Introduction                                                                                                                                                       Design of Experiments 


Estimation of Model Parameters

‘Natural’, unbiased, estimators of the main and interaction effects in the above representation of  (ij , are provided by the corresponding sample statistics (which can be shown, in fact, to be the least squares estimators). Thus  (i , (j , and  ((()ij  are estimated respectively by
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Analysis of Variance for Interacting Factors

The total sum of the squared deviations of the observations from their overall mean,
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 is decomposed into components ascribable to differences between the main effects of each factor, to interaction effects, and purely to random variation, as follows :-

Guided by the above estimators of the various effects, we write   
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where the deviations 
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 ,  k = 1,...,n ,  are ascribable to error variation within the sample of observations for treatment combination  AiBj .

Squaring both sides, and summing with respect to all three suffixes  i, j, k , gives 
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all six cross-product terms vanishing on summation (which happens because the design is balanced, and does not happen, in general, if treatment-combinations are not replicated the same number of times). For example,
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(Note that the estimators of the main and interaction effects are algebraically of the same form as the corresponding true effects, and so satisfy the same constraints as the true effects, given above.) 

We thus have the ANOVA breakdown
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i.e.  
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    SST  = SSA + SSB  + SSA(B  + SSE  , say.

As each set of estimated effects satisfies the same constraints as the corresponding true effects we see that :

   for SSA , the deviations 
[image: image7.wmf])
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   SSA  has  a – 1  d.f. ;

   for  SSB , the deviations  
[image: image8.wmf])

(

...

.

.

X

X

j

-

,  j = 1,..., b , satisfy one constraint, and hence 

   SSB  has  b – 1  d.f. ;

for  SSA(B , the deviations  
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,  i = 1,...,a ,  j = 1,...,b ,satisfy

   a + b – 1  independent constraints, and hence  SSA(B  has  ab – (a + b – 1) 

   = (a – 1)(b – 1)  d.f. 

For the error sum of squares  SSE , the innermost sum of squares 
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 has n – 1  d.f. , and hence  SSE  has  ab(n – 1)  d.f.

The total sum of squares  SST, which is based on all  abn observations, has  abn –1 d.f.  

Thus, corresponding to the above ANOVA breakdown, we have the partitioning of the degrees of freedom:

                 abn – 1 = (a – 1) + (b – 1) + (a – 1)(b – 1) + ab(n – 1) 

The analysis of variance enables us to test for differences between the main effects of each factor, and for interaction between the factors. As pointed out above, because of the constraints on the parameters, if the main effects of the levels of a factor are equal, their common value is zero. Hence, we test the three null hypotheses : 
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To guide us in our choice of test statistics for these hypotheses, we require the expected values of the mean squares (E.M.S.) for the ANOVA breakdown. These are shown in the following table (their derivation is given later).

	Source of Variation
	S.S.
	       D.F.
	M.S. 
	      F    

	Main effects A
	SSA
	       a – 1 
	MSA
	 

	Main effects B
	SSB
	       b – 1 
	MSB
	 

	Interaction A(B
	SSA(B
	(a – 1)(b – 1)
	MSA(B
	 

	Error
	SSE
	   ab(n – 1)
	MSE
	 

	Total
	SST
	     abn – 1 
	   – 
	                     – 


We see that the error mean square is an unbiased estimator of the error variance  (2 (it is the usual pooled estimator of a common variance), while each of the other mean squares tends to overestimate  (2 , unless the corresponding null hypothesis is true, in

which case it is also an unbiased estimator of  (2 .This suggests we take the following mean square ratios as test statistics:

    to test     
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The null distributions of the mean square ratios apply under the assumption that the errors  εijk  are normally distributed, and their derivation is discussed later.

Calculation of the Sums of Squares 

By straightforward algebra, the following alternative computational formulae can be obtained for the sums of squares in the ANOVA breakdown, which are suitable for ‘hand’ calculations.  
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SST  is not actually required for the tests, but it is perhaps a little easier to calculate  SST , SSA , SSB and  SSE , and then to obtain SSA(B  and its d.f.  by ‘differencing’ in the ANOVA table.

Example 3.

In a study of the thermal expansion coefficients of four types of titanium alloy, two specimens of each type of alloy were prepared by each of two different methods. The thermal expansion coefficient of each specimen was then determined, with the following results.

	 Method of

Preparation
	         Type of Alloy

  1          2          3          4

	         1
	4.78     3.84     5.82     4.57

	         
	4.28     5.28     5.77     5.44

	
	

	         2
	4.46     4.73     4.76     4.30

	
	4.79     3.36     3.31     3.86


Carry out an analysis of variance to investigate the effects of method of preparation 

and type of alloy on the thermal expansion coefficient.

Solution.

We assume the model

    Xijk = thermal expansion coefficient of the kth specimen for the ith method of

              preparation and the jth alloy  
          =( + (i + (j + ((()ij + (ijk  ,     where  (ijk ~ IN(0, (2) ,

and  
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                                Values of Xij.
	   i
	                         j

    1            2            3             4 
	   Xi..

	  1
	 9.06       9.12      11.59      10.01
	 39.78

	  2
	 9.25       8.09        8.07        8.16
	 33.57

	X.j.
	18.31     17.21     19.66      18.17
	 73.35 = X...


[image: image49.wmf]      

,

  

)

(

 

)

(

          

          

          

          

)

(

)

(

        

          

          

          

  

)

(

  

)

(

         

          

          

          

)

(

)

(

)

(

    

2

.

1

1

1

2

...

.

.

..

.

1

1

2

...

.

.

1

2

...

..

1

2

.

1

1

1

2

...

.

.

..

.

1

1

1

2

...

.

.

1

1

1

2

...

..

1

1

1

2

...

1

1

1

ij

ijk

a

i

b

j

n

k

j

i

ij

a

i

b

j

j

b

j

i

a

i

ij

ijk

a

i

b

j

n

k

j

i

ij

a

i

b

j

n

k

j

a

i

b

j

n

k

i

a

i

b

j

n

k

ijk

a

i

b

j

n

k

X

X

X

X

X

X

n

X

X

na

X

X

nb

X

X

X

X

X

X

X

X

X

X

X

X

-

å

å

å

+

+

-

-

å

å

+

-

å

+

-

å

=

-

å

å

å

+

+

-

-

å

å

å

+

-

å

å

å

+

-

å

å

å

=

-

å

å

å

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=


  
[image: image29.wmf].

  

2

5073

.

682

4

1047

.

1348

8

3933

.

2709

  

3.6825

9361

.

344

.

  

7622

.

0

2639

.

336

.

  

4102

.

2

2639

.

336

,

2

.

2

...

2

.

.

2

...

2

..

,

,

2

=

-

=

-

=

=

-

=

-

=

=

-

=

-

=

å

å

å

å

n

X

abn

X

an

X

abn

X

bn

X

j

i

ij

j

j

i

i

k

j

i

ijk

E

B

A

X

SS

SS

SS


SSA(B  is obtained by differencing in the following ANOVA table. 

	Source of Variation
	 S.S.
	D.F.
	M.S. = S.S./D.F.
	  F     

	Main effects Methods
	2.4102
	  1
	     2.4102
	5.235

	Main effects Alloys
	0.7622
	  3
	     0.2541
	  <1

	Interaction Methods(Alloys
	1.8173
	  3
	     0.6024
	1.308

	Error
	3.6825
	  8
	     0.4604
	   –

	Total
	8.6722
	 15
	          –
	   –


To test for a difference between the main effects of the two Methods, we test
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We take as test statistic  FA = MSA / MSE  ~ F1, 8  under  H0A , and the observed value 

FA = 5.235  is nearly significant at the 5% level  ( F1, 8; 0.05 = 5.318 ). There is some evidence of a difference between the main effects of the two Methods.

To test for differences between the main effects of the Alloys, we test

               
[image: image31.wmf].

  

0

  

all

not 

 

are

  

  

 the

:

H

  

against   

      

0

  

all

 

:

H

1

0

j

B

j

B

b

b

=


We take as test statistic  FB = MSB / MSE  ~ F3, 8  under  H0B , and the observed value 

of  FB is less than 1 , which is not significant. There is no evidence of differences between the main effects of Alloys.

To test for interaction between Methods and Alloys, we test
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We take as test statistic  FA(B = MSA(B / MSE  ~ F3, 8  under  H0A(B , and the observed value  FA(B = 1.308  is not significant even at the 10% level (F3, 8; 0.10 = 2.924 ). There is no evidence of interaction between Methods and Alloys.

In conclusion, only the method of preparation appears to affect the thermal expansion 

coefficient. The apparent absence of interaction between method of preparation and type of alloy means that the difference between the effects of the two methods of preparation (equivalently, the difference between the true thermal expansion coefficients for the two methods of preparation) is the same for all four types of alloy.

Example 4.

As a follow-up to the last Example, give a 95% confidence interval for the difference between the main effects of the two methods of preparation.

Solution.

The difference between the main effects of the two methods of preparation is
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Hence, the random variable 
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and hence, by the usual derivation, 95% confidence limits for  (1 - (2  are  
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Thus we can be 95% confident that  (1 – (2   lies in the interval  [-0.0061, 1.559] .

(Note that the interval just includes  0 at the lower end, and so it is just plausible that 

(1 = (2 . This corresponds to the fact that the result of the F test was not quite significant at the 5% level, so that on a strict test at this level we would have accepted  

the hypothesis that  (1 = (2 .) 

Derivation of the Expected Mean squares
To obtain the expected value of each sum of squares in the ANOVA breakdown, we first substitute for the observations from the model    Xijk =( + (i + (j + ((()ij + (ijk  . The zero-sum constraints on the sets of effects mean that
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Thus, averaging in the model, using these results, we can write
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Then, the interaction sum of squares can be written
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As in the alternative formula for the interaction sum of squares, but with ( ’s replacing the X ’s, we can write
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Hence, taking expectations, noting that  
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The expected values of  SSA , SSB , SSE , and hence of MSA , MSB , MSE , are found in the same way.
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