Introduction                                                                                                                                                       Design of Experiments 


The Null Distributions of the  F  Statistics

To obtain these distributions, we assume that the random errors  

(ijk ~  IN(0, (2) .

Consider the error sum of squares SSE . 

Substituting from the model we obtain
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Also, the random variables  Wij ,  i = 1,...,a ,  j = 1,...,b ,  

are independent, as they are based on different groups of  (ijk’s .

Hence, by the additive property of independent  (2 random variables  

(result (2) on 
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Consider the sum of squares SSA for the main effects of factor A. 

Substituting from the model we obtain
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It can further be shown that all the sums of squares in the ANOVA breakdown are independent.

Hence, the test statistic   
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, the ratio of  

independent  (2 random variables each divided by its d.f. . Therefore, by definition of the F distribution, under  
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 ,  FA ~ Fa – 1, ab(n – 1) .

The distribution of  FB  under 
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 may be established in the same way. However, to obtain the null distribution of FA(B, we need to show that  SSA(B /(2  ~ 
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, which is a more difficult result, but it can be shown using the distribution

theory of quadratic forms – see later. The null distribution of  FA(B  then follows in the above way.

One Observation per Treatment-Combination

Suppose only one experimental unit is allocated to each treatment-combination, and let  Xij  denote the response for the unit receiving treatment-combination  AiBj , 

i = 1,..., a ,  j = 1,..., b  (a third suffix k is not now required).

In this case the total sum of the squared deviations of the observations from their overall mean, 
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Write   
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Squaring both sides, and summing with respect to both suffixes i, j, all three cross-product terms vanish, and we obtain
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i.e.        SST = SSA + SSB + SSA(B   ,  with corresponding partitioning of the d.f.

             ab – 1 = (a – 1) + (b – 1) + (a – 1)(b – 1) .

Note that with only one observation for each treatment-combination there is no within-sample variation to provide a sum of squares for error  (we say that there are no degrees of freedom for error). The expected values of the mean squares for the breakdown are as given in the table on page 23 with  n = 1 , but there is now no error mean square to provide an unbiased estimator for (2 .

Hence, as there is no error mean square with which to compare the three mean squares  MSA, MSB, MSA(B , the three null hypotheses  
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 cannot be tested, unless an estimate of (2  is available  from previous data (called an external estimate).

However, if we can assume that there is no interaction between the factors, i.e. that  ((()ij = 0 , for all  i,j ,  then the interaction sum of squares becomes a sum of squares for error as it depends on the random errors only, and  the interaction mean square is then an unbiased estimator of (2 .

Thus, with only one observation per treatment-combination, if we can assume the additive model
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we have the following analysis of variance :-

	Source of Variation
	                       S.S.
	      D.F.
	M.S.=S.S.
          D.F.

	Effects of A
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	(a – 1)(b – 1)
	     MSE

	Total
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The two hypotheses  

          
[image: image23.wmf]A

0

H

: all  (i = 0   (the effects of factor  A  are equal),
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: all  (j = 0   (the effects of factor  B  are equal), 

are then tested in the usual way.

Higher Order Factorial Designs
The above methodology extends to three or more factors.

Thus consider a complete, balanced, three-factor experiment, with a factor  A at  a levels, a factor  B at  b levels, and a factor  C at  c levels (an  a(b(c factorial design), in which we obtain  n observations for every treatment-combination.
We assume the model 

             Xijkl = lth response for treatment-combination  AiBjCk  ,

                    = (ijk + (ijkl  , 

                    = ( + (i + (j + (k + ((()ij + ((()ik + ((()jk + (((()ijk + (ijkl  ,

i = 1,..., a ,  j = 1,..., b ,  k = 1,..., c ,  l = 1,..., n  ,  where  (ijkl ~ IN(0, (2 ) , and

    (  is the reference level,

    (i , (j , (k  are the main effects of levels Ai ,Bj ,Ck , respectively,

    ((()ij , ((()ik , ((()jk  are the two-factor (or first order) interaction effects of the

                                       pairs of levels for the three factors,

    (((()ijk  is the three-factor (or second order) interaction effect of levels Ai ,Bj ,Ck .

Corresponding to the two-factor experiment, we may define these quantities as follows :-
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The effects in each set are constrained to sum to zero with respect to each of their suffixes.

‘Natural’, unbiased, estimators of the above effects are obtained by replacing true means by the corresponding sample means. Guided by these estimators, the total sum of squares is decomposed in the usual way to give the ANOVA breakdown shown in the following table :

	Source of Variation
	                                S.S.
	          D.F.

	Main Effects
	
	

	   A
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	Interactions
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Tests are carried out in the same way as above. For example, to test whether or not three factor interaction effects are present, we test the hypothesis 
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The error sum of squares in the above three-factor ANOVA is based on the within- sample variation provided by the sample of  n observations for each treatment-combination, each sample providing  n – 1 d.f.  for error. In the case of only one observation per treatment-combination, this error sum of squares does not exist, and the various hypotheses concerning main and interaction effects cannot be tested (unless an external estimate of the common error variance  (2  is available).

However, if we can assume that there is no three-factor interaction, i.e that all  

(((()ijk = 0 , then the three-factor interaction sum of squares  SSA(B(C  can be used as a sum of squares for error, and tests of the hypotheses concerning main, and two-factor interaction effects carried out in the usual way. In practice, it is generally the case that interaction effects become more and more negligible as the order of the interaction increases.

Example 5.

An experiment was carried out in which the resistance of a certain electrical circuit was measured for three different temperatures (1 ( -65 oF, 2 ( room temperature, 3 ( 257 oF), on two different days, using two different meters. Three such measurements were made for every combination of temperature, day, and meter. The results were recorded in coded units, and are shown in the solution below.

An edited version of the output from SPSS is given in the table of ``Tests of Between-Subjects Effects’’: Carry out an analysis of variance to investigate the effects of temperature, day, and meter on the measured resistance of the circuit.

Solution.
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We assume the model

   Xijkl = the lth measured resistance for temperature i , on day  j , with meter  k ,  
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i = 1, 2, 3 ,  j = 1, 2 ,  k = 1, 2,

where  (ijkl ~ IN(0, (2) , and where the sets of effects satisfy the usual zero-sum constraints.

There are seven null hypotheses to test.

To test for differences between the main effects of Temperatures, we test
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and take as test statistic   FA = MSTemp /MSError ~ F2, 24  under 
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 . From the above ANOVA table, we see that the observed value FA = 9.088 is significant at the 0.1% level  (its significance probability, or p-value, is 0.001). Hence, there is very strong evidence of differences between the main effects of temperatures.

Dealing with the other sets of effects without presenting formal tests, we see that :- 

The F-value for the main effects of Days is significant at the 2.2% level, and so there is some evidence that the main effects of the two Days differ.

The F-value for the main effects of Meters is nowhere near significance (its p-value is 0.612), and so there is no evidence that the main effects of the two Meters differ.

� EMBED Equation.3  ���
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