Reduction of Error                                                                                                                                            Design of Experiments 


                                                        Row Totals 

	Row  i
	   1           2           3           4           5              
	    X..

	   Xi.
	23.15    23.76    22.83    22.14    21.95
	113.83


                                          Column Totals

	Column j
	   1           2           3
	    X..

	    X.j
	36.15    39.13    38.55
	113.83



[image: image32.wmf]
SSE  will be obtained ‘by differencing’ in the ANOVA table.

	Source of Variation
	   S.S.
	 D.F.
	  M.S.
	     F

	Fertilizer Conc.
	0.7325
	   4
	0.1831
	  4.190

	Fields
	0.9985
	   2
	0.4993
	11.426

	Error
	0.3494
	   8
	0.0437
	     – 

	Total
	2.0804
	 14
	     – 
	     – 


To test for differences between the effects of the different concentrations of fertilizer, we test
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We take as test statistic 
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, and its observed value 4.190 is significant at just above the 5% level (F4, 8; 0.05 = 3.838). There is evidence of differences between the effects of the different concentrations of fertilizer on the strength of cotton.

To test for differences between the effects of the fields we test
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We take as test statistic 
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, and its observed value 11.426 is significant at just above the 0.5% level (F2, 8; 0.005 = 11.04). There is strong evidence of differences between the effects of the fields, and hence blocking by field appears to have effectively reduced uncontrolled variation in the observations.

We now test for a difference between the effects 
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 of  each pair of fertilizer concentrations, using a least significant difference test with a 5% level of significance.

The sample means for the five fertilizer concentrations are: 

	Fertilizer Conc. i
	    1           2           3            4          5 
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	7.717    7.920    7.610    7.380    7.317
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For a test of  
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at the 5% level of significance, we reject  ‘(i = (k’  if the difference  
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Pairs of sample means which differ by less than the LSD are underlined in the following table, in which sample means are arranged in order of magnitude.

	Fertilizer Conc. i
	   5           4           3           1          2 
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	7.317    7.380    7.610    7.717    7.920

              _________________

                           _________________    


Thus it appears that  (5 < (1 , (5 < (2  and  (4 < (2 .  We may regard fertilizer concentrations in a group with the same underlining as having the same effect, but it is not possible to divide them into separate groups with equal effects.

Blocking in Factorial Experiments

Randomised block designs can sometimes be used to reduce uncontrolled variation in factorial experiments, where the ‘treatments’ in such experiments are the ‘treatment-combinations’. For example:

i)     if one complete replicate of a factorial experiment is performed by each of n  experimenters, thus providing  n  observations for each treatment-combination, then we could consider using the experimenters as blocks to reduce uncontrolled variation due to differences between experimenters,

ii)    if one complete replicate of a factorial experiment is carried out on each of n days, then we could consider using days as blocks to reduce uncontrolled         variation due to differences between days. Consider a two-factor experiment with a factor A at a levels, a factor B at b levels, and suppose that a complete replicate of the experiment is conducted in each of n blocks. (We assume that the available blocks of units are large enough to accommodate a complete replicate, i.e. all ab treatment-combinations.) Let Xijk denote the response for treatment-combination AiBj in block k. Then, as block effects are taken to be additive, we assume the model
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where
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Further, as the treatment-combinations have a factorial structure, as usual we write the effect (ij of treatment-combination AiBj as
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Hence, the model for the observed responses becomes
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where the terms in model are as defined above.

Analysis of Variance

For this design, the breakdown of the total sum of squares  
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 is as follows . We write, in the usual way,
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Squaring both sides, and summing with respect to all three suffixes i, j, k, all 10 cross-product terms vanish, and we obtain the analysis of variance breakdown of the total sum of squares shown in the following table, together with the corresponding

partitioning of the degrees of freedom.

	Source of Variation
	                    S.S.
	      D.F.

	Main effects A
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	Interaction A(B
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Tests of the various hypotheses are carried out in the usual way.

Note.

Comparing the above analysis of variance with that previously given for the two-factor experiment without blocking (with n observations per treatment-combination), we see that the error sum of squares in the previous ANOVA has here been split into a sum of squares for block effects and a new sum of squares for error.

It is left to the reader to show that the expected values of the mean squares for the main and interaction effects of the factors, and for error, are the same as those previously given for the corresponding experiment without blocking, and that the expected value of the mean square for block effects is  
[image: image24.wmf].
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Example 2.

Suppose in Example 3 on page 25 of the Introduction notes that each pair of alloy specimens, corresponding to each combination of type of alloy and method of preparation, was randomly split between two technicians, who then determined their thermal expansion coefficients. Suppose, in the table of results, that the first value in each cell is due to the first technician and the second value to the second technician.

As before, carry out an analysis of variance to investigate the effects of method of preparation and type of alloy on the thermal expansion coefficient; it is assumed that the effects of the technicians on the thermal expansion coefficient do not interact with either of these factors. Also, test whether or not the two technicians differ in their effects on the measurements, and comment on the result.

Solution.

We assume the model (technician is a blocking factor)

  Xijk = thermal expansion coefficient for the ith method of preparation and

             the jth alloy, determined by the kth technician
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The values of the totals  Xij. , Xi.. , X.j. are as given in Example 3 on page 25 of the previous notes. In addition, we require the values of  X..k , k = 1, 2,  (the totals of the observations for the two technicians); these are

                                    X..1 = 37.26,     X..2 = 36.09.

To obtain the ANOVA table, we shall calculate SST, SSA, SSB, SSA(B and SSBl directly, and then obtain SSE ‘by differencing’ in the table. The values of  SST, SSA, SSB, and SSA(B will be, of course, exactly the same as in Example 3 in the previous notes.
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	Source of Variation
	  S.S.
	D.F.
	  M.S.
	  F

	Main effects Methods
	2.4102
	  1
	2.4102
	4.691

	Main effects Alloys
	0.7622
	  3
	0.2541
	 <1

	Interaction Methods(Alloys
	1.8173
	  3
	0.6024
	1.172

	Technicians
	0.0856
	  1
	0.0856
	 <1

	Error
	3.5969
	  7
	0.5138
	   – 

	Total
	8.6722
	 15
	     – 
	   – 


To test for a difference between the main effects of methods, we test 
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, and the observed value FA = 4.691 is significant at between the 10% and 5% levels of significance level  (F1, 7; 0.10 = 3.589,  F1, 7; 0.05 = 5.591). There is slight evidence of a difference between the main effects of the two Methods.

Proceeding informally for the other tests, we see that:

The F-value for the main effects of Alloys, FB <1, is nowhere near significance, and so the is no evidence of differences between the main effects of Alloys.

The F-value for interaction effects between Methods and Alloys, FA(B = 1.172, is not significant even at the 10% level (F3, 7; 0.10 = 3.074), and so there is no evidence of interaction between Methods and Alloys.

Thus, it appears that only the method of preparation may affect the thermal expansion coefficient, and, as there appears to be no interaction between method of preparation and type of alloy, the difference between the effects of the two methods is the same for all alloys.

[Note. The evidence for a difference between the main effects of Methods is weaker here than in Example 3 of the previous notes, where there was no blocking by technician, but otherwise the conclusions are the same.]

The F-value for Technicians (Blocks), FBl < 1, is nowhere near significance, and so there is no evidence of a difference between the effects of the two technicians. This means that blocking by technician appears to have been ineffective in reducing uncontrolled variation in the measured thermal expansion coefficient, and so was not worthwhile. 

[Note. When blocking is ineffective the tests concerning factor effects actually become less sensitive as we lose degrees of freedom for error – in the above case 1 d.f. was so lost.]  

                             Latin Square Designs*

[ Note.  A n(n Latin square is an arrangement of n different (Latin) letters A, B, C, ... 

             in a square with n rows and n columns, so that each letter appears exactly

             once in every row and in every column. 

                                                                                                           A    B    C    D 

             Shown is a ‘standard’ 4(4 Latin square  –                           B    C    D    A
             a standard square has the first row and                                C    D    A    B 
             first column in standard order.                                             D    A    B    C      .]

Here n different letters A, B, C, …, correspond to different treatments or factor levels.

Graphically, a n(n Latin square is a special n(n matrix.
In some experiments, there may be more than one way of grouping the experimental units into blocks of similar units (more than one system of blocks) depending on the factor by which the units are judged to be similar. A Latin square design makes use of two blocking systems simultaneously, which should reduce the amount of uncontrolled variation in the treatment responses by more than that achieved with a randomised block design, which uses only one blocking system. The two blocking systems in a Latin square design have to be ‘orthogonal’, i.e. the experimental units in each block of one system must all belong to different blocks of the other system. 

In a Latin square design to compare the effects of n treatments A, B, C, ...  the experimental units have to be grouped into n equal blocks of n similar units according to each of two orthogonal blocking systems; thus both blocking systems must contain as many blocks as there are treatments, and each block as many units as there are treatments. It is then possible to allocate each treatment simultaneously to one unit in each block of each grouping system. The resulting design can be set out as an n(n Latin square. 

For example, a Latin square design to compare four treatments A, B, C, D is set out as:

	First System

    Block
	Second  System Block

   1       2       3       4

	        1

        2

        3

        4
	   B      D      A       C

   A      B      C       D

   C      A      D       B 

   D      C      B       A  


For this design the required 16 experimental units are grouped into four blocks of four units according to two orthogonal blocking systems, represented by the rows and the columns of the square. Each of the four treatments is then simultaneously allocated to one unit in each block of the first system (i.e. to each row) and to one unit in each block of the second system (i.e. to each column). Such an allocation necessarily corresponds to the choice of a 4(4 Latin square.

For a Latin square design, some of the variation in the treatment responses, due to differences between the experimental units, can be accounted for as systematic differences between the blocks as a whole in each blocking system (between the ‘rows’ and between the ‘columns’ of the design), thus reducing the amount of uncontrolled variation (experimental error) in the responses.

Finally, we need to ensure that the remaining differences between the experimental units, not accounted for as differences between the blocks in each blocking system, do not have systematic effects on the treatment responses. Thus, within the constraints of the Latin square design, the allocation of the treatments to the units should be made at random. The particular Latin square used in the design, which represents the allocation of the treatments to the units, is therefore chosen at random, ideally from the set of all possible Latin squares of the given size, or at least from a large subset of such squares, which is good enough for practical purposes.

We now give two illustrations of experimental situations where it would be appropriate to use a Latin square design:-

Illustration 1.

Consider an agricultural experiment to compare four varieties A, B, C, D of wheat for yield. Suppose the experimental field has streams running along two adjacent sides, so that there are likely to be systematic changes in the fertility of the land as we move further away from each stream. To allow for changes in fertility both across and down the field, we can use a 4(4 Latin square design, dividing the field into 16 equal plots, set out in a 4(4 array with sides parallel to the two streams, with the rows and columns of the array forming two orthogonal systems of four blocks of four plots.

	
	

	
	                      Stream
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	  A
	  C
	

	
	
	  A
	  D
	  C
	  B
	

	
	
	  B
	  C
	  D
	  A
	

	
	
	  C
	  A
	  B
	  D
	

	
	     
	
	
	
	
	


The particular 4(4 Latin square used in the design is chosen at random. The uncontrolled variation, due to differences in plot fertility, will then only be due to remaining differences not accounted for as systematic differences between the rows and columns of plots as a whole.

Illustration 2. 

We did deal with this experiment on page 2.

Consider an industrial experiment to compare for chemical processes A, B, C, D for yield of a certain chemical product. The experiment has to be spread over several days, and that it is thought that any changes in external conditions (i.e. in temperature, air pressure, humidity, etc.) both between days and between times within a day could affect the yield of chemical. Provided we can accommodate four process-runs in any one day, we can use a 4(4 Latin square design to allow for changes in external conditions both between days and between times of day, by carrying out four process- runs on each of four days, so that each process is run on each of the four days and at each of the four times of day used in the experiment.

Why Latin square design?

Why 4(4 Latin square design?

What are the two blocking systems? Or What is the 1st (2nd) system block? Or what is the row (column) factor?
	

	Time of day
	              Day

  1        2        3        4

	         1

         2

         3

         4
	 D        B        A        C

 A        D        C        B

 B        C        D        A

 C        A        B        D


� EMBED Equation.3  ���
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