
Hodge Theory- Example Sheet 5

Anne-Sophie Kaloghiros

1. Let E → X be a holomorphic vector bundle over a complex manifold
X and L→ X a holomorphic line bundle. Show that P(E⊗L) ' P(E),
but that OP(E⊗L)(1) ' OP(E)(1)⊗ π∗L∗, where π : P(E)→ X.

2. Let X be a complex manifold. Show that the Bott-Chern cohomology
groups

Hp,q
BC(X) =

{α ∈ Ap,q(X)|dα = 0}
∂∂Ap−1,q−1(X)

are well defined, and that there are natural maps

Hp,q
BC(X)→ Hp,q(X) and Hp,q

BC(X)→ Hp+q(X,C).

Show that if X is Kähler, the first map is bijective. Use this to show
again that the bidegree decomposition in the Hodge Decomposition
Theorem is independent of the Kähler structure.

3. Show that any complex curve admits a Kähler structure.

4. Let A ∈ GL(n + 1,C) and consider the natural induced isomorphism
FA : Pn → Pn. Denote ωFS the Fubini-Study form introduced in lec-
tures. When is F ∗AωFS = ωFS?

5. Let (X,h) be a connected Kähler manifold of dimension dimX ≥ 2,
and let ω be a Kähler form. Let ϕ : X → R∗+ be a differentiable
function and assume that ϕω is Kähler. Show that ϕ is constant.

6. Let X be a compact Kähler manifold and consider H1,1(X) as a sub-
space of H2(X,C). Show that KX = {α ∈ H1,1(X)|dα = 0} is an
open convex cone in H1,1(X,R) = H1,1(X) ∩H2(X,R) and that KX

does not contain any line {α + tβ; t ∈ R} for any α, β ∈ H1,1(X,R)
with β 6= 0. Show that if α ∈ KX , α+ tβ ∈ KX for any β ∈ H1,1(X,R)
and t > 0 sufficiently large.
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7. Let (X,h) be a Kähler manifold. Show that the Kähler class ω = −i=h
is harmonic.

8. Let (X,h) be a compact Hermitian manifold of dimension n. Show that
d-harmonic forms of degree 0 and 2n coincide with ∂ and ∂ harmonic
forms.

Show that any d-harmonic form of type (p, q) is ∂-harmonic.

9. (The residue formula) Let X be a compact complex curve, and let µ
be a volume form on X (µ is a closed form of type (1, 1)).

(i) Show that µ is not ∂-exact and deduce that H1(X,KX) 6= (0) and
admits a surjective map H1(X,KX)→ C such that ω 7→

∫
X ω.

Let D = ΣPi be a boundary divisor of X (all the multiplicities are 1),
and denote KX(D) the holomorphic line bundle defined as follows. If
U ⊂ X is an open set that contains no xi, Γ(U,KX(D)) = Γ(U,KX),
and if Ui is a neighbourhood of xi and zi is a local holomorphic coor-
dinate near xi,

Γ(Ui,KX(D)) = {s : Ui → C : s(zi) = ϕ(zi)
dzi
zi
, ϕ ∈ OX(Ui)}

(ii) Show that there is an exact sequence

0→ KX → KX(D) Res→ ΣiCxi → 0, (1)

where Cxi is the skyscraper sheaf supported at xi (i.e. Γ(U,Cxi) =
{0} if xi 6∈ U and C otherwise). The map Resi : KX(D) → Cxi

is defined by:

Resi(ω) =
1

2π

∫
∂Di

ω,

for a disk Di centered at xi and containing no xj 6= xi.

(iii) Let δ : H0(X,ΣCxi) → H1(X,KX) be the map in the long ex-
act sequence associated to (1). Show that δ(1xi) is the class in
H1(X,KX) of ∂µi, where µi is a (1, 0)-form which is differentiable
away from xi and equal to dzi

zi
on a neighbourhood Ui of xi.

(iv) Show that
∫
X δµi = −2iπ, and deduce that if ω is a meromorphic

1-form having poles of order at most 1 at each xi and holomorphic
otherwise, then

ΣResiω = 0.
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