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Exercises related to chapters 4: Finite differences and
the 2-pt BVP

1. This question was in the May 2019 MA2815 exam.

Let u(x) denote an infinitely continuously differentiable function on an interval
containing [0, 3h], where h > 0 is small for all the Taylor expansions that you use
to be valid. By using appropriate Taylor expansions determine constants by, by, b3,
c1, ¢o and ¢z in the following.

u(h) ; U(O) _ b1u1<0) + bghu”(O) + b3h2u1//<0) 4o
_u(3h) + 9611}L(h) — 8u(0) _ Clul(()) X CghU”(O) 4 Cgh2um(0) 4.

Solution
w(h) = u(0) + ' (0)h + “”2(0> B+ “/"6(0) B +
u(3h) = u(0) + o)) + 2 (an)? + C D amyt g
Thus " "
)] ), W0, O
by =1, by =1/2 and by = 1/6.
O ot ont -

6

—u(3h) +9u(h) = 8u(0)+ u'(0)(6h) +
+ u’"(O)(—3h3) R

= 8u(0) +1/(0)(6h)

Thus
—u(3h) + 9u(h) — 8u(0)
6h
cp=1,¢c0=0and cg = —1/2.

2. This question was in the May 2018 MA2815 exam.

Let h > 0 be small and let u(x) denote an infinitely differentiable continuous function

defined on an interval which contains [—2h,2h] and assume that the Maclaurin

expansion of u(z) converges in this domain. Show that
h? h®

w(h) — u(—h) = 2hu'(0) + gu"’(O) + ks

and determine ¢y, c3, ¢5 in the following expressions.

®(0) +O(h")

—u(2h) + 8u(h) — 8u(—h) + u(=2h) = c1hu/(0) + csh*u™(0) +
+ esh®u®(0) + O(h7) .
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Solution

Let ug = u(0), uj =

2

u/(0) ete. in the following.

3 4 5
h n h " h

h6

5 6

u(h) = g+ hug + 5%’ U oty mué ) + %ué '+ o(n7
2 h3 h4 h5 5 h6 6

U(—h) = Uy — hu{) + E’U/g — Eug’ + ﬂ g// - 1—20Ué ) + ﬁoué ) + O<h7>

When we subtract the even index terms cancel and we have

u(h) —u(=h) =

h3 h®
—ul + —ul? + o).

2hu! n
ot g 60

Replacing h by 2h in the above gives

u(2h) — u(—2h) = 4huy +

8h?
ER

32h° (5

) O h?

—u(2h) + 8u(h) — 8u(—h) + u(—2h) = 8(u(h) — u(—=h)) — (u(2h) — u(—2h)).

Thus ¢; = 12, ¢c3 = 0 and

Cy =

24
60

2

5

This question was in the May 2015 MA2815 exam.

Let u(x) denote a 4 times continuously differentiable function on an interval con-
taining [0, 2h] where h > 0. The left hand sides in the following are finite difference

approximations to u/(0) using u(2h), u(h/2) and u(0).

determine the constants by, b3, co

2(u(h/2) = u(0))

h
—u(2h) + 16u(h/2) — 15u(0)

6h

Assuming that h is small
and c3 in these expressions.

u'(0) 4 bahu(0) + bsh*u” (0) + O(R?),

u'(0) + cohu (0) + csh?u” (0) + O(h?).

Solution

By a Taylor expansion about 0 we have

u(k) —u(0)

When k = h/2 we get

u(h/2) —u(0)
h/2
with by = 1/4 and by = 1/24.
When k£ = 2h we have

u(2h) —u(0) =

B (0) + (o) + &

u'(0) +

2hu'(0) +

]{72 3

u"(0) + O(KY).

2 6

@u”(()) + —(h/62)2u”’(0) + O(h%)

u'(0) + byhu"(0) + byh®u™ (0) + O(Rh?)

(2h)2 1 (2h)3 n 4
5—u"(0) + ==u"(0) + O(h*),
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Combining the two expansions gives

- 2) u"(0) + O(hY)
= 6hu/(0) — 3" (0) + O(h%).

16(u(h/2) — u(0)) — (w(2h) — u(0)) = 6he/(0) + h° <

Thus

—u(2h) 4+ 16u(h/2) — 15u(0)
6h

with ¢ = 0 and ¢z = —1/6.

= ' (0) + cohu” (0) + esh?u (0) + O(h?).

4. This question was in the May 2016 MA2815 exam.

Let u(x) denote a 4 times continuously differentiable function on an interval con-
taining [0, 2h] where A > 0. The left hand side in the following are finite difference
approximations to «/(0) using u(2h), u(h) and w(0). Assuming that h is small
determine the constants by, bs, co and c3 in the following expressions:

M = u/(0) + bohu"(0) + bsh*u"(0) + O(R?),

—u(2h) 4+ 4u(h) — 3u(0)
2h

= /(0) + cohu” (0) + csh*u"'(0) + O(h?).

Solution

Taylor expansions about 0 are

u(h) = u(0)+hl(0) + "o (0) + "u0) + O,
/ 4h2 " 8h3 "n 4
w(2h) = wu(0)+ 2hu'(0) + U (0) + - U (0) + O(h?).
Thus ) ) " 2
- =/(0) + 5u”(o) + Eu’”(o) + O(R?).

by =1/2 and b3 = 1/6.

4u(h) — u(2h) — 3u(0) = 2hu’(0) — %hgu’”(o) + O(hY).

Dividing this by 2h leads to ¢co = 0 and ¢3 = —1/3.

5. This question was in the May 2017 MA2815 exam.

Let u(z) denote a four times continuously differentiable function on an interval
containing —h, 0 and 2h where h > 0 is small for all the Taylor expansions that you
use to be valid. By using appropriate Taylor expansions determine constants ¢, co
and c3 in the following.

2u(—h) — 3u(0) + u(2h) = c;hu’(0) + cxh®u”(0) + csh®u”(0) + - -

By using this relation, or otherwise, give a suitable finite difference approximation
for «”(0) using the values u(—h), u(0) and u(2h).
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Solution

4%

u(2h) = U(O) + QhUI(O) + TU (0) + 8_h3 "

" (0) + -
h? R?
?U”(O) _ E/LLIII(O) + .

2u(—h) — 3u(0) +u(2n) = 3n*"(0) + gh?’u”’(O) + -

w(—h) = u(0)— hd'(0) +

Hence ¢; =0, co =3 and ¢3 = 1.
A suitable approximation to u”(0) is given by

2u(—h) — 3u(0) + u(2h)
3n°

6. The following is about the local truncation error with Numerov’s method wheich is
one of the schemes in the MA2895 assignment.

Consider the following two-point boundary value problem
u'(z) = q(x)u(x) +r(x), a<xz<b, wula)=g;, uld) =g,

where ¢(z) and r(x) are functions defined in [a,b], ¢(z) > 0 on [a,b] and these
functions are such that u(z) is at least 6-times continuously differentiable.

Given an integer N > 1, let h = (b — a)/N and let
ri=a+1th, 1=01,...,N

denote mesh point in a uniform mesh. Further let u; = wu(z;), ¢ = q(x;) and
ri =7r(x;) for i =0,1,..., N and define

[, = Yt T 2ui +uio (Gi—1uia +7i1) + 10(qu; +73) + (Giativr + 7ig1)
' h? 12

Given that u satisfies the differential equation show that

L; = O(h%).

Solution

The first thing to note is that as uv”(x) = g(x)u(x) + r(z) for all = € [a,b] it holds
in particular at all the mesh points and the expression for L; can be written as

[ Uit 2u; +uiy ufyy + 100 +uly
' h? 12 '

Now adding the Taylor’s expansions of u; 11 = u(x; + h) and w;—y = u(z; — h) gives

2 h4 h6 (6)
: = 2u b2
Uir1 Ui—1 (7 u; 12u1 360 U,
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Similarly if we replace u by u” we have

h4
ol = 2 R 0

The parts we need for the expression for L; are

Uip1 — 2U; + Ui—q " h? " h' (6)
= u; +Zu oo
h? 12t 360" ’
u;/-i-l + 12”;/ + u;/—l _ "y hn? oy h' (6) +
12 T TR T gt

Subtracting the second of these expressions from the first gves

L; = O(h%).

7. As in the previous question let a = zg < 1 < --- < xny = b be points in a uniform
mesh with mesh spacing h = (b — a)/N and let u; = wu(z;) for i = 0,1,..., N.
Also assume that u(x) has as many continuous derivatives as is needed in Taylor
series expansions. Let 2 < ¢ < N — 2. By considering the expansions about x; of
Uiro — 2u; + u;—o and wu;41 — 2u; + u;—1 show that we have a representation of the
form

—Ui+2 + 16Ui+1 — 30U1 + 16ui_1 — Uj—2
12h*

=u"(x;) + ch*u(® (z;) + O(h%)

and give the constant c.

Solution

As in the answer to exercise 6 we have

h? ht K
Ui + Ujmg = 2 <Uz + Eu;' + ﬂugﬂ + 790 % + O(hs)) :

If we replace h by 2h then we have

N ) +4m”+1M4W+6M6
Uy Uj—2 = Ui T =5~ Uy U;
2 2 tT o4 T 0

> ¢®+am0.

We combine these as

48
16(ui+1 + U1 — 2uz) — (UZ'+2 + Uj_o — 2uz) = 12h2uf — %h‘lug& + O(hg)

Thus

— U2 + 16Ui+1 — 30’&1 + 16ui,1 — Uj—2
12h*

with ¢ = —4/360 = —1/90.

= (x;) + ch*u'® (z;) + O(R°)

8. In the lectures the 3-point central difference approximation to the second derivative
is given involving equally spaced points. This question involves a 3-point approx-
imation using points which are not equally spaced. Let h; > 0 and hy > 0 be
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sufficiently small that the Taylor expansions of a function u(x) about x = a are
valid. Show that

2u(a+hy)  2u(a)  2u(a — he)

hi(hy + he)  hihy  ho(hy + ho)

" 3 3 mn
" o u (a) hl + h2 u (a) L
= U (Cl) -+ (hl hQ) 3 + (hl i hg 12 +

Solution

Taylor expansions gives

2 h3 h4
wla+hy) = ula)+ h'(a) + ?lu”(a) - Elu'"(a) - Q—iu”'(a) +---
u(a_h) _ _h !/ h_g// _h_glll h_%/// .
9) = wu(a)— hot/(a) + 5 U (a) 5 U (a) + T (a) +

If we form hou(a + hy) + hqyu(a — hs) then we eliminate the u/(a) term and we have

hQU(CL + hl) + hlu(a - ]’Lg) = (hl + hg)u(a)

u// (a)

" nn
T (hahd— )"\ (ght 1 )9

2 2
+(hohi + hih3) 5 51

To simplify a little note that

hihy + hihy = hyiho(hy + ho),
h3hy — hyh hihg(h? — h3) = hihy(hy + he)(hy — hy),
hihy + hihy = hyiho(h3 + R3).

Thus

hgu(a + hl) + hlu(a — hz) — (hl + hg)U(a)
u///(a)
6

u(a
— hlhg(hl ‘|‘ hg) 2( ) + hlhg(hl + hg)(hl - hg)

u//l/ (a)

hiho(h3 + h2
+hihy(hy + hs) 21

If we multiply through by 2/(hiha(hy + hs)), then we get the result to prove stated
in the question.

Note that the above reduces to the equally spaced version when hy = hy = h.




