Introduction                                                                                                                                                       Design of Experiments 


  Factorial Designs



Or more than one factors design

Factorial designs are used to compare, simultaneously, the effects of different levels of two or more factors on a given response variable. A combination of one level of each factor is called a treatment-combination. Each treatment-combination to be used in the experiment is applied to a different set of experimental units (allocated at random), and the corresponding responses observed.

If all possible treatment-combinations are used in the experiment, then we have a complete, or completely crossed design. We consider here only complete, balanced factorial designs, in which each treatment-combination is applied to the same number of experimental units.

Consider a two-factor experiment with a factor  A  having  a  levels  A1,..., Aa , and a factor  B  having  b  levels  B1,..., Bb . Suppose  n  experimental units are allocated to each treatment-combination. Let  Xijk  denote the response of the  kth  unit receiving treatment-combination  AiBj . Then, as discussed previously, we assume that

Xijk = (ij + (ijk  ,         

 i = 1,..., a  ,  j = 1,..., b  ,  k = 1,..., n  ,

where  (ij  is the true response for treatment-combination  AiBj , 

and the errors  (ijk  are independent random variables, 

each with mean  E((ijk) = 0 and variance  var((ijk) = (2. 

The observed responses are, therefore, also independent random variables, 

 Xijk  having mean  E(Xijk) = (ij  

and variance  var(Xijk) = (2 .

This is the general model for two-factor design.

For a complete factorial design, we have the following array of true responses  (ij:

	       Factor A
	         Factor B
B1   . . .   Bj   . . .  Bb  
	 True mean response

         for level Ai      
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	 (a1  . . .  (aj   . . .  (ab
	            
[image: image3.wmf]×

a

m

 

	True mean response

        for level  Bj
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where 
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We now discuss two cases: 

there is non-interacting factor and there is  interacting factor.

Non-interacting Factors

What does it mean?

The difference  (ij – (rj  between the true responses for levels  Ai  and  Ar  of factor  A,  at a given level  Bj  of factor  B , may change with each level of factor  B . But if this difference is the same for all levels of factor  B , i.e. if   (ij – (rj = (is – (rs  for all  j,s , and this holds for every pair of levels  Ai, Ar  of factor  A , then we say that factor  A
does not interact with factor  B . 

When factors do not interact, the true response for treatment-combination  AiBj  can be expressed as 
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 , which shows that each factor level makes an additive contribution to the true response for the treatment-combination. This relationship can be represented in the form

                                      
[image: image8.wmf]j

i

ij

b

a

m

m

+

+

=

   ,

where (  is an arbitrary ‘reference’ level, and  (i and  (j  are the additive contributions for level  Ai of factor  A  and  level  Bj  of factor B , called the effects of  Ai and  Bj .

For example, taking the overall true mean response 
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 as the reference level, from above we can write 
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Note that the two sets of factor effects satisfy the ‘zero-sum’ constraints 
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This particular representation of  (ij  is commonly used.

We see that 
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Hence, for non-interacting factors, the difference between the effects of two levels of one factor gives the difference between the corresponding true responses for these levels, at all levels of the other factor. This can be shown to hold for any version of the representation of  (ij .

Finally when the factors do not interact, the model for the observed responses  Xijk , can be expressed in the form 

       Xijk = (ij + (ijk = 
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in which the effects of the two factors are said to be additive.

Interacting Factors

If the difference between the true responses for two levels of one factor is not the same at all levels of the other factor, then the two factors are said to interact. In this case, the above representation of the true response  (ij  for treatment combination AiBj,  in terms of additive factor effects, does not hold, and the true response is represented  

by 
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where  ((()ij  represents the departure of  (ij from additive factor effects, and is called the interaction, or joint effect of the levels of the two factors. When interaction is present, the individual factor effects  (i , (j  are then called the main effects of the factors.

As in the additive case, there are infinitely many versions of the above representation of  (ij corresponding to different constraints that are placed on the sets of factor effects. A commonly used version, which corresponds to the first of the particular representations of (ij in the additive case, given above, is as follows.

Taking the overall true mean response 
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 as the reference level, we can write
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We see that the main effects of the factors satisfy the zero-sum constraints
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and the  ab interaction effects satisfy the  a + b – 1  different zero-sum constraints
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For this particular representation of  (ij , 
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Hence, for interacting factors, the difference between the main effects of two levels of one factor gives the difference between the corresponding true mean responses for these levels, the averaging being over all levels of the other factor. The main effects of the levels of a factor can therefore be thought of as the mean effects of the levels, the averaging being over all levels of the other factor.

Note that if all the interaction terms ((()ij  are  0, then the above representation of (ij
reverts back to the additive version of the representation given earlier.

Note also that, because of the zero-sum constraint on the main effects of each factor, if the main effects of all the levels of a factor are equal, then their common value is zero.
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