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MAZ2741: Spring Term — Exercise sheet 1

Exercises involving the Divergence theorem

1. A closed region € is bounded by a simple surface S. Use the Divergence theorem

to prove that
/ r-ds =3V
s

where r is the position vector of a point on the surface and V' is the volume of the
region 2.

2. Use the Divergence theorem to evaluate

/E-dg,
S

F = (2* = 1)(zy®i + 2yj + v°k)

where

and S is the closed surface of the cube centred at the origin and with sides of length 2
units with each side parallel to one of the planes x = 0, y = 0 and z = 0. Check
you answer by doing the surface integrals.

T
cds = =
/ggﬁ 6

where ¢ = 2%k and S is the whole of the surface of the cone z° 4+ y* = (1 — 2)?,
0 < z < 1, including the base 2% + 4> = 1, 2 = 0. Use direct evaluation and the
Divergence theorem.

3. Show that

4. A closed region () is bounded by a simple surface S. Use the Divergence theorem

to prove that
/V¢~V¢dv:/¢a—¢ds—/¢v2wdv
Q s On Q

where ¢ and 1 are scalar fields. Hence, prove Green’s second identity which is

oy 0
/Q (pV?) — pV?9) dv = /S (gb% - @z)%) ds.
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Exercises involving Stokes’ theorem

1. Given that S is the hemisphere of unit radius described by
r(u,v) = sinvcosui +sinvsinuj +cosvk, 0<u <27, 0<wv< /2

and C is the closed curve that bounds the hemisphere in the zy—plane, evaluate

jl{q-df and /(qu)-dg
c- S N

i) ¢=Uyi, U constant, i) ¢=y%+aj.

where

What do you notice about your answers?

2. Verify Stokes’ theorem for the vector field F' = 22yi + zj and the hemisphere
> +yi+22=d% 2>0.

3. Evaluate

/S<V><Q)'d§

g= (2> +y—4)i+3zyj + 22z + )k

where
and S is the surface of the paraboloid z = 4 — (2% + y?) above the xy-plane.

Exercises involving Green’s theorem in the plane

1. Verify Green’s theorem in the plane for
%(my +9?) do + 2% dy
c

where C' is the closed curve bounded by y =z and y = 22, 0 < 2 < 1.

2. Use Green’s theorem in the plane to evaluate
7{(332 —2zy) do + (2°y + 3) dy
c

where C is the boundary of the region enclosed by y = 822, 2 = 2 and y = 0. Check
your answer by direct integration.
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