Introduction                                                                                                                                                       Design of Experiments


Example1.

The following table shows the gains in weight, over a given period, of pigs fed on five different diets. Thirty pigs were used initially in the experiment, with 10 allocated to the normal diet  D1 and five to each of the special diets  D2,...,D5 , where the allocation was made at random. However, a pig on diet  D4 died of causes unconnected with the diet, and so only four observations are available for that diet. 

	Diet
	           Gain in Weight  (kg)

	D1 
	32.1  23.0  21.6  34.3  34.2  50.9  34.5  34.2  24.7  49.8

	D2
	50.3  46.3  55.8  47.4  46.7

	D3
	50.1  46.2  36.2  68.3  40.2

	D4
	41.5  39.4  59.2  56.8

	D5
	43.3  41.2  37.6  29.1  48.1




Carry out an analysis of variance to test for differences between the effects of the diets on weight gain.

(From the last sentence we know

Response: weight gain or gain in weight,

Factor: diet,

Levels of treatment: 5,

Experimental units: 30 or 29 pigs

It is unbalanced design.

Solution.

We assume the model

              Xij =  weight gain of the jth pig on diet Di

  =  μ + τi + εij  , 

where  μ  is the overall mean,   τi  is the effect of diet  Di , and   εij ~ IN(0,(2).

	Diet  i
	    1           2           3          4            5
	Overall total

	Sample total  Xi.
	339.3    246.5    241.0    196.9    199.3  
	  1223.0 = X..

	Sample size  ni 
	   10          5           5           4           5
	        29 = N
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We have the following analysis of variance :- 

	Source of Variation     
	   S.S.             
	D.F.         
	
[image: image3.wmf]D.F.

S.S.

M.S.

=


	    F

	Diets
	1340.74
	  4
	    335.18
	  3.83

	Error (by ‘differencing’)
	2098.22
	 24
	      87.43
	     –

	Total
	3438.96
	 28
	          – 
	     –


To test for differences between the effects of the five diets, we test the null hypothesis
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We take as test statistic  
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 ~ F4,24  under H0  . For a test at the 5% level of significance, we reject  H0  in favour of  H1 if  F  exceeds  F4,24;0.05 = 2.776.

http://www.econtools.com/jevons/java/Graphics2D/FDist.html
The observed value of  F  is significant and  H0  is rejected. There is evidence of differences between the effects of the five diets on the weight gain of pigs. 

Follow-up Study of Treatment Effects

If the hypothesis that all treatments have the same effect is rejected by the F test, then we would like to know how the treatment effects  τi  differ, or, equivalently, how the true treatment responses, or means,  μi = μ + τi  differ. Let  introduce

a least significant difference test

We can get an idea of which pairs of treatment effects  τi , or means  μi , appear to differ by testing the equality of each pair separately using a  t  test. Thus, to test the hypothesis that treatments  Ti  and  Tk  have the same effect we test the hypothesis that  τi = τk , or  μi = μk , against a two-sided alternative. For a test at the 100α%  level of significance, using a least significant difference (LSD) approach, we reject the hypothesis that  τi = τk  if   
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where  S2 = Error MS , which is an unbiased estimator of the error variance  (2  based on  N – t  d.f.

A convenient way of carrying out the series of  t  tests (at least when the LSD is the same for all pairs) is to write the sample treatment means 
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 in order of magnitude, and underline those pairs that differ by less than the corresponding LSD.  We may then conclude that treatment effects appear to be the same if the corresponding sample means share an underlining, or appear to be different if the corresponding sample means do not share an underlining. The series of t tests is often called a least significant difference test. 

It must be emphasised that it would not be valid to test the initial hypothesis that all treatments have the same effect by testing the equality of each pair of effects

separately. This is because if each test were carried out at a chosen  100α%  level of significance, then the overall level of significance for the series of tests (i.e. the overall probability of rejecting  H0  if it is true), would be much larger than 100α%. The analysis of variance, on the other hand, provides us with a single, overall test of the equality of all the treatment effects at a chosen level of significance.

However, we may use a series of  t  tests  (the LSD test) as a follow-up procedure, to investigate how the treatment effects differ, after the hypothesis of the equality of all the treatment effects has been rejected by the overall  F  test. The LSD test has been found to be very effective as a follow-up procedure, although the results it gives should be viewed with some caution. Other follow-up procedures are available, e.g. Duncan’s multiple range test and the Newman-Keuls test; these tests require special tables.

Example 2.

Investigate how the effects of the diets in Example 1 differ, using a least significant difference test with a 5% level of significance.

Give a 95% confidence interval for the difference between the effect of the normal diet and the mean effect of the four special diets.

Solution.

First, test.

To test, at the 5%  level of significance, the hypothesis
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The sample treatment means are 

	  Diet  i
	   1            2            3             4             5
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	33.93     49.30     48.20     49.225     39.86  
	

	Sample size  ni 
	   10           5            5            4             5
	


We reject 
[image: image10.wmf]0

H

    

          

   if the difference  
[image: image11.wmf]×

×

-

k

i

X

X

 

 between the corresponding sample means exceeds
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(S2  =  Error MS = 87.43).

http://www.math.unb.ca/~knight/utility/t-table.htm
Pairs of sample means are arranged in order of magnitude :

	Diet  i
	   1            5            3             4             2
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	33.93     39.86     48.20     49.225     49.30

               __________________________  


Thus, it appears that diets D3, D4 ,D2 have the same effect, which is greater than that of diet D1, but it is unclear whether the effect of diet D5 should be regarded as the same as that of D1, or the same as that of  D3, D4, D2,  or as lying in between. 

Second, confidence interval.

The difference between the mean effect of the four special diets and the normal diet is
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which is estimated by  
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This estimator is normally distributed 

(as it is a linear combination of the independent

 normally distributed random variables  
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with expectation
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Standardising  
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and replacing  (  by  S  (S2 = Error MS , based on 24 d.f.), gives
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Hence, by the usual derivation, 95% confidence limits for  θ  are
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Hence, we can be 95% confident that  θ  (which can be interpreted as representing the difference between the ‘overall’ effect of the special diets and the effect of the normal diet) lies in the interval  [5.164, 20.268]  kg.

Estimation of the Model Parameters

If required, unbiased estimators for the overall true mean response  (  , and the treatment effects  (i = (i – ( ,  , i = 1,...,t,  where
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 These ‘natural’ estimators can be shown to be, in fact, the least squares estimators of  ( and the  (i  .
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