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MA2741: Spring Term — Exercise sheet 3 relating to
chapter 3: 2D incompressible flows, stream function,
vorticity, --- with answers

In past exams formula sheets were available in case questions needed the use of polar
coordinates and such sheets contained the following.

In the following, underline symbols denote vector quantities.

In terms of cylindrical polar coordinates (r, 6, z) with unit vectors e,, e, and k, the fol-
lowing definitions hold:

of  19f  of

VIS ettt ot
19 10F, OF.
ViE = B e e
e rey k
1
_ o o 2
VxE =D o oz
E. rky F,

10 of 1 0%f  O0*f
2, _ Lo [ O] 1o o
Vifo= ror (T8T)+r26’92+822’

where f(r,0,z) is any scalar function and

F= Fr(rv 0, Z)QT + FO(ra 0, Z)Qg + Fz(ra 0, Z)k

The vector product of vectors a and F', where
Q(n 97 Z) = CZT(T, 97 Z>§r + CLQ(T, 97 Z>§6 + CZZ(T, 07 Z)E?

is given by

1. The stream function for a line vortex, with circulation I', in a uniform flow is
) r
Y =Ursinf — —Inr
2m

where U is constant and (r, 6) are plane polar coordinates. Obtain the velocity field
and show that there is a stagnation point at

' =«
orU’ 2 )
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Answer
In polars
B 1oy oY
q=V (Vk) ;%Qr b €y
At a stagnation point
_ o oY
q=0, ie 50 =0 and o =0
In this case o0
20 = Urcos 6
and this is 0 when 6 = +7/2.
o : r
E = USln H — %

When 6 = —7/2 we have sin § = —1 and

and we have no solution.

When 6 = /2 we have sin § = 1 and

oY r
or v 2r

which is 0 when
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2. The stream function
2
v =Ur (90089 + —fsinf — sin@) , 0<6<m/2
T
where U is constant and (r,6) are plane polar coordinates, can be used to model
2-D, incompressible flow in the corner region = > 0, y > 0.

(a) Determine the velocity field and verify that the normal component vanishes at
the rigid walls § =0 and § = 7/2.

Answer

1oy oy

q=V x (Yk) = 908 T By

In this case

8—¢ = U 90086+293in8—sin0),

or T
1 2
_0_@[} = U | —0sin 0+ cos 0+ —(0cos 0 +sin ) — cosd
r 00 T

2
= U (—Hsin 0 + —(0 cos 0 + sin 9)) :
T

Each term has a factor of 6 or sin ¢ and hence ¢ = 0 when ¢ = 0.
When 6 = 7/2 we have cos § = 0 and sin § = 1 and

=U <—§+§> e (m/2)=U (_g—F%) j.

When 6 = 7/2 the normal to the surface has direction n = i and thus n - q=0.

(b) Calculate the vorticity, w, of the flow where w =V x ¢.

Answer
With ¢ = g,e, + qoey we have

e, rey k
1 1/0 0
_ _ 10 90 90|l_w-(YZ _Z
w=Vxyq r|or 00 90z Er (87“(“]9) 89%) '
dr Tqe q-
Now o0 5
_ 9y 94 _
qQy = o and o 0.
Thus

2
w=—k (g) (—sin 0 — 6 cos 0+ —(2cos 0 — Osin 0)) :
T

r

— Exercise sheet and answers — Term 2 — Sheet 3—page —3 —



28-2-2013 14:13 © M. K. Warby MA2741 Vector calculus and applications

3. Consider the two-dimensional velocity field

( - )+( i )
= —_— 7 —_— s
q 21)" 21 J

where « is constant. Show that this represents an incompressible flow and find a
stream function and velocity potential for the flow.

[Hint: Determine the gradient of tan™'(y/x).]

Answer

It helps to use polar coordinates to answer this question and note that = tan=!(y/x).

r=rcosf, y=rsinf, r>=z>+1>
and o o
q = —(cos 0i +sin 0j) = —e,..
= = o
The divergence in polars is

V-g—1£<r%>—0.

ror

The flow is hence incompressible.

The flow is also irrotational as

€ TEy E
1
_ _ 2|19 9 0|_
w=Vxa=T15 5 92|~ 2
& 0 0

Hence there is a stream function ¢ and a velocity potential ¢ and

06 106 100 O

-—c

=€+t —F;¢ = — —¢.
9= 5, T 009 ™ v ag  are
To get the stream function we note first that

oy .. B
o 0 giving ¥ = g(0)

for some function g(#). If we now consider the e, part then we get that

1oy 1, .
rap — 9=

(67
r

which gives
g (0) =a, ¢g(f)=ab+ const.
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The stream function can be taken as

Y = ab.

With similar workings for the velocity potential we have

o
a—z =0 giving ¢ = f(r)

for some function f(r). If we now consider the e, part then we get that

0¢ _

ar fl(r) = % giving f(r) = alnr + const.

The velocity potential can be taken as

¢=alnr.
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4. A fluid flows through a section of pipe whose surface is described by the Cartesian
position vector

r=(1+wv)cosui+ (1+v)sinuj +vk, 0<u<2r, 0<ov<L1
The fluid velocity is given by
q=q(w,y) = yi—xj.

(a) Show that the flow is incompressible and determine the vorticity.

Answer
The flow is incompressible because

_ Oy O(=x) _ _
V-g—ax—i— 3y =0-0=0.
The vorticity is
i j ok
— |0 0 9| —i0) —; 1-1)= —
w= |8 B 21=i0) -0 +k-1-1)= 2%
y —x 0

(b) Determine the normal, n, to the pipe surface. Show that ¢-n = 0 on the pipe
surface and state the physical significance of this.

Answer
or or
— and —
ou v
give vectors which are tangent to the surface and
or " or
n=—Xx_—
~ OJu Ov

is a vector which is normal to the surface.

L J k
n = |—(14+v)sinu (I1+wv)cosu 0
cos U sin u 1

= i(1+wv)cos u+j(1+wv)sinu—k(1+wv).
On the pipe surface z = (1 4+ v) cos v and y = (1 4 v) sin v and
g-n=(1+v)(ycos u—zsin u) = (1+v)*(cos usin u — cos usin u) = 0.

The fluid does not flow through the surface of the pipe and hence this is a rigid
boundary of the flow.
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(c) Calculate the circulation round the circumference of the pipe in the plane z = 0
(i.e. v=0).

Answer

When v = 0 we have the closed curve

r(u,0) = cosui+sinuj, 0<60<2m,
or
ou

= —sgin ui+ cos uj.
Let C denote the closed curve. The circulation is defined by
2
or
q-dr = / sin ui — cos uj) - — du
/{*_ 0 ( _) ou
27
= / (sin Ul — Cos ul) . (— sin ug + cos Ul) du
0

27
= / (— sin? u — cos? u) du = —2m.
0

(d) Calculate the surface area of this section of pipe.

Answer
The surface area is

/ / dudv—/ / In| dudw.
v=0 Ju=0 v=0 Ju=

n>=(1+v)21+1)=2(1+v)* and |n|=V2(1+0).

! 1 3
1 dv=1+==>.
/0(—|—v)v +t5=3

Hence the surface area is

or
ou

Now

3\/571
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5. The stream function for a two-dimensional flow is given by:

U =1(x,y) = Uy* + 2Uxy.
Determine:

(a) the velocity field;

Answer
The velocity is

- o o | |
g—(V%b)XE—ayz ax1—2U(y+w)z 2Uyj.

(b) the vorticity, w;

Answer
The vorticity is

Recall that in the lectures we also showed that
w=-V*k

and the result could have also been obtained in this way.

(c) the circulation around I where I is the unit circle centred at the origin.

Answer
The unit circle is described by

r(0) =cos fi+sinfj, 0<060< 2,

giving
% = —sin 61+ cos 0.
Thus
dr . . :
@35 = 2U((cos 0 + sin 0)(—sin 0) — sin 0 cos 0)
= —2U(2sin 0 cos 0 + sin® §) = —2U (sin(26) + sin” f).
We have

2m 27
/ sin(20)df =0 and / sin?0df =7
0 0

and thus the circulation is
—2Ur.
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6. A two-dimensional, incompressible flow comprises a source of strength m > 0 at the
origin together with a uniform flow with speed U > 0 in the direction § = 7 of a
plane polar coordinate system (r,8). The stream function is given by

mo

Y= —Ursinf + 2

(e

Determine the fluid velocity and show that there is a stagnation point at

m
“o V70
Answer
The velocity is
B 1oy oY
¢ = (VW) xk=-Zre — 3¢

— (-Ucos 9—|—£>gr+(]sin Hg(,.
2mr

At a stagnation point ¢ = 0.

The e, component is 0 when § = 0 and when 0 = 7.

When 6 = 0 we have cos § = 1 and the e, component is also 0 when

m m
U+ —=0 givi = —.
- 27r SIS T = oru
When 6 = 7 we have cos § = —1 and the e, component is
U+t = >0
2mr

There is no stagnation point when 6 = 7.
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7. The stream function for an incompressible uniform flow past a particular multipole

1S

sin 20

s, 0<0<7
,

v =1(r,0) =Ursinf — p

where U and pu are constants and (r, 6) are plane polar coordinates.

(a)

Obtain the polar equation of the curve corresponding to ¢ = 0 for 0 < 0 < 7,

and determine the normal vector, n, to this curve.

Answer
As sin(260) = 2sin 6 cos 6 and sin > 0 when 0 < § < 7 the curve 1) = 0 is

Ur — 9 <,u0025 9> o

r
The polar form of this curve hence corresponds to

3 _ 2pcos 6
—7

r

If we describe the curve in the form
g(r,0) =Ur® — 2ucos =0

then a normal vector is given by

dg 10g 2 8in 0
Q:VQ:EQT—F;%:?)T’QUQ,—F( . €p-

As we only need the direction we have

3r°U
(g) n= ( 7"2 ) e, + psin Oe, = p(3 cos fe, + sin fey).

Hence we define
n = 3cos fe, +sin O e,.

Show that ¢-n = 0 on the curve found in (a) above, where ¢ is the fluid velocity.

Answer
The velocity is

B 1oy oY
qg = (V) xk= o0 + Eme

20 in(2

= (U cos 0 — QMCOS(g )) e, + (U sin 6 + 2,usm(3 9)) €.

r r
On the curve ¢y = 0 we have

2p U
3 cos @
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giving

q = |Ucosf— UCOS(QQ) e, — | Usin 0 + Usm(29) €y

= cos 0 cos 0

2
= U (cos 0 — cos( 9)) e, —3Usin O¢,.
cos 0
Then
g-n = 3U(cos®d — cos(20)) — 3U sin® 4

= 3U(cos? — sin®f — cos(26)) = 0.

Determine the stagnation point and the vorticity of the flow.

Answer
At a stagnation point ¢ = 0. The e, component is 0 when sin § = 0 or

6
U+4,ucos3 =0.
r

When 6 = 0 the e, component is

2
U-— &
3
and this is 0 when
U
We have found one stagnation point.
When 6 = 7 the e, component is
2
—U — —/; <0
r

and there is no value of r for which this is 0.

In this case there are actually other stagnation point resulting from the the
condition

cos 6 0 hen M U
=0 ie when 5w =—-——
7 r’ 4 cos 6
which when satisfied makes the coefficient of ¢, equal to 0. If we substitute

this in the expression for the coefficient of e, then we get

U+4up

20 20
U cos 0—2MCOS(3 ) = Ucos 6’—|—UCL()
r 2 cos 6
= u (2 cos® 6 + cos(26))
2cos 0

u 2
= 26080(4COS 6—1).
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This is zero when cos?f = 1/4 and as r must be positive the only case to
consider is when cos § = —1/2 and

21
3 _
rt=—.

When cos 6 = —1/2 we have cos(20) = —1. The values of § at this stagnation
point are +27/3.

The vorticity is w = V x ¢.
Now the velocity has two parts which are

4=4,+4,
where q, is associated with the uniform flow and q, is associated with the other
part.
e, rey k
_ Ul s ) 0| _ - : _
ngl—? 5 50 5 =k(—sin § — (—sin 0)) = 0.

cos —rsinf 0

€, T€y E

—2u 0 0 0

Vxg, = <T) or 00 0z
cos(20)  sin(20)

s 2 0

Thus the vorticity w = 0.

8. The stream function
Y =Ur(sinf —0cosf), 0<0<m

where U is constant and (r,60) are plane polar coordinates, describes flow over a
horizontal rigid surface which corresponds to § = 0 and § = 7 (ie. y = 0 in
Cartesian form).

(a) Determine the velocity field.

Answer

B 10 B oY
(V) x k= ;%Qr EQG

= U ((cos @ —cos 0+ 0Osin ) e, — (sin 0 — 0 cosf) ey)
= U((0sinf)e, — (sin 0 — 6 cosh)ey) .

B
I
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(b) Determine the vorticity, w, of the velocity field.

Answer
Let g, and gy denote the components of ¢ for this two-dimensional flow. The

vorticity is
a(TQG) a%") k

1
c_u:ng:;<

o 00
g :
0 U(sinf + 0 cos 0),
rgg = —Ur(sinf — 6 cos ),
8((;“39) = —U(sin 0 — 0 cos 6).

Thus

ol si
£:_< U51n9> k.
r

(c¢) Show that the circulation around the closed curve mapped by the polar position
vector r = sin(f)e,., 0 < 0 < 7 is given by

r=0 / (0 sin(26) — sin?0) db.
0

Evaluate this integral.

Answer
Let C denote the closed curve. The circulation is defined by

T dr
c o dg

As

de, dr .

W & we get 30 = 08 Oe, +sin Oey.
Hence

1 dr ) ) .
(ﬁ) 4 g5 = cos 0(6 sin 0) — sin O(sin 6 — 6 cos )
= (20 sin 0 cos O — sin® ) = (6 sin(26) — sin®H).

Now

/ sin?0df = —.
O 2

For the other integral use integration by parts to give
" —fcos(20)]" ™ cos(26
/ 0 sin(26) A9 = [L()} +/ c08(20) 1o _ T

Thus
I'=-Unr.
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9. Apart from notational changes, this was the most of question 3 of the MA2841 paper
in 2012. The other part of the question was on the previous exercise sheet.

A factory worker is filling barrels of beer using a funnel, the surface of which is
described by the Cartesian position vector

r=e “cos ui+e Usin ui—v@, 0<u<2m, 0<v<l
Suppose that the fluid velocity within the funnel is given by
q=(v+2y)i—yj— 3k
Determine the following.

(ii) The vorticity w of the flow.

[3 marks]
Answer
The vorticity is
i J k
- | 9 9 0
= ox dy 0z
r+2y —y =3
(058 0w (08 dlat2)
"\ Oy 0z =\ Ox 0z
O(=y) _ O(x+2y)
k - = —2k.
T ( Ox dy -
(iii) The outward normal, n, to the funnel surface.
[4 marks]
Answer
The vectors
or and or
ou ov
are tangent to the surface of the funnel and the vector
N
= oul v
is in the direction normal to the surface.
or ~o(— sin i + )
9 — © sin ui+ cos u j),
% = —e “(cos ui+sinuj) — k.
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By inspection this can be expressed using the polar base vectors as

or e

% = € QQ?

% = —e e —k
and thus

or Or

— — —2v —v
— X —==¢e “Yk—e"e
ou Ov - -

As the radial component here is negative this vector has a component pointing
towards the axis of the funnel and hence this vector corresponds to the inward
normal.

ﬂ:

To get the outward normal we re-define n to be

0 0
n = a—g X a—i = —e—2vk+e—vgr — _8_21}&—}-8_” (COS Qi-l—sin 91)

Show that ¢ -n # 0 on the funnel surface and state the physical significance of this.
[4 marks]

Hence, evaluate the flux integral for the fluid velocity across the funnel surface.

[6 marks]

Answer
On the surface of the funnel

r=e ‘cosu, y=—e 'sinu, z=-—v
and ¢ is given by

g=e"(cos u+2sinu)i—e " sinuj— 3k

g-n = e ((cos’u+ 2sin u cos u) — sin® u + 3)
= e 2"(cos(2u) + sin(2u) + 3).

As
cos(2u) +sin(2u) +3 > 1

this is not zero on the surface of the funnel and as a consequence fluid is flowing
through the surface of the funnel.

The flux integral over the part of the surface specified is

1 2m 1 2m
/ / q- (% X %) dudv = / / e ?(cos(2u) + sin(2u) + 3) dudv
v=0 Ju=0 0 0
1 2
= </ e dv) / (cos(2u) + sin(2u) + 3) du
0 0

= (1 _262) (67) = 3m(1 —e72).
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10. Apart from notational changes, this was question 4a of the MA2841 paper in 2011
and was worth 12 marks (the complete question was worth 20 marks).

A stream function is given, in plane polar coordinates (r, ), by
Y=rfsind, 0<6<2r7.

(i) Determine the velocity field, g, for the flow.

[3 marks]
Answer
The velocity ¢ is given by
10y oY
— [ P
q (Vi) x k= —57e. — 5 ¢
= (0 cos 0 +sin f)e, — 0 sin e,.
(ii) Calculate the vorticity, w, of the velocity field.
[3 marks]

Answer
Let g, and gy denote the components of the velocity. The vorticity is

e, 1ep k

W=Vxq = 2|2 8 0
- r

or 00 0z
qr Tqe q-
1/0 0
= E; (5(”}9) - %%ﬂ)

r
_ (2(:05 9)&
r

= k—(—0sin § — (—6 sin 0 + cos 0 + cos 0))
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(iii) Show that the circulation, I', around the closed curve r = cos 0, —7/2 < 6 < /2,
is given by

/2
I = —/ (sin® @ + 0 sin 26) dé.
—7/2

Evaluate this integral.
[6 marks]

Answer

The parametric description of the curve is

d
r=cos fe,(0), L sin Oe, + cos Oey.

7

Let C denote the closed curve. The circulation is

In this case

q -~ = —sin 0(0 cos 0 +sin ¢) — cos 0(0 sin 0)
= —(0 sin(20) + sin?0).

For the integrals we have
/2
/ sin20d = -
—7/2 2
We use integration by parts for the other integral.

/2 /2
/ 0 sin(20)df = 2/ 0 sin(20) dd
0

—7/2

7

w/2
= [-0 cos(29)]g/2 +/ cos(20) df = 5
0

Thus
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11. Apart from notational changes, this was part of question 3 of the MA2841 paper
in 2011. The other parts of the question were on the previous exercise sheet.

The surface of a bowl is mapped by the position vector
T = v CoS ug’—i—’usinul’—i—vQE, 0<u<2m, 0<ov<l1.

A fluid within the bowl moves such that its velocity is given by

2

8|S

q=—1i—vyj, x>0.

(ii) Determine a normal vector n to the bowl surface.

[4 marks]

Answer

Vectors tangential to the surface of the bowl are given by

or . . .
— = —vSInuUl+vCosuj,
ou B
0

9L = cosui+sinuj+2vk.
ov B

By inspection this can be expressed using the polar base vectors with u = 6
being the usual angle.

@ = wve
ou 0
% = e +2vk.

The cross-product gives a vector normal to the surface and this is

or Or
_— = = 2 .
ou % ov vk+2ve,

As we only need the direction we can take

n=—k+2e,.
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(iii) Show that ¢ -n = 0 on the bowl surface and state the physical significance of
this.
[3 marks]

Answer
On the surface of the bowl

T =vCosu, Y=uvsinu.

sin?u) . . .
q = v 17— vSsIn U/j
- COS u -

sin u . :
_ —v( ) (—sin Ul -+ Cos Ul)

COosS u

sin
COS U

It thus follows that ¢ -n = 0.

The physical significance of this is that fluid does not flow across the surface
of the bowl.

12. Apart from notational changes, this was question 4 of the MA2941 paper in 2010.
Consider the stream function

2 0
zﬁ:r@cosﬁ—m, 0<6 <2,
T

where (r,0) are plane polar coordinates.

(i) Show that one solution to ¢ = 0 is 7§ = 27 and sketch this curve for
0<6<2m.
[4 marks]
Answer

The curve ¢ = 0 is

r@cosﬁ—MchSQ(rﬁ—z—ﬂ> =0.

r r

One solution is when the term in brackets is 0 which can be written as

r’0 = 2.

r(n/2) =2, r(m)=+v2, r@2r) =1

As 0 — 0, r — oo. The curve looks like the following.
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N

(ii) Determine the velocity field ¢ for the flow.

[3 marks]

Answer
The velocity ¢ is given by

10y o
pu— k = —_—— —_—— .
1= (VY) x k= ——5e. — 5 ¢
(89_15 = 7r(—0 sin 6 4 cos 0) + 27TS;H 6,
%g—z = (=6 sin 0+ cos ) + QWiIQD 6,
oY 2w cos 0
5 = 6 cos 0 + o
Thus
q= (—0 sin 6 + cos 0 + 27r512n 9) e, — (9 cos 0 + QWCSS 9) €.
= r r

(iii) Let ¢ = 20 — 27. Determine Vg and show that ¢ - Vo = 0 when 26 = 2.
Explain this result.
[7 marks]

Answer

9o 10y
87“27" T 6029

1
= 2rfe, + —(r?)e,
r

= 2rfe, +rey =1(20¢, + ¢).
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When 20 = 27 the velocity is given by

g = (—0sinf+cos d+0sinf)e, — (0 cos 0+ 6 cos 0) ey
= cos e, — 20 cos Oe,
= cos 0 (e, —20¢).

With Vi and ¢ as just given it follows immediately that ¢ -V = 0.

This property indicates that the fluid does not cross the curve r20 = 2.

(iv)

Show that the circulation around the closed curve r = 1, 0 < 0 < 27 is given
by

2
—/ (6 cos 0 + 2w cos 6) df
0

and evaluate this integral.
[6 marks]

Answer
The circle r =1 is

r=e.(0), with

The circulation is

2 dT 2 aw
. frg — — " 1
jig dr /0 q d@de /0 ar(,e)dﬁ

27
= —/ (0 cos 0 + 27 cos 0) d6.
0

21
/ cos 6df = 0.
0
By the periodic property

27 T
/ 90089d9:/ fcos 6d0 =0
0

—T

We have

as the integrand is an odd function. Thus the circulation is 0.
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13.

Apart from notational changes, this was part of question 3 of the MA2941 paper
in 2010. The other parts of the question appeared on the previous exercise sheet.

A fluid flows such that its velocity is given by
q=3i+2trj—zk, >0
where ¢ is time.

(ii) Determine the vorticity of the flow.

[3 marks]

Answer
The vorticity is

(

J k
w=Vxg=|2 % 2 1=i(0) — j(0) + k(2t) = 2t k.

3 2x —=z

I

14.

Apart from notational changes, this was question 3 of the MA2941 paper in 2009.

A fluid flows inside a semi-infinite pipe whose surface is described by the Cartesian
position vector

r=cosui+2sinuj+vk, 0<v<2r, —oo<wv<O.
The fluid velocity is given by
g=yi—4xj+zk.

(ii) Determine the vorticity w.
[3 marks]

Answer
The vorticity is

(0) = j(0) + k(=4 — 1) = =5k.

© Fo =
I
|

i
c_u:ng:% %
y —4dx
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(i)

Determine the normal, n, to the pipe surface.

[3 marks]

Answer

The following vectors are tangent to the surface of the pipe.

or
ou
@
ov

= —sin ui+ 2cos uj,
= k.

The cross product of these vectors gives a vector which is normal to the surface.

Let
A J k
0 0 -
a—ixa—iz—sinu 2cosu 0
0 0 1

= (2 cos u) — j(—sin u) + k(0) = 2 cos ui+sin uj.

Show that g - n = 0 on the pipe surface and state the physical significance of
this.
[3 marks]

Answer

Using the vector n in part (iii) we have
q-n=2ycos u— 4z sin u.
On the surface of the pipe
r=cosu and y=2sinu

and hence
q-n=0.

This property indicates that no fluid flows through the surface of the pipe.
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(v)

Calculate the circulation round the circumference of the pipe in the plane z = 0
(i.e. v=0).
[6 marks]

Answer
Let C' denote the circumference of the pipe in the plane z = 0. On C' we have

dr
r=cos ui+ 2sin uj, d—_:—sinu1+2008uj, q=2sinut—4cos uj.
J u AN | J
The circulation is
2w d
r
]{q-dzz/ q - — du.
c 0 - du
The integrand is
d
q-—f:—2Sin2u—80082u:—2—6cos2u.
= du

The circulation is
—47 — 6w = —107.

(vi)

Suppose now that a perforated, convex (i.e. the outward normal has a positive
k component) disc is placed over the end of the pipe at v = 0. State Stokes’
theorem and deduce the value of
/ w - ds,
s

where S is the surface of the disc.
[3 marks]

Answer
Stokes’ theorem for the surface S enclosed by C' is that

/VXq-dgz%q-dg
S - c

As w = V x ¢ and the right hand side has been determined in part (iii) we

have
/g -ds = —10m.
S
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