Reduction of Error                                                                                                                                            Design of Experiments 


As before, the particular 4(4 Latin square used in the design is chosen at random. Uncontrolled variation in the yield, due to changes in external conditions over the experimental period, should then be largely accounted for as systematic differences between days and between times of day.

For the analysis of the results for a Latin square design, we assume that the effects of the blocks in both blocking systems (the effects of ‘rows’ and ‘columns’) are additive, i.e. that there are no interactions between the two blocking systems and the  treatments. The appropriateness of this assumption should be considered carefully before a Latin square design is used.

Thus to analyse the results for a n(n Latin square design to compare n treatments, we assume the model
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Note that, although each of the suffixes  i, j, k  individually runs through values 1 to n, the triple (i, j, k) as a whole takes only n2 values determined by the particular Latin square used in the design. Let L  denote the set of n2 values of (i, j, k) determined by the design.

Analysis of Variance

For this design, the breakdown of the total sum of squares 
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 is as follows (dots in place of suffixes here denote summation with respect to the corresponding suffixes over the values in L   ):

We write, in the usual way,
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Squaring both sides, and summing with respect to (i, j, k) over the values in L  , all six cross-product terms vanish, and we obtain the analysis of variance breakdown of the total sum of squares, and corresponding partitioning of the degrees of freedom, shown in the following table. Note that  
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, as each treatment i appears n times in an n(n Latin square; the sums of squares for row and column effects simplify in the same way.

	Source of Variation
	                              S.S.
	      D.F.

	Treatments
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Remark: It is easy to remember these DFs.

A test for differences between the effects of the treatments is carried out in the usual way. We may also wish to test for differences between the effects of the ‘rows’, and the effects of the ‘columns’, i.e. for differences between the effects of the blocks in both blocking systems, to see whether or not the use of the Latin square design was effective in reducing the amount of uncontrolled variation in the observations. 

Note.

As always in an analysis of variance, the appropriate statistics for the tests are suggested by examining the expected values of the mean squares in the ANOVA. See the Problems for the calculation of these.

Example 3.

In an experiment to compare four diets, four groups of four rats were used, where each group of rats came from the same litter. Each rat within a group was fed on a different diet, and, at the end of the experimental period, measurements were made of the rats’ liver protein per 100g of body weight.

A 4(4 Latin square design was used to allow for the possible effects both of the litter of a rat and its weight order within the litter. The following results (in coded units) were obtained, where A, B, C, D denote the four diets:

	Litter
	                     Weight Order

     1               2               3                4

	    1

    2

    3

    4
	 737 (D)     578 (A)     810 (B)     663 (C)

 573 (A)     577 (C)     628 (D)     617 (B)

 686 (C)     668 (B)     564 (A)     683 (D)

 762 (B)     740 (D)     653 (C)     566 (A)


Test for differences between the effects of the diets, and for whether or not the use of a Latin square design was effective in reducing uncontrolled variation.

Solution. 

We assume the model
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                             Treatment Totals
	Treatment i 
	  1(A)      2(B)      3(C)      4(D) 
	   X...

	     Xi.. 
	  2281     2857     2579     2788
	10505


                            Row (Litter) Totals
	  Row j 
	    1           2           3          4 
	   X...

	     X. j. 
	  2788     2395     2601     2721
	10505


                 Column (Weight Order) Totals
	Column k   
	    1           2           3          4 
	   X...

	     X..k 
	  2758     2563     2655     2529
	10505
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SSE will be obtained ‘by differencing’ in the ANOVA table.

	Source of Variation
	 S.S.
	D.F.
	  M.S.
	   F

	Diets 
	50210
	  3
	16736.7
	12.49

	Litters
	22314
	  3
	 7438.0
	 5.549

	Weight Orders
	 7911
	  3
	 2637.0
	 1.967

	Error
	 8043
	  6
	 1340.5
	    –  

	Total
	88478
	 15
	      – 
	    – 


To test for differences between the effects of diets, we test
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We take as test statistic  
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, and its observed value 12.49 is significant at above the 1% level (F3, 6; 0.01 = 9.780). There is strong evidence of differences between the effects of the four diets.

To test whether or not the use of the Latin square design was effective, we test for differences between the effects of litters and between the effects of weight orders.

To test for differences between the effects of litters, we test 
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We take as test statistic  
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, and its observed value 5.549 is significant at above the 5% level (F3, 6; 0.05 = 4.757). There is evidence of differences between the effects of the four litters, and hence it appears that blocking by litter has reduced the amount of uncontrolled variation in the observations.

To test for differences between the effects of weight orders, we test 
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We take as test statistic  
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, and its observed value 1.967 is not significant even at the 10% level (F3, 6; 0.10 = 3.289). There is no evidence of differences between the effects of the four weight orders, and hence it appears that blocking by weight order was ineffective in reducing uncontrolled variation.

Thus it appears that a Latin square design was not entirely effective, and that a randomised block design, blocking by litter alone, would have sufficed.

Random Choice of a Latin Square

The particular Latin square used in an experiment should, ideally, be chosen at random from the set of all Latin squares of the required size. However, for squares of size 5(5 and above, it suffices to select a square as follows: 

Take a standard square of the required size, and independently randomly permute the rows, the columns, and the letters. 

This assumes that the letters have already been assigned to the treatments; if they have not, then the treatments are randomly assigned to the letters as the last step, instead of randomly permuting the letters.

This procedure randomly selects a Latin square of the required size from a set containing a large number of, but not all, such squares, and is sufficient for practical purposes.

Illustration.

To select a 5(5 Latin square, start with the standard square:      A    B    C    D    E

                                                                                                     B    C    D    E    A

                                                                                                     C    D    E    A    B

                                                                                                     D    E    A    B    C

                                                                                                     E    A    B    C    D

Take a random permutation of the numbers 1 to 5,                     A    B    C    D    E

(1, 5, 3, 2, 4), and permute the rows of the square                      D    E    A    B    C accordingly, so that rows 1, 2, 3, 4, 5  become rows                   C    D    E    A    B       1, 5, 3, 2, 4, respectively:                                                             E    A    B    C    D

                                                                                                     B    C    D    E    A

Take another random permutation of the numbers 1 to 5,           D    B    C    A    E

(4, 2, 3, 1, 5), and permute the columns of the last square          B    E    A    D    C

accordingly, so that columns 1, 2, 3, 4, 5 become columns        A    D    E    C    B 

4, 2, 3, 1, 5, respectively:                                                             C    A    B    E    D

                                                                                                     E    C    D    B    A
Take another random permutation of the numbers 1 to 5,           E    D    B    C    A

(3, 4, 2, 5, 1), and permute the letters of the last square              D    A    C    E    B

accordingly, so that letters A, B, C, D, E become letters             C    E    A    B    D

C, D, B, E, A, respectively:                                                          B    C    D    A    E 

                                                                                                     A    B    E    D    C
Assuming that the letters have already been assigned to the treatments, the last square is selected for the experiment.

Note.  Tables are available in ‘Statistical Tables for Biological, Agricultural and Medical Research’, by Fisher & Yates, that enable a Latin square to be chosen at random from the set of all squares of a given size, for sizes up to 6(6.
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