Introduction                                                                                                                                                       Design of Experiments 


None of the F-values for the three sets of two-factor effects is anywhere near significance, except that for the Temperatures(Days interaction, which is significant at the 8.7% level. There is slight evidence of interaction between Temperatures and Days, but no evidence of interactions between the other pairs of factors.

The F-value for three-factor interaction effects is also nowhere near significance (its p-value is 0.675), and so there is no evidence of three-factor interaction.

In summary, the model can be taken to reduce to  
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Both Temperature and Day appear to have an effect on the measured resistance of the circuit, but the Meter used appears to have no effect at all. If there is interaction between Temperatures and Days, then the differences between the effects of the Temperatures on the resistance of the circuit, would be different for the two Days.  

Advantages of Factorial Designs
We contrast complete factorial designs, in which we compare the effects of the different levels of several factors together in the same experiment, with one-factor-at-a-time experiments, in which we compare the effects of different levels of one factor at fixed levels of the other factors, one factor at a time.

The clear advantage of factorial designs over one-factor-at-a-time experiments is that it enables us to investigate interactions between the factors. If interaction is present between factors A, B , then the difference between the effects, or true responses, of two given levels of factor A is not be the same at all levels of factor B. Hence, if the difference between the effects of the two levels of  A  were estimated from a one-factor-at-a-time experiment at a fixed level of  B , then no information would be obtained about whether or not this difference was the same at different levels of B . Unless the factors were known not to interact, it could be wrong to assume that the estimated difference between the effects of the two levels of  A  applied at all levels of B .

Further, in a factorial experiment, the effects of the different levels of each factor are investigated over several levels of each of the other factors, and so conclusions about the effects of each factor have broader validity than for a one-factor-at-a-time experiment.

Factorial experiments are also more efficient than one-factor-at-a-time experiments, in that fewer observations are required to achieve the same precision of estimation. To illustrate this, consider a complete factorial experiment to compare the effects of three factors  A, B, C  each at two levels (a 2(2(2, or 23 factorial design), with one observation per treatment-combination. Let  Xijk denote the observation for treatment-combination  AiBjCk . Then the difference 
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or main effects, of levels A1 , A2  is estimated by the unbiased estimator 
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The precision of estimation represented by this variance is achieved with the eight observations from the experiment. Similarly, for each of the other factors, the

difference between the true mean responses, or main effects, of  its two levels, can be estimated with the same precision from the same eight observations. 

Compare this design with a design in which we change the level of one factor at a time, keeping the levels of the other factors fixed at (say) level 1, which requires the four treatment-combinations  A1B1C1 , A2B1C1 , A1B2C1 , A1B1C2 . Suppose each of these treatment-combinations is replicated four times, giving 16 observations in all.

Let  Yijkl  denote the  lth observation for treatment combination  AiBjCk . Then the difference  (111 - (211 between the true responses, or effects, of levels  A1 , A2 of factor  A  at fixed levels B1 , C1  of factors B , C , is estimated by the unbiased estimator  
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Similarly, for each of the other factors, the difference between the true responses, or effects, of its two levels at level 1 of the other factors, can be estimated with the same precision from the same 16 observations.

Thus, twice as many observations are required with the one-factor-at-a-time experiment, compared with the factorial experiment, to achieve the same precision of estimation of the difference between the quantities being investigated in the two experiments, and so the factorial experiment is more efficient for its purpose. Of course, the same difference is not being estimated by the two experiments, unless there is no interaction between the factors. The more relevant difference is that between the true mean responses, or main effects, of two levels of a factor, which is estimated by the factorial experiment. This is because it represents the difference between the true responses, or effects, of two levels of a factor, averaged over the levels of the other factors, and so applies more broadly.

A disadvantage with complete factorial designs is that the number of treatment-combinations increases multiplicatively as the number of factors increases, which may outstrip the experimental resources. For this reason, when a large number of factors need to be investigated, a preliminary experiment with each factor at just two levels is sometimes carried out to obtain some information about the effects of changes in the factor levels, and of interactions between the factors. 
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