NOTATION

Let:
N

be the total number of distinct stocks
(companies) in which we can invest

be the desired number of distinct stocks
in the TP

be the number of units of stock 1 in the
current TP

be the value of one unit of stock 1 at
time t

be such that we have observed historical
values for stocks and the index over
the time period 0,1,2,...,T. The time
T represents a decision point, a time
at which we may switch from our
current TP [X;] to a new TP.

be the value of the index at time t



C be the total value of the current TP [X|] at
time T plus any cash change in the
portfolio (either new cash available for
investment or cash being withdrawn at
time T), 1.e.

C= Z:, VirX; + cash change
Then our decision variables are:

X; the number of units of stock 1 that we
choose to hold 1n the new TP

z; = l1if any of stock 11s held in the new TP
= 0 otherwise

Without significant loss of generality we
allow [x;] to take fractional values.



CONSTRAINTS

The constraints associated with the index
tracking problem are:

=

Zi — K
Vixi/C<z i=I,..,.N
; ViTXi =C

XiZO izl,...,N

zi€[0,1] 1=1,...,N



OBJECTIVES - TRACKING
In time period t we get a return associated
with the index, R; = log.(I/I.1), where we

define return using continuous time.

If, in each and every time period, the return
associated with the TP:

I = loge[[iZN:, Vixil/[ IZN1: Vieixi] ]

was EXACTLY equal to R; then this might
seem 1deal.

A possible objective in terms of index
tracking 1s therefore:

minimise ; (r- R)Y/T

1.e. minimise average squared error



EXCESS RETURN

Suppose we are interested 1n excess return,
return over and above the return on the
index. Here we seek to out-perform the
index (enhanced indexation).

How then can we construct TPs that "both

track the index and exceed 1t"? One way 1s:

e take the return R; given by the current
index

e create an artificial (enhanced return)
index whose return is A; = R+R” where R’
1s the desired excess return per time period

e track this enhanced return index

The advantage of this approach is:

e the constraints we have given for the index
tracking problem automatically apply to
the enhanced indexation problem

e any algorithm developed to find TPs for
the index tracking problem can
“automatically” be applied to the problem
of deciding a portfolio of stocks (a TP) so
as to outperform the index.



OBJECTIVES - ENHANCED
INDEXATION

To define different objectives for enhanced
indexation we consider three cases:

Specified out-performance:
e we require r; = A; Vt

® minimise ; (re - A)Y/T

Semi-specified out-performance:
e we require r; > A, Vt

e minimise ; (min[0,r - AJ)*/T

Unspecified out-performance:
e we simply wish to out-perform the index

e minimise W[fZl (ro- R)*Y/T
~(1-2) Z (re - Ro)/T



As an 1llustration we also consider here
objectives related to the Sharpe and Sortino
ratios:

Maximise the modified Sharpe ratio:

(; r/T — R™")/\Variance {r,}

where

R™*"= (X R/T) +R = (2 A/T)

Here R™™, a constant equal to the average
return on the artificial (enhanced return)
index, replaces the risk-free rate in the
original Sharpe ratio.

Maximise the modified Sortino ratio:

@m?m%N&mmg R™*%/T]

Here R™™ replaces the minimum acceptable
return 1n the original Sortino ratio.



The example below is the one we will deal
with 1n class
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with the Solver model for this example

being shown below
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RESULTS — EXAMPLE

These results below are for a different
heuristic algorithm.

Weekly price/index data for the S&P500
(500 stocks) from 1994 to 2002.

The approach adopted was:

repeat

e Decide a TP using our heuristic looking
one year into the past

e Hold that TP unchanged into the future for
a fixed time period and then rebalance

Results based on:

e a value of K=40

e rebalancing every quarter

e cither zero transaction cost or a transaction
cost of 15 basis points (0.15%)

Computation time is of the order of 10
minutes per rebalance and the results below
show the accumulated value over time of our
TPs as compared to the index.
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RESULTS - GENERAL

Utilising historical back-testing for a number
of indices (DAX, Hang Seng, FTSE 100,
Nikke1 225, S&P500, Russell 2000 and
Russell 3000) over an eight year time period
we found:

e The (modified) Sharpe and Sortino
objectives hold the greatest promise,
offering significant returns for the Hang

Seng, FTSE 100 and S&P500.

e The specified and semi-specified out-
performance objectives were in general
not successful. Out-of-sample, the target
out-performance levels were not
achieved.

e For the unspecified objective higher risks
and returns were associated with lower
values of A (greater emphasis on out-
performance). For these cases,
significant returns were achieved for
most indices.



