MATRIX and VECTOR BASICS

The basics of vector and matric algebra as foundation mathematics for the study of multivariate statistical methods---a quick tour. 

INTRODUCTION TO VECTORS AND VECTOR OPERATIONS

A vector is a set of real number arranged in a column. The symbol which denotes a vector is written as a lowercase letter written in bold..


For example, the three vectors, a, b and x are written as:
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A row vector is created by transposing a column vector, that is turning it on its side.
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So, for example the vector [image: image3.png]


      has transpose       [image: image4.png]


.

Scalar Multiplication

For a constant value, also called a scalar, denoted by c, and vector x define scalar multiplication by:
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Letting c = 2.3, and the vector a as before,

[image: image6.png]115
69
16.1
16.1




Vector Addition

Adding two vectors is very simple, one simply adds the elements in the same position in the vector.
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For example:
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Note then that vector addition can only occur between vectors of the same size and that vector addition is reflexive since x + y = y + x. Vector subtraction is simply vector addition of the negative (scakar multiplication) of one of the vectors. x - y = x + (-1)y.

 

 

MATRICES

A matrix is a rectangular array of elements arranged in rows and columns. The order of a matrix is the number of its rows and columns. Symbolically, we denote a matrix by a bolded capital letter and its order by the set, (row length, column length). For example.
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or 
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A matrix of order[image: image11.png](k)



 is said to have dimension m x k. When in doubt, the order of the matrix is specified as a subscript . 
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Note that A(m,k) = B(m,k) if and only if aij = bij for all i=1, 2, ..., m; j=1, 2, ..., k.

 

MATRIX ADDITION

The sum of two matrices is
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where [image: image14.png]ey = ay+by
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.

For example, if
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then    
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Note: Matrices of different dimensions cannot be added or subtracted.

 

 

SCALAR MATRIX MULTIPLICATION

Let c be a constant and A a matrix.
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MATRIX MULTIPLICATION

 

To multiply two matrices, the dimensions of the matrices must have the right conformation. In particular, the column dimension of the matrix on the left must equal the row dimension of the matrix on the right. Thus, thus for two matrices, A of order (p,k), and B of order (k,n), we define the product of the two matrices to be a matrix C of order (p,n).
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where the elements of C are defined by,
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which is the innerproduct of the ith row of A and the jth column of B. In particular,
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then
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MATRIX TRANSPOSE

The transpose of matrix, A(m,k) denoted by A=, is the k by m matrix with elements
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.

Note that with the transpose, the subscript locations are switched, hence the lower left element now becomes the upper right element.
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with rows and columns exchanged.)

[image: image26.png]an an
an e an]
A= |ay am
an an azm)
ai an




 

MATRIX ALGEBRAIC PROPERTIES

Matrix Algebraic Properties

10. [image: image27.png](A+B)+C = A+(B+C)



Order of addition is not important. 
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Scalar multiplication and addition
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n) [image: image31.png](A+B) = A+B’



The transpose of the sum is equal to the sum of the transposes.
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p) [image: image33.png](cA) = ch’




SQUARE AND SYMMETRIC MATRICES

Square Matrix - any matrix with the same number of rows and columns.
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Symmetric Matrix - any square matrix such that [image: image35.png]ay=az i=
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is symmetric, then [image: image37.png]
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Identify Matrix - a square matrix with ones on the main (NW-SE) diagonal and zeros elsewhere, usually denoted [image: image39.png]Iny
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Note that I is also symmetric.

The identify matrix can be used on the right or left of a matrix.

AI = A or IA = A.

 

MATRIX MULTIPLICATION PROPERTIES

Matrix Multiplication Algebra

1. [image: image41.png]c(AB) = (cA)B




b) [image: image42.png]A(BC) = (AB)C




c) [image: image43.png]A(B+C) = AB+AC




d) [image: image44.png](B+C)A = BA+CA




e) [image: image45.png]
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Not that in general, Matrix multiplication is not commutative, that is,
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If [image: image49.png]


and [image: image50.png]


are square and symmetric then matrix multiplication is commutative.

Note that [image: image51.png]A By = Oax



does not imply that A = 0 or that B = 0. 
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.

DETERMINANT OF A SQUARE MATRIX

The Determinant of the square [image: image55.png]
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, is the following scalar:
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 is the[image: image60.png](k- Dxk-1)



 matrix obtained by deleting the first row and jth column of [image: image61.png]


. Thus, one finds the determinant of a matrix by successively finding the determinant of subsets, called adjacents, of the matrix until we reach the determinant of one element. Doing this by hand can get tedious for anything greater than a 3 by 3 matrix. The equation is easy to implement on a computer.

For example if
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then 
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In general for a 2 by 2 matrix the determinant is given by
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For a 3 by 3 matrix,
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INVERSE OF A SQUARE MATRIX

Inverse of a square matrix

Let [image: image66.png]


be a non-singular square matrix. Then there exists a unique matrix [image: image67.png]


such that

[image: image68.png]



The matrix B is called the inverse of A and is denoted by [image: image69.png]


. Thus,
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 to be an inverse of A.

For example:
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This can be checked by multiplying the two.
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and so on.

The existence of an inverse for a square matrix relates to other matrix properties such as singularity and non zero determinants. The following are equivalent for [image: image77.png]
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. (A non-singular)

b) [image: image79.png]A = 0



. (non zero determinant)

c) There exists[image: image80.png]
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. (existence of an inverse)

PROPERTIES OF A MATRIX INVERSE AND DETERMINANT 

Inverse Matrix Properties

1. [image: image82.png]
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Determinant Properties

(i) [image: image84.png]JA] = A1




(ii) If a row (or column) has all zero elements then |A| = 0.

(iii) If any two rows (or columns) are equal then |A| = 0.

(iv) If A is non-singular, then [image: image85.png]1|4




or [image: image86.png]


.
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for c a scalar and [image: image89.png]


.

A matrix A is orthogonal if and only if [image: image90.png]


. That is: [image: image91.png]


. 

This also implies that the columns of A are mutually perpendicular and have unit lengths.

If A is a considered a set of column vectors, [image: image92.png]a1,
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An example of such a matrix is [image: image97.png]



 

