to reduce uncontrolled variation due to differences amongst experimental units, and so increase precision of comparisons, and sensitivity of tests, in any experiment to investigate factor effects and their interactions.

As an illustration of a two-factor experiment involving the use of concomitant variables, we return to the introductory example of an experiment to compare t methods of teaching reading to children in s schools, where r children are taught by each method in each school. A reading test mark at the end of the experiment is taken as the response for each child, and an intelligence test mark as a concomitant variable. Suppose, in addition, that the verbal skill of each child, measured at the start of the experiment, is taken as a second concomitant variable, and let 
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 denote the measured verbal skill for the kth child taught by the ith method in the jth school. Including the effect of this additional concomitant variable in the model, and taking    t = 3,  s = 2  for simplicity (r can remain arbitrary), the previous model becomes
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Note that the reference level (, and the factor effects 
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 are not fully specified, and so are not estimable (unless two suitable constraints are placed on them); whereas the parameters ( , (  for the concomitant variables are fully specified, and so are estimable.

The matrix form of the model is
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The sum of columns 2-4, and the sum of columns 5, 6, of the matrix X are both equal to column 1 (one of the parameters (i, and one of the parameters (j, are redundant), and hence X is of rank 8 – 2 = 6.

The normal equations for fitting the model to the observations by the method of least squares are 
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Hence, the normal equations are
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(two of these equations are redundant being linear combinations of the other 4)
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A particular solution of these normal equations can be found by imposing two suitable constraints on the subset 
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 of the solution elements

(such as 
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), but no constraints can include the solution elements
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, as these are the unique least-squares estimators of the corresponding model parameters.

If desired, algebraic formulae can be derived from the normal equations for the least-squares estimators
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, corresponding to a chosen pair of constraints but, as they are not of a particularly simple form, they shall not be given.

For a given set of data, the above model can be fitted to the observations purely numerically, and a sum of squares for the model parameters, and a residual sum of squares, obtained in the usual way. Any hypothesis of interest can then be tested by fitting the appropriate reduced model to the observations, and obtaining the extra sum of squares for the test. For example:-

(i)    To test for differences between the effects of the teaching methods,  i.e. to test

        the null hypothesis
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        we fit the reduced model 
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(ii)   To test whether or not the two concomitant variables collectively are effective in 

        reducing uncontrolled variation,  i.e. to test the null hypothesis 
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        we fit the reduced model 
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(iii)  To test whether or not the particular concomitant variable  z  is effective in 

        reducing uncontrolled variation,  i.e. to test the null hypothesis
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        we fit the reduced model   
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