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Exercises involving elementary functions

1. This question was in the class test in Dec 2022 and was worth 24 marks.

Determine the partial fraction representation of each of the following 3 functions
and state the residue at any pole.

1
he) = G-y
—322+42+3
f2(2) = 2z+1)
fa(z) = (z+2)°

Solution

In the case of fi(z) the partial fraction representation has the form

1 1/2 A B

ULl GRS Ty} Sl I )| SIS R o

A is the residue at z = —1/2 and B is the residue at 1. Putting the right hand side
on a common denominator and equating the numerators gives

1
5= A(z—1)+ B(z+1/2).
Letting z = 1 gives 1/2 = B(3/2), B =1/3.
Letting z = —1/2 gives 1/2 = A(-3/2), A= —1/3.
In the case of fy(z) the partial fraction representation has the form
(o) —32° +42+3 A B, C
z) = =—+ = :
2 2(z+1) L |

A is the residue at z = 0 and C' is the residue at z = —1.
(24 1) f2(2) = C + (2 4+ 1)(a function analytic at —1) = C' as z — —1.

C— —322 +24z +3

z

3443
e

—4.

z=—1

fog(z):B+Az+z2< )—>B as z — 0.

z+1

B —322+42+3
N z+1

B = 3.

2=0
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With only A still to find we let z = 1. fo(1) = 4/2 = 2. The value of the partial
fraction representation is

A+B—|—%=A—I—3—2:A+1.

Thus2=A+1and A= 1.

In the case of f3(z) let p(z) = z3. As the only singularity of f3(z) is a pole of
order 5 at z = —2 we can get the partial fraction representation using a finite
Taylor representation of p(z) about z = —2.

p/(Z) — 3227 p//(z) — 62, p///(z) — 6

pe) = p(=2)+ (2 +2) + L gy

— 8412(24+2) —6(2+2)° + (. + 2)%

p///(6_2) (24 2)3

Thus
8 12 6 1

= + - + .
L P R L i) A Py
The residue at z = —2 is 0 as there is no 1/(z + 2) term.

2. This question was in the class test in Dec 2021 and was worth 25 marks.

In this question the functions fi(z), f2(z) and f3(z) that you consider depends on
the 5th digit of your 7-digit student id..

If the 5th digit is one of the digits 0, 1, 2, 3, 4 then your functions fi(2), f2(z) and
f3(2) are as follows.

13—z 9 _(z242)°
Z2+Z—6’ f2(2>— 22(34—2)’ f3(Z)— P .

filz) =

If the 5th digit is one of the digits 5, 6, 7, 8, 9 then your functions fi(z), fo(z) and
f3(2) are as follows.

6z — 19 1 (z4+1)3

filz) = pepr vt fo(z) = my f3(z) = >

(i) For your version of fi(z) and f5(2) determine the partial fraction representation
in each case and state the residue at each pole.

(ii) For your version of f3(z) determine the residue at the pole.

Solution

This is the version if the 5th digit is one of the digits of 0, 1, 2, 3, 4.
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(i)

(i)

P 4z-6=(2-2)(z+3).
The partial fraction representation of fi(z) has the following form.

—13 -z A B

Hiz) = (z —2)(z+3) :z—2+z+3'

A is the residue at z = 2 and B is the residue at z = —3. Putting everything
on a common denominator and comparing the numerators gives

—13—-2=A(z+3) + B(z - 2).

Letting z = 2 gives —15 =54 and A = —3.
Letting 2 = —3 gives —10 = —5B and B = 2.
The partial fraction representation of f»(2) has the following form.
9 A B C
===+ + :
f2(2) 2(B342) z 22 243

A is the residue at z = 0 and C' is the residue at z = —3.

(z+3)fa(2) = % = C + (2 + 3)(other term) - C'  as z — —3.
2

Thus C = 1.
2 9 2
z fg(z):?:B—i-Aszz (other term) — B as z — 0.
2
Thus B = 3.

With B and C known we only have A to find. Let z = 1 in the expression to
give

9 C 1
f(l)=7=A+B+ =A+3+_.
Thus A = —1.
Let p(z) = (2 + 2)3.
fo(2) = p(2) _ p(1) +p'(1)(z = 1) + #(z —1)*+ P é1> (z—1)°
(z—1)° (z—17
The residue at z =1 is
p//(l)
5
P'(2) = 6(z +2).
p"(l) 18
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This is the version if the 5th digit is one of the digits of 5, 6, 7, 8, 9.

(i)

(i)

=3z —4=(2+1)(z—4).
The partial fraction representation of fi(z) has the following form.

6z — 19 A B

f1(2>222—3z—4:z+1+2—4'

A is the residue at z = —1 and B is the residue at z = 4. Putting everything
on a common denominator and comparing the numerators gives

6z —19=A(z —4) + B(z + 1).

Letting z = —1 gives —25 = —5A and A = 5.
Letting 2 = 4 gives 5 =5B and B = 1.
The partial fraction representation of fs(z) has the following form.

1 A B C
_|_

fQ(Z):m:;_I—z—l (z —1)*

A is the residue at z = 0 and B is the residue at z = 1.

z2fa(z) = T _1 2 = A+ z(other term) - A as z — 0.

Thus A = 1.

(z—1)2fo(z) = % =C+ B(z—1) + (2 — 1)*(other term) — C' as z — 1.

Thus C = 1.

With A and C known we only have B to find. Let z = 2 in the expression to
give
1 A
2)=-=—+1B :
f@2)=;=7+B+C

Thus B=-A=—1.
Let p(z) = (z + 1)3.

p(z)  PE)HPE)E—3)+ @(Z _

(z—3)° (z—3)°

The residue at z =1 is

f3(2) =
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3. This question was in the class test in Jan 2021 and was worth 22 marks.

In the following there are three rational functions fi(z), f2(z) and f3(z) that you
need to consider and your version of these depends on the 6th digit of your 7-digit
student id. as follows.

If the 6th digit is one of 0,3,6,9 then you have

5z —1 1 4_2 3
fl(Z):Zj——i—i’ fZ(Z): fg(Z) :ﬁ

b
23— 8

If the 6th digit is one of 1,4, 7 then you have

Tz — 2i 1 2
ne =

If the 6th digit is one of 2,5, 8 then you have

—2—=9% 1 —2t+32°
g h2)=7— fla)= IR

fi(z) =

(a) For your version of f;(z) determine the partial fraction representation and state
the residue at any pole.

(b) For your version of fy(z) state in cartesian form the points where it has simple
poles and determine the residue at one of these points.

(c) For your version of f3(z) determine the residue at the pole of the function.

Solution

The version if the 6th digit is one of the digits 0, 3,6, 9.
24+1=(2+1)(z—1).

bz —1 A B

M= =rmtey
) . ) . z4+1 —61
A= zli)ﬂ_lz(z + l)fl(Z) = (5Z — Z)|Z:—7j Zli)l’r_lz 22 n 1 = 2(_2) = 3.
This is the residue at —z.
z—1 43
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This is the residue at <.

27 =8
This has simple poles at the 3 points satisfying 2 = 8 = 23. These 3 points are

. 1 3 ;
: 2612#/3 — 2(_5 + Z%) =14+ ’l\/g, 26*127T/3 = -1 - z\/§

2

The residue at 2 is
L oz—2 1 1
lim 3 = — = —.
2522 —8  3z7.=2 12

24— 223
f3(z) = GriP

The pole is at —1 and is of order 3. Let p(z) = 2! — 223, The finite Taylor
representation about —1 is

/! _1 /1! _1 /11 _1
p(z) = p(—1) +p/(~1)(z+ 1) + %(H e g 2 2(4 S 41y
from which it follows that the residue at —1 is
p”(_l)
5
p'(z) =423 — 622, p”(2) = 122% — 122 giving the residue as 12.
The version if the 6th digit is one of the digits 1,4, 7.
2244 = (2 +2i)(z — 2i).
Tz — 21 A B
filz) = R F e T
. 4 . .2+ —16i
A= zl_l)rzl%(z +2i)f1(2) = (T2 — 20)|,=—2s z1—1>rE12i Zid 2 4

This is the residue at —2i.

i : . .oz —21 12

This is the residue at 2:.
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This has simple poles at the 3 points satisfying 2% = —8 = (—2)3. These 3 points
are

, 1 3 .
_2’ _2ez2ﬂ'/3 — _2(_5 + Z§> —1— Z\/§7 _26—1271'/3 -1 + 7/\/3

The residue at —2 is
z4+2 B 1 1

lim == =
2=—22> 4+ 8  32°,=—2 12

5
z
) =
The pole is at 1 and is of order 3. Let p(z) = 2°. The finite Taylor representation
about 1 is
/! /1 /111 /1111
p'(1) 2, P7(1) 5, (1) ., P () 5
=p(1)+p'(1)(2—1 -1 -1 -1 -1
p(2) = p() () (=14 o o1 P (oo D ey P )
from which it follows that the residue at —1 is
p//(1>
5
p'(2) =521, p'(2) = 2023 giving the residue as 10.
The version if the 6th digit is one of the digits 2,5, 8.
22+ 9=(2+3i)(z — 3).
—z—9 A B
hiz) = 249 2430 * 2 —3i
. . . .zt 3 —61
A= 21_1>I£l3i(2 +3i)f1(2) = (=2 — 97) | ,=—3i 21_12132_ 70 230 L.
This is the residue at —3:.
. . . . 2—=3 —1Z
B = Zlggll(z —30) f1(z) = (=2 — 99) | ,=3: gggll 710" 6 —2.

This is the residue at 3:.

1
f2<z) - A1

This has simple poles at the 4 points satisfying z* = 1 These 4 points are

+1, 4.
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The residue at 1 is

—z* + 323
fs(z) = IR
The pole is at 1 and is of order 3. Let p(z) = —z* + 323. The finite Taylor
representation about 1 is
/! /1! Ui
p (1 p (1 p (1
p(2) = p(1) + () — 1)+ ED g B o 2y

24
from which it follows that the residue at 1 is

p//(1>
2 .

p'(z) = =423 + 922, p"(2) = —122° + 182 giving the residue as 3.

4. This question was in the class test in 2019/2020 and was worth 25 marks.

Let

2 16 *
fl(Z) = W’ZH, fQ(Z) = Z— and f3(Z> = (Zi—Q)S

(a) Determine the partial fraction representation of fi(z) and state the residue at

each pole.

(b) Determine the partial fraction representation of f5(z) and state the residue at
each pole.

(c) Determine the residue of f3(z) at z = 2.
Solution

(a)

2 —3242=(2—-1)(2—-2)
and hence the partial fraction representation is of the form

2z A B

fl(z)222—3z+2:z—1+z—2’

z—1 . 1

A = lgr%(z—l)fl(z)z(22)|z:1iﬂm:2lﬂ22—3:_27
' . z—2 . 1
B = lim(z=2)fi(z) = 22)|.op [ 52— =4lim o= =

The residue at z = 1 is —2 and the residue at z = 2 is 4.
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(b) f2(2) has a double pole at z = 0 and the partial fraction representation is of

the form 1 B o
f2(2)22+?+z—4'
16
. 16
C = lﬂ(Z —4) fa(2) = g » =1
C =1 is the residue at z = 4. As
16
2f(z) = o B + Az 4 2*(a function analytic at z = 0),
Z —

by differentiating with respect to z we get

16

e = A + z(another function analytic at z = 0).
.

Letting z — 0 gives A = —1. A = —1 is the residue at z = 0.

(c) As the only pole is at z = 2 we can get the residue by considering the finite
Taylor representation of p(z) = z* about 2z = 2.

p//<2) p///(2)
2 6
The residue is p”(2)/2. p"(z) = 122% and hence the residue is 24.

p//// (2)
24

p(z) =p(2) +p'(2)(z-2) + (z—2)"+ (z—2)°+ (= —2)"

5. This question was in the class test in 2018/2019 and was worth 20 marks.

Let f; and fy denote the following rational functions.

z+11 42(22 — 1)
2) = —————, z) = )
hi(z) (z—=1)(z+2) f2(2) (z—1D3*(z4+1)
In each case determine the partial fraction representation and state the residue at
any pole.
Solution
z+11 A B
hilz) = (z—1(z+2) =2z-1 * z+2
) z+11 12
A=tim-0ie) = g = F -
_ z+11 9
B=lmG0fls)="—7| =5=-3
4 3
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4 is the residue of f; at z =1 and —3 is the residue of f; at z = —2.

o 42(22-1) Ay Ay B
f2(2) = (z—1D%*z41) z—1+ (2—1)2+z+1'
: 42(22 — 1) 12
B = Z1_1>r£11(z + 1)f2(2) = W . = Z = 3.
(z—1)%fa(2) = % = Ay + Ay (2 — 1) + (2 — 1)*(function analytic at z = 1).
A — 42(2z — 1)
el i
A 4222 — 1)\’
b ( z+1 ) _—
Now
4222 — 1)\ (2 +1)(162 —4) —4z(22 — 1)
( z+1 > B (z 4 1) '
A, = 2(12;—4:5
) B2 3

z—1 (2—1)2+z+1'
The residue of f5 at z =1 is 5 and the residue of f; at 2 = —1is 3.

6. Let )
p(z
R(z) =
(2) (z—21) " (z—29)2 (2 —2z)™
denote a rational function in which z1,..., z, are distinct points, where each r, > 1

is an integer and where p(z) is a polynomial which is non-zero at these n points.
What can you say about the order of the poles of R'(z) and R”(z) and what can
you say about the residues of the function R'(z)?

Solution

To cater for a numerator of any degree we have a representation of the form

R(z) = (polynomial) —i—Z( Ak ++L’vrk>

—\z— 2 (z — z1)

The coefficient Ay ,, is given by

Apr, = lim(z — 2x)™" R(z)

Z— 2

p(Zk) 20

(2 —20)™ o (2 — 2i1) ™ (2 — 2ipn) ™ (2 — 20)™

as p(zr) # 0. The order of the pole of R(2) at z is 7.
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Differentiating gives

. . “ Akl TkAkr,
R(2) =(d f polynomial) — | Y [ —=— + - S '
(z) = (deriv of polynomial) ( ((z . +- e Zk)rk+1>>

k=1

The order of the pole of R'(2) at z; is one more than the order of the pole of R(z)
at zr and in particular this implies that R’(z) has no terms of the form 1/(z — z)
in the representation and hence all the residues are 0.

Similarly R”(z) has poles which are of a order which is two more that of R(z) and
it has no residues.

7. Let
oz = (o= )Mo = ) (o = )
where 21, ..., z, are distinct points. What can you say about the multiplicity of the
zeros of ¢'(z) at the points 21, ..., 2,7 Using a derivation based on partial fractions
show that .
q(z)  n re_ .y _"n
q(z) z—2 z—2 2 — 2y

(Observe that the result is consistent with the result in an exericise of the previous
exercise sheet which involved a proof by induction.)

Solution

q(z) has a zero at zj of multiplicity r, and the derivative has a zero at z; of multi-
plicity r, — 1 for K = 1,2,...,n. The ratio ¢(z)/q'(z) thus has a simple zero at z
and the ratio ¢'(z)/q(z) has a simple pole at z,. From this it follows that the partial
fraction representation is hence of the form

7(z) ~— Ak
2) _Zz—zk

k=1

and .
Ay = lim F 3
=2z q(z)
Now to get Ay observe that

q(z) = (z2—=)"g(z), with g(z) # 0,
q'(2) = ez —2)" " g(2) + (2 — z)™"g'(2),
(2 —z)d'(2) = ra(z—2)"g(2) + (2 — 2)" "4 (2)

and for the ratio

/

C-mdG) )
) tETAa

and we have the required result.

— T as 2z — 2k
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8. This question was in the class test in Dec 2022 and was worth 16 marks.

(a) Give in cartesian form the principal values of the following.
i. Log(1+iv3).
i /2.
In the above Log denotes the principal value logarithm.

In your answer you must give an exact representation of the real and imaginary
parts which may involve the square root of a positive number, 7 and the natural
logarithm of a positive number.

(b) Let 6 € R. Give in cartesian form the principal value of i® when a = . Give
all values of 0§ € (—m, 7] such that i* is pure imaginary.

Full reasoning must be given to get all the marks.

Solution
(a) i Let z=14 /3.

2P =1+3=4=2% and Arg(z)= g

Log(z) = In(|2|) + iArg(z) = In(2) + zg
ii.
2% = exp(aLog(z)).
With z =i, Log(z) = im/2. In our case o = 1/2 and thus

Y% = exp(in/4) = %(1 +1).

2% = exp(alog(z)).

With z = i, Log(z) = im/2 as in the previous part. In this case a = ¥

¢ = cos(f), s = sin(6).

aLog(z) = (%T) (c+is) = (g) (—s +ic).

e () (o () <0 ()

This is pure imaginary when
0
coS (WCO;( >> =0.

cos(f) = £1.

The solutions to this in (—7, 7] are § = 0 and § = 7. Hence for a on the unit
circle ¢* is only pure imaginary when a = +1.

= c+1s,

This is the case when
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9. This question was in the class test in Dec 2021 and was worth 9 marks.
This question is for all student numbers.
Let f(z) and g(z) be defined as follows.

f(z) = tanh(z) = | =

g(z) = coth(z) =

Give the location of all the zeros and all the poles of both f(z) and g(z).

Consider the straight line segment

= Fevsd).

Describe as concisely as possible the image of I' under the function f(z).

Solution
This version is for all student numbers.

The zeros are when e* = e %, i.e. e = 1. As e = 1 if and only if w = 2kni, k
being an integer it follows that the zeros are when z = k.

The poles are when e = —e %, i.e. € = —1. Ase®¥ = —1ifand only if w = 7+2kmi,
k being an integer it follows that the poles are when z = (k + 1/2)mi.

The poles of g(z) are at the zeros of f(z) and the zeros of g(z) are at the poles of
f(2)

, ) eV —e ™  sin(y)
1y) = tanh(y) = — — =g =7 tan(y).

For all y € R this is pure imaginary.
flim/4) =i,  f(in/3) = V3i.

The image of T is the straight line segment joining i and /3.

10. This question was in the class test in Jan 2021 and was worth 8 marks.

Let z = z+iy with z,y € R. The definition of ¢*, cosh(z) and sinh(z) are respectively

(ez — e_z) .

N | —

(e +e7), sinh(z) =

N | —

e® = e"(cos(y) + isin(y)), cosh(z) =

In the following you need to show an identity and which one you need to show
depends on the 6th digit of your 7-digit student id..
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If the 6th digit is one of the digits 0, 2,4, 6,8 then show that
sinh(z + imw/3) + sinh(z — iw/3) = sinh(z).

If the 6th digit is one of the digits 1,3,5,7,9 then show that
cosh(z + im/3) + cosh(z — in/3) = cosh(z).

Solution
The version if the 6th digit is one of the digits 0, 2,4, 6, 8.
cos(m/3) = 1/2 and sin(7/3) = v/3/2.

exp(z +im/3)

exp(z) exp(in/3) = € (% + Z?) ;

1 V3

exp(z —im/3) = exp(z)exp(—in/3) =¢° <§ — 17> .

Thus
exp(z +im/3) + exp(z — im/3) = €°.

Replacing z by —z gives
exp(—z +im/3) + exp(—z —im/3) = e~ .

The result follows by subtracting the second result from the first result and dividing
by 2.

The version if the 6th digit is one of the digits 1,3,5,7,9.
cos(m/3) = 1/2 and sin(7/3) = v/3/2.

exp(z + im/3)

‘ (1 3
exp(z) exp(in/3) = e (5 + 27> :
exp(z —im/3) = exp(z)exp(—in/3) =¢€” <% — z?) :

Thus
exp(z + im/3) + exp(z — iw/3) = €.

Replacing z by —z gives
exp(—z +im/3) + exp(—z —iw/3) = e .

The result follows by adding the last two results and dividing by 2.
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11. The following was in the class test in 2019/2020 and was worth 13 marks.
Let z = x 4+ 1y with z,y € R. Given that
e® = e”(cos(y) + isin(y)) and cosh(z) = ere
show that
cosh(z + iy) = cosh(x) cos(y) + i sinh(z) sin(y).
Let a > 0 and let
21 :a—i—iz, 29 :z'z, 23=0, and z4=a.
2 2
State the image of each point zj, 29, 23 and z4 under the mapping cosh(z).
Describe, as concisely as possible, the image of the polygonal path z; to zq, 25 to 23
and z3 to z4 under the mapping cosh(z). You need to justify your answer.
Solution
2cosh(x +dy) = "W fe W

= e"(cos(y) + isin(y)) + e “(cos(—y) + isin(—y))

= cos(y)(e” +e *) +isin(y)(e® —e™™)

= 2cos(y) cosh(z) + i2sin(y) sinh(x).
Dividing by 2 gives the required expression.
Let wy = cosh(z) for k = 1,2,3,4. As cos(m/2) = 0, cos(0) = 1, sin(r/2) = 1 and
sin(0) = 0 we have

wy = isinh(a), wy =0, ws=1, wy=cosh(a).
As cosh(z +im/2) = isinh(z) it follows that the straight line segment 2; to zo maps
to the part of the imaginary axis from sinh(a) > 0 to 0.
As cosh(iy) = cos(y) it follows that the straight line segment z5 to z3 maps to the
part of the real axis from 0 to 1.
The straight line segment z3 to z; maps to the part of the real axis from 1 to cosh(a).
The image of the polygonal path is thus the union of the straight line segment
joining isinh(a) to 0 with the straight line segment joining 0 to cosh(a).
12. Show that if y € R then

fon (5 )] =1
an— +1 =1.
1 Y

Describe in words the set

G:{tan<%+iy>:—oo<y<oo}.
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Solution
As

sin z
tan z =

cos 2
we first consider the numerator and denominator when z = 7/4 + iy.

s (5 ) = (5 +) ~exn (-5 + )

_ eiﬂ'/4efy . efiﬂ/4ey — eiTr/4 ( 727r/2 Qy)
2 cos <% + iy) = etV e el = /e (1 4 07/ 2e) .

By taking the absolute value of the ratio of these terms and noting that ™/2 = {
and e /2 = —{ we get

o (T i) | = 1+ ie?|

jon (T + )| = =i
1 — ie® is the complex conjugate of 1 + ie?¥ with both values having the same
magnitude and hence

ron (5 ) =1
an(—+1 = 1.
4 y

For the set G we have just shown that we get points on the unit circle and we need
to establish now what part of the unit circle we get. From the workings just done
we have

: ton (E N Zy> _ (1 + ze2y)
4 (1 — ze2y)
(1 + ze2y)2
1+ ie®
1+ 2ie® — e
14 e

Hence
2e% +i(e® — 1)

us
ton (5§ +1v) =
an 4+2y L4 oW

As e® > 0 the real part of the complex number is positive.

The imaginary part is
4y 1

e 41
and this varies continuously with y with

4y_1

im ———
y—oo ¥ + 1

=1
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and
e -1

y——oco e 41
Thus as all values between —1 and +1 are attained it follows that the set G is the
half circle from —i to ¢ in the right half plane and —i and -+ are not in the set.
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13. The following was in the class test in 2018/2019 and was worth 16 marks.

The complex cos, sin, cosh and sinh functions are defined by

T ) =TT cosh(s) = S nn(e) = S
2 21 2

(a) By using these definitions and properties of the exponential function show that
for all complex numbers z; and 25

2sin (zl _g ZQ) sin (Zl ; Zz) = cos(z2) — cos(z1).

(b) By making use of the identities above (including part (a)), or otherwise, explain
why

cos(z) =

cos(z) — cosh(z) =0
has solutions z = (1 — i)km and z = (1 + 4)kn for all integers k.

Solution

(a) By considering twice the expression and using the definitions gives

Now by properties of the exponential

1(z1+zz)/2 i(z1—22)/2 121

(z1-22) i1
ez(zl+22)/2e—z(z1 22)/2  _ ez’ZZ’
efi(zlJrzz)/Zez(zl z2)/2  _ e*’L’ZQ’

e —i(z1+22)/2 —z(zl 22)/2 e—izl‘
Hence

= 2cos(z2) — 2cos(z)

and the result follows.
(b) Now
cosh(z) = cos(iz)

and thus

- N . (442 . (1—1d)z
cos(z) — cosh(z) = cos(z) — cos(iz) = —2sin 5 S

sinw = 0 if and only if w = k7 where k is an integer.

(14+14)z , 2k ,
AR = =(1- .
5 kr  gives z 1T (1 —i)km
11— 2k
(1-9)2 =km gives z= T (14 0)km.

2 1—2
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14. The following was in the class test in 2017/2018 and was worth 8 marks.

It can be shown that tan z can be written as
1 — 6721'2
tan 2 = (—1) | ——= | -
( ) (1 + e—2zz)
By using this expression, or otherwise, describe in words the following sets.
S1 = {tan(iy): y € R},
Sy = {tan(n/2+1iy) : y > 0}.

In your answer you need to indicate if the set is part of the real axis, or part of the
imaginary axis or any other line segment.

Solution

When 2z =1y, —iz = y and we have

1—e% —1+e %
tan(iy) = (=) | —— | = (=) | —— )
i = ) (1) = 0 (T )
This is purely imaginary. When y — 400 the number tends to ¢ and when y — —o0

it tends to —i. Thus S is the part of the imaginary axis from —¢ to ¢ with the end
points not included.

When z = /2 + iy, —2iz = 2y — im and

exp(—2iz) = e®e T = —e®.
Thus 2 2
. L f(1+e (e +1
tan(m/2 +iy) = (1) (1 _ e2y> = (e2y _ 1) :

This is purely imaginary. When y — 400 the number tends to ¢« and when y > 0
and y — 0 it tends to +00. Also note that

LYy
e — 1 '

Thus S5 is the part of the imaginary axis above 1.

15.

Give the definition of the principal value of 2% and show that

Solution

The principal value of z* is defined as

2% = exp(alog 2).
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Differentiating using the chain rule gives

d d
S = Log 2)— (al
P exp(« ogz)dz(a 0g 2)

= exp(aLog2) (%)
exp(alog 2)
exp(Log z)

aexp((a — 1)Log z)

— OéZail

where the last part is a consequence of the properties of the exponential.

16. This question was in the class test in Dec 2021 and was worth 9 marks.
This question is for all student numbers.
Let z = re? where r > 0 and 6 € (-, 7.
(i) In terms of r and 6 give the real and imaginary parts and the magnitude of
(Log(z))?. Here Log(z) means the principal valued logarithm.

(ii) Show that the principal value of 2!+ is real when r and 6 satisfy re? = e™.

Solution

This version is for all student numbers.
(i)
Log(z) = In(r) + i, (Log(z))? = (In(r) +i6)* = (In(r))* — 6% + 2i6 In(r).

(In(r))? — 6? is the real part and 26 In(r) is the imaginary part. The magnitude

1S

|(Log(2))?| = [Log()|* = (In(r))* + ¢*.

(1+4)Log(z) = (1 +4)(In(r) 4+ i0) = (In(r) — 0) + i(In(r) + 0).
217 = exp((1 4 7)Log(z)) = ™™~ (cos(In(r) 4 6) + i sin(In(r) + 6)) .
This number is real when

sin(In(r) +6) =0, ie. when In(r)+6=kr, keZ.

By taking the exponential gives

re’ = et

0

The case in the question is £ = 1 and thus when re” = €™ the value is real.
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17. This question was in the class test in Jan 2021 and was worth 12 marks.

In the following you should attempt either part (a) or part (b) depending on the
5th digit of your 7-digit student id..

(a) If the 5th digit is one of the numbers 0, 1,2, 3,4 then you do this case.

(i) Let z; = V3 +4 and 2z, = z]. With Log denoting the principal value
logarithm determine Log(z;) and Log(zy) stating your answer in cartesian
form.

(ii) Let |
I’:{z:re%”/?’: O<r<oo}.
Give in polar form the image set {w = f(z): z € I'} when f(z) denotes
the principal value complex power

flz) =2,

i.e. the complex exponent is 2 + 1.
Give any value of r € (0, 00) such that the value is pure imaginary.

(b) If the 5th digit is one of the numbers 5,6,7,8,9 then you do this case.

(i) Let 21 = 1+ +/3i and 2, = 27. With Log denoting the principal value
logarithm determine Log(z;) and Log(z) stating your answer in cartesian
form.

(i) Let

F:{z:re5m/6: O<T<oo}.
Give in polar form the image set {w = f(z): z € T'} when f(z) denotes
the principal value complex power

flz) =2,

i.e. the complex exponent is 3 + 7.
Give any value of 7 € (0, 00) such that the value is real.

Solution

(a) The version if the 5th digit is one of the digits 0,1, 2, 3,4.
1.
a=V3+i, [af' =4, Arg(z)=

Thus T
Log(z1) = In(2) + ZE
2 = 2] = 2" exp(i71/6) = 27 exp(—i57/6).
Hence

Log(z2) = 7In(2) — @5%
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ii. Let @ =2+ 1. 5
Log(z) = In(r) + Z?ﬂ-
aLog(z) = (2+1) <ln(7’) + z%) =21In(r) — 2% +1 (ln(r) +

Next using the exp function gives

f(z) =exp <2 In(r) — 2%) (cos(f) +isin(f)), 6 =In(r)+

This is pure imaginary when

(b) The version if the 5th digit is one of the digits 5,6, 7,8, 9.
1. .
21 =1+ Z\/gv |Zl|2 =4, AI’g(Zl) = g

Thus .
Log(z1) = In(2) + zg
2 = 20 = 2% exp(i57/3) = 2° exp(—in/3).
Hence

Log(z) = 51n(2) — zg

ii. Let @ =3 + 1. .
Log(z) = In(r) + @%

aLog(z) = (3+ ) <ln(r) + Z%T) — 3In(r) — %” 4 (ln(r) 4

Next using the exp function gives

f(z) =exp <3 In(r) — 5%) (cos(f) +isin(f)), 6 =In(r)+ —.

This is real when

0=kr, keZ.
When £ = 0 we have
In(r) + 57% =0, In(r)= —%T, r=e "2,

47
3

47

)

5

22
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18. (a) Give in cartesian form the value of Log(2 — 2i).

(b) Let z = re? with r > 0 and with —7 < # < 7. As concisely as possible, give
an expression for the imaginary part of the principal value of z%. Explain why
the imaginary part of the principal value of 2% is 0 when r = 37/2,

Solution

(a) If 2 =2(1 —4) then |z|?> = 8 and |2| = V/8.
The principal argument of z is —w /4. Thus
In@) 7 3In(2) .«

2 4 2 I

Log(z) =

Log(z) = In(r) + 6.

With o = 2,
aLog(z) = —20 4+ i(21n(r))

and
2% = e ?(cos(21n(r)) + isin(21n(r))).

The imaginary part is
e sin(21n(r)).

If 7 = ™2 then 2In(r) = 37 and sin(37) = 0.

19. Let 2 =z +iy =re withz, y, 7, 0 €R, r > 0 and 0 € (—7, 7).

(a) In terms of x and y give the real part of the principal value of *.

(b) In terms of r and 6 give the imaginary part of the principal value of z°.

Solution
(a) From the definition

i* = exp(zLogi) and Logi = zg

1¥ = exp inlx + iy) = exp - exp i
2 2 2

and the real part is

Thus

™

exp(—my/2) cos (7> :

(b) From the definition, and with § = Arg z,

2* = exp(iLog z) = exp(i(lnr + if)) = e %e’n",

The imaginary part is

e O sin(Inr).




