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Abstract

We study an additive Schwarz based preconditioner for the hp-version of the boundary
element method with quasi-uniform triangular meshes and for hypersingular integral oper-
ators. The model problem is Laplace’s equation exterior to an open surface and is generic
for elliptic boundary value problems of second order in bounded and unbounded domains
with closed or open boundary. The preconditioner is based on a non-overlapping subspace
decomposition into a so-called wire basket space and interior functions for each element. We
prove that the condition number of the preconditioned stiffness matrix has a bound which is
independent of the mesh size h and which grows only polylogarithmically in p, the maximum
polynomial degree. Numerical experiments confirm this result.
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1 Introduction

High order Galerkin methods like the p- and hp-versions are known to converge rapidly for
smooth as well as for singular solutions. On the other hand the arising linear systems are
highly ill-conditioned and their iterative solutions require efficient preconditioners. For piece-
wise polynomial spaces on meshes consisting of quadrilaterals or hexahedra, overlapping and
non-overlapping (or iterative substructuring) methods define such optimal or quasi-optimal pre-
conditioners, see [20, 21, 23, 10] for the finite element method (FEM) and [11, 12, 1, 15] for
the boundary element method, for problems in three dimensions. For the p-version of the FEM
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with tetrahedral meshes and the p-version of the BEM with triangular meshes, however, there
are only few results available. Numerical experiments for overlapping FEM preconditioners on
triangular and tetrahedral meshes are reported in [22] and, recently, Schoberl et al. [26] pro-
vided the theory. Bica studies non-overlapping preconditioners for the p-version of the FEM
with tetrahedra in his PhD-thesis [6] and also presents convincing numerical experiments (see
also [7]). There are, however, unspecified constants (possibly depending on polynomial degrees)
in some of his results, due to the application of an unproved extension theorem. In this paper
we follow Bica’s construction to define an iterative substructuring method for the hp-version of
the BEM with triangular quasi-uniform meshes. Our preconditioned stiffnes matrix is quasi-
optimal in the sense that the condition number is bounded by O((1 + logp)*) with a constant
that is independent of the mesh parameter h. In this way we improve the bound O((1+logp)”)
by Cao & Guo [8] (for a slightly different construction) which, to our knowledge, is so far the
only available theoretical result for additive Schwarz type preconditioners for the p-BEM with
triangular meshes.

We give an analysis of our method for uniform polynomial degree distributions (the polynomial
degree p is the same for all elements) but it is applicable to arbitrary degree distributions without
any difficulty. The results are then valid by substituting p by the maximum polynomial degree.
Our substructuring method uses the so-called wire basket space (consisting of nodal and side
basis functions) with L2-bilinear form or energy bilinear form (defined by the integral operator)
and, for each triangle, the space of bubble functions on that element with energy bilinear form.
Main technical details deal with traces and extensions for polynomials acting between L? on
sides of triangles and H'/2 (the energy space of the hypersingular operator) on triangles. Such
traces and extensions, for tetrahedral meshes and the FEM, have been analysed by Munoz-Sola
in [18]. Essential tool is an appropriate extension operator. The counterpart of this operator in
R? for triangles, in combination with the discrete harmonic extension, has been used by Bica
[6]. Recently, a logarithmical bound (in p) has been proved for this extension operator [14] and
this forms an important part of our theory.

Our model problem is the hypersingular integral equation

a(u,v) :== (Du,v)p = (f,v)pr forall ve HY?) (1)

on a plane polygonal surface segment I' € R3 where f € H~Y/ 2(T) is a given function. Here, D
is the hypersingular integral operator

1 0 0 1
D = E— r
u(z) yr /Fu(y) e dSy, wzel,

which is a continuous and positive definite mapping from HY2(I') onto H~'/?(T"), cf. [27].
Hence, there holds the equivalence of norms

(Dv,o)r = [[o]%)p ) forall ve HY2(D). (2)

The Galerkin scheme for (1) reads as follows. Given a finite dimensional subspace ¥ ¢ H'/?(T')
with dimW = N, find uy € ¥ such that

(Duyn,v)r = (f,v)r forall veU. (3)



The space ¥ under consideration consists of continuous piecewise polynomials of degree p on
regular quasi-uniform meshes formed by triangles. Our iterative substructuring method defines
a preconditioner for the stiffness matrix A of system (3). Equivalently, the method results in
a preconditioned stiffness matrix which can be considered as the additive Schwarz operator P
corresponding to the underlying subspace decomposition with given bilinear forms. The main
result of this paper states that the condition number of the preconditioned matrix P is bounded
by O((1 +logp)*) with a constant that is independent of the mesh parameter h.

An outline of this paper is as follows. In §2 we introduce the needed Sobolev spaces. Furthermore
we define basis functions for the p-version and a decomposition of the ansatz space, and state
the main result (Theorem 3). For the definition of the basis functions we need special extension
operators which are also presented. In §3 we prove several technical lemmas. The proof of the
main result is given in §4. Finally, in §5 we present some numerical experiments which underline
the asymptotic behaviour of the preconditioner. For the convenience of the reader we collect
some technical results from other authors in an appendix (Section A). In particular, we indicate
proofs of some of Bica’s results which are used in this paper.

Throughout the paper C' denotes a generic positive number which is independent of p and the
characteristic mesh size h, if not otherwise stated.

2 Sobolev spaces, basis functions and preconditioners

On an open surface segment I’ we introduce the spaces HY/2(I") and H'/?(T") where the latter

1/2

space is most often denoted by Hg,"(I') in the finite element literature. Let I be a closed surface
(in our case a polyhedral surface) with I' C I'. We define

H'(D) = {¢lp: o € H' (R}, HYAD) = {glr; ¢ € H(D)},

and

H'2(T) = {¢ € H'2(); g € H'Z(D)},
where ¢ denotes the extension of ¢ by 0 from I onto . A norm in H/?(I) is given by (see [16])

1 ey = I ey + 1 ey

[v(x) —v(y)|
‘U‘HI/Q([‘ //—m_y‘3 dS; dSy.

To calculate the H'/2-norm over two adjacent elements I'; and I'; we consider the following
equivalent norm, compare Grisvard [9]

with semi-norm

v(y))?
H”HHWFUF) H”HHI/2(F +HUHH1/2(F // wdydm



Finally, in H'/2 on T and correspondingly on local portions I'; C I', we use the norm

2 12 v()[?
”UHﬁl/Q(F) = ‘U‘Hl/Q(F) + A m dS,. (4)

We also note that the spaces HY/?(I") and HY/?(I") can be equivalently defined as intermediate
spaces between L2(T") and HY(T') or H(T') (HL(T) is the completion of C§°(I") within H*(T)).

Furthermore, for a triangle T', we consider special subspaces of H/ 2(T) related to one or two
edges of T'. Let A; be the barycentric function related to the edge I; of T'. More precisely, A; is
linear, vanishes on I; and has value 1 in the vertex opposite to I;. Then H 1/2 (T, I;) consists of

functions u € H'/?(T) which vanish on the edge I; and satisfy )\Z-_l/Q -u € L*(T), with norm
~1/2
a2z 1y = 1el3pasogry + 127 ullary, (5)

and for i # j let HY2(T,I;,1;) = HY*(T, I,) N H'/?(T, I;) with norm

—1/2 —1/2
Vil oz = 10lprary + I8 2ulairy + 10l ey (6)

Next we consider the construction of basis functions for the p-version. To this end we will use
extension operators as described below.

Extensions can be defined locally on patches of elements. For the extension of basis functions
associated with edges (so-called edge basis functions) the situation is as indicated in Figure 1(a).
A polynomial f defined on the edge I vanishes at the endpoints of I and needs to be extended
to a piecewise polynomial U on K := T UT5 such that it can be extended continuously by zero
onto an enlarged patch K which contains K.

For functions associated with nodes (nodal functions) the situation is analogous. Namely, for a
given patch as in Figure 1(b), values on the skeleton of the edges of the patch are given including
1 in the center node and 0 on the boundary. As for edge functions these values are extended
locally onto the triangles, see the construction on the reference triangle below.

For our analysis we explicitly consider the situation on the reference triangle 7' := {(z,y); * >
0,y > 0,z +y < 1}. The vertices and edges of T are denoted by V; and I;, i = 1,2,3,
respectively, see Figure 2. The edges I; and I3 will be identified with the Interval I := (0,1),
and I = I} will be used without further notice. We also need the polynomial spaces

PP(I) :=span{z®, 0 < i < p}, PP(T) := span{z'y’, 0 < i+ j < p}.

For the construction of our basis functions we need two extension operators, the operator F'
frequently used in finite element analysis (see [3, 2]), and the operator E used for problems in
three dimensions (see [17, 18]).
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Figure 1: Constructing edge and nodal basis functions by extension.
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Figure 2: The reference triangle T'.

The operator F' is defined by

1 [*ty
F(wg) = [ Fe)ar
Y Ja
It extends polynomials of degree p on I to polynomials of total degree p on T'. It cannot be
used to construct the extension needed for the vertex and edge functions since, e.g., a root of f
in 0 does not extend to a zero trace of F'(f) on I3. This is precisely the property of E which is



defined by

x [
B =2 [ a0 -0

More generally, for f € PP(I) we define extension operators from I by

x [*F
B =B =2 [ a0 -0

gy [Tt
BN =2 [ a0,

T —r— Tty
B (o) == [ it o) = £y =0,

We note that there holds

EY(f)(x,y) = (1 —z —y) B ()(z,y) + 2E5(f)(x,y).

Moreover, E3(f) =0 on Iy and E'(f) =0 on I, U ;.

Extension operators E3 (for f € PP(I3) with f(1) = 0), E} (if f(0) = 0) and E® (if f(0) =
f(1) =0) from I3 onto T" are defined analogously.

For a polynomial f € PP(I2) we define

1- —
By =L [ a0 <o

l-z—y (1-1)
I-y —
E3(f)(x,y) ‘:ﬁ_y/ M dt if £(0,1) =0,

1-y
Ly f(t7 1- t) .
E? =— It if £(1,0) = f(0,1) = 0.
fla) == [ L i 0.0 = 50
There holds

E*f(z,y) = 2B5(f) + yE5(f)
and E3(f)=0on I, E3(f) =0 on I3, E*(f) =0on I U I3.
It is easy to see that all the extensions are polynomials of degree p on T'. Furthermore, all the
operators which deal with polynomials that vanish in only one vertex are linear transformations
of the operator E = E. The main results concerning this operator are given in the next theorem.
For the proof see [14].

Theorem 1. For f € PP(I) with f(0) =0 there holds

VBl /2y < C (1 +1og )2 [l 7)
For f € PP(I) with f(1) =0 there holds
VEY g0y < C (1 -+ 1ogp) 2 [ 2o )

6



For f € PP(I) with f(0) = f(1) =0 there holds

VE (D)l /20, 1a0myy < € (1 +1088) 2 [ £l 221 9)
The constant C' above is independent of p and f.
In [14] we then prove the following extension theorem.

Theorem 2. Let T be a triangle and let T be one of its sides or the union of two. Then, for a
given continuous function f on &T which is a polynomial of degree up to p on each of the sides
and which vanishes on T, there exists an extension U on T such that U is a polynomial of total
degree up to p, U = f on 8T and

10017270y < € (1 +108 D)2 £l 2o (10)
Here, the constant C > 0 is independent of f and p.

For the construction of vertex basis functions we consider special low energy functions, cf.
Pavarino & Widlund [23]. Let ¢o be the polynomial of degree p that minimises the L2(0,1)-
norm and satisfies ¢¢(0) = 1 and ¢g(1) = 0. The corresponding polynomial satisfying ¢(0) = 0
and ¢o(1) = 1 is denoted by ¢, () = ¢o(1 — ).

These polynomials are L?-orthogonal to P(0,1) (the polynomials with homogeneous boundary
values), and there holds

_ —1)pt+1
60lE2=(02) = LG+ 5) and (90,05 )12t0) = 5 s Wl (11)

see [23]. The expansion of such polynomials as a linear combination of Legendre polynomials is
also given in [23]. For illustration see Figure 3 where ¢ for p = 10 is given.

A vertex basis function gzgvl, e.g. for vertex Vi, is defined as follows. Set (;;VI = ¢p on I;
and I3, and (5‘/1 = 0 on I,. Extend (5‘/1 from I; onto T by using the extension operator EJ,
= E%gzgvl = El¢gg. Let g3 be the trace of ¥ on I3 and define ¥3 := E3(g3 — bv,), the
extension of g3 — &Vl from I3 onto T with 13 = 0 on I; and I5. Eventually we set (5‘/1 =1 —Ys3.
The other vertex functions are defined analogously.

As basis for the edges we use affine images of antiderivatives of Legendre polynomials that vanish
in the corners. The antiderivatives of the Legendre polynomials are defined on the interval [—1, 1]
by

11— 1+

Lo(z) = T Li(z) = 5 Ly(x) = Ln(x)Q;_Lq_Q(m):/:

Ln,1 (y) dy7

where L, denotes the Legendre polynomial of degree n. These basis functions are extended onto
the triangle using the extension operators E?, i = 1, 2, 3. There are p — 1 basis functions on
each edge.



Figure 3: Low energy function ¢q for p = 10.

Figure 4: Basis functions, p = 4

As interior (or bubble) functions we use tensor products of antiderivatives of Legendre polyno-
mials. On the reference triangle T" these are the functions

L 20— 1) L;(2y — 1
dley) = S B VE@ =g cpa<ikvi<n
’ 1-2z 1—y
There are (p — 1)(p — 2)/2 interior functions per triangle.

For a sample set of nodal, edge and interior basis functions see Figure 4.

For a given triangle T, affine transformations of the basis functions defined above are used to
span the polynomial space PP(T). Given u € PP(T) this function has the unique representation
u = 2?21 ay;, "‘2?21 Uy, + Uy where @y, uy, and 5 are the vertex, edge and interior components,
respectively. An interpolation operator I onto the space of wire basket functions is defined by

3 3
M= iy, + Y i, (12)
i=1 =1

8



Since the space of wire basket functions does not contain constants on T' we redefine the vertex
and edge functions as follows. Let F denote the part of the expansion of the constant function 1
which belongs to the interior functions, i.e. F :=1— I"1. Then we define a new interpolation
operator by

W = "+ Fay, (13)

where uy = §3T 1; This operator maps a constant function onto itself. The new vertex and edge
orT

components of u for the changed basis functions are denoted by uy;, and ug,, i =1,...,3. They

are images under I of the preliminary components uy, and ug,. The interior basis functions
are unchanged.

Now, in order to define the boundary element space ¥ we introduce a quasi-uniform mesh
I' = U, I'; consisting of triangles I'; and define

U= S = {u e COT);ulr, € PP(Ty)} € HY*(T).

Here, h denotes the maximum diameter of the elements of the mesh. In a standard way we
utilise the local basis functions defined above to generate a basis for Sﬁ. In particular we use
the notation for components in (12) and the wire basket interpolation operator in (13) for the
global setting. Additionally, W denotes the wire basket of the mesh, i.e. the union of nodes and
edges.

Next we introduce a preconditioner in the additive Schwarz framework. For simplicity we con-
sider the situation that I' C R? is a surface piece. In fact, the case of a closed surface I is
implicitly covered by our theory without any complication. The analysis for open surfaces is
more involved since in this case the energy space of hypersingular operators must incorporate
homogeneous boundary conditions.

The additive Schwarz preconditioner is based upon a subspace decomposition

SP(T)y=Ho+ Hi+ -+ H,.

For our method we choose Hy := Wy (I') being the space of wire basket functions and H;
consisting of the interior functions on I';, j = 1,...,n. Accordingly any u € S}, has a unique
representation
n
u = upy —i—Zuri, (14)
i=1

where uy € Uy (T') and ur, are the interior functions with support in T';.

Then the additive Schwarz method reads: Solve

Puy:=(Po+ P+ + P)uy = fn



where P; : Si(l’) — Hj;, j=0,...,n, are projection operators defined by
bj(Pjv,) = (Dv,o)r Vo € Hj.
For the interior spaces H1y, ..., H,, by is the energy bilinear form
bj(v,w) := a(v,w) = (Dv,w)r, v,we Hj, j=1,...,n, (15)
and for the wire basket space Wy we consider two bilinear forms bg. For our first method we

choose
n

bo(u, ) = o (u,0) 2= (1 + logp)* D inf flu = eilFagr . (16)

=1
where W; denotes the boundary of I';. The corresponding additive Schwarz operator P will be
denoted by Pyy.

For the second method we use the energy bilinear form,
bo(v, w) := a(v,w) = (Dv,w)r, v,w e Uy (D). (17)

In this case we denote the additive Schwarz operator by P = Pp.

The main result of this paper is the following theorem.

Theorem 3. Let by denote one of the bilinear forms aw or a. Then, for any u = uw +
Sy ur, € SH(T), there holds

o (1 +1og ) (B )+ olur, )
=1

< a(u,u) (18)
<O (bo(uw,uw) + Za(uFi7UFi)>'

Here the constants Cy, C1 > 0 are independent of h, p and u. Therefore, the minimum and
maximum eigenvalues of the additive Schwarz operator P (P = Py if by = aw or P = Pp if
bop = a) are bounded like

Amin(P) > Co (1 +1ogp)™,  Apaz(P) < C4,

and the condition number satisfies with a constant C' > 0, independent of h and p,

)\max(P)
The bounds on the eigenvalues of P are immediate implications of the inequalities (18), see, e.g.,
Zhang [28]. The inequalities are proved by Theorems 4, 5, 6 in Section 4.

k(P) = < C(1+logp)*.

10



3 Technical tools

In this section we collect some technical lemmas which are needed to prove our main result
(Theorem 3).

Lemma 1. Let 0 < x <1 and f € L*(x,1). Then there holds

/OM% (/33“”@) dt>2 dy < 4/: (1) dt. (19)

Proof. See Lemma 1 in [14]. O

Lemma 2. Let I be one side of the reference triangle T'. Then for any polynomial v of degree
p on T there holds

o020y < 0+ log D)ooy
Let vy, := ﬁ Jorvds. Then there holds
o = Bagory < CO1+logp)leusa (20)

Proof. Let @ denote the reference square (0,1) x (0,1) and I = (0,1). For a polynomial u of
degree p there holds

1 1
ol ) = /0 ue,y = 0) di < /O (s )2 e 1)

1
<c(1 +10gp)/0 lu(@, M2 01y da-

The last estimate is due to Theorem 6.2 in Babuska et al. [2].
For the special case of a square we use an equivalent definition for the H'/2-semi-norm (see
Lemma 5.3, Chap. 2, in Necas [19])

Ut flu(se, ) = u(te, )17
2 ~ ’ (0,1)
|u|H1/2(Q) —/0 /0 (81 — t1)2 dsy dty

Lot flu, s2) = u(- t2)|17
_|_/ / L?(0,1) dsso dity.
0 0 (

Sg — t2)?

Therefore, we can estimate

1 1 41 g1 _ 2
/ iz, .)\?{1/2(0 o = / / / (u(z,y1) — u(z,y2)) dyy dys di
0 ’ 0o Jo Jo

(yl - y2)2
1 1 ||u(7y1) - u('7y2)||2
N / / 2 POD gy, dy,
0 Jo (y1 —y2)
< C|U|§{1/2(Q)- (22)

11



Furthermore it is )

[ @ Wy do = Nl
Combining this relation with (21) and (22) we obtain

[ullZ2(ry < C(L+logp)[ulFr/z -

Now for the reference triangle T" we extend the function v from T onto the reference square @)
by reflecting it at I. The reflected function on the reflected triangle T is denoted by ©. By
symmetry the coupling term between v and ¥ in the H'/2-norm vanishes. Therefore we deduce
that there holds

lolfey < CO+logp)lo] 2,
< C(+10gp) (Io2ary + 50/ + 012y + 191227 )
= 2001 +1ogp) [Vl 312 -

To prove (20) we use the minimising property of Uy, and a quotient space argument as follows:

v — @WTH%%aT) < - 0”%2(3T) = Z [[v— C”%?(Ii)
< C(l—i—logp)Hv—cH?{l/g(T) VeeR.
Therefore,

llv UWT|]L2(8T) < C(1+ logp) mf llv — cHHl/Q(T) @1 —i—logp)]v[Hl/2 )"

Lemma 3. Let T be a triangle of diameter h and u € H'Y?(T). Then the mean value Uw, =
ﬁ fafuds of u on the boundary of T can be bounded by

ﬂW < Ch™ 1||u||L2 aT)
On the reference triangle T' there holds for u € PP(T)
EI%VT <C(+ logp)Hqul/Q(T).

Proof. Using the Cauchy—Schwarz inequality we get

) 1
Uy, 1ds/ wrds =2 Ch u
< 5 = [ s [ el

which is the first assertion of the lemma. Analogously on the reference triangle T' we have

@y, < CllulZ2om)

and using Lemma 2 we obtain the second assertion. U

12



Lemma 4. For a polynomial f of degree p which vanishes on the boundary of T there holds

111720y < €O+ 108 DI g2, (23)

Proof. See Lemma 6 in [13].
O

Lemma 5. Let u € PP(T') with representation w = uyw + ur. Then there holds
|UW|§{1/2(T) <O+ logp)2||u||§{1/2(T)-

Proof. Using the definition of the interpolation operator IV in (13) we get

3 3 2
D v+ i+ Flaw,
i=1 i=1

|uW|§{1/2(T) =

HY/2(T)

3 3

<C <Z |ﬂV¢|fql/2(T) + Z |ﬂ1¢|§{1/2(T) +E%A/T|f|?ql/2(7’)> .
i1 =1

First let us consider the vertex function for the vertex Vj.

It is constructed using the extensions ¥ = El¢g and v3 = E3(¢1]1; — ¢o) with ¢ defined in
§2. The vertex function associated with Vj is @y, = ¢1(v; — v3) (here, ¢; = Uy, (V1)). Then we
can estimate using Theorem 1 as follows.

| aiva | ey < 101l + sl ey < (L+1ogp) Y2 (ol z2en + 191l — dollr2qry)) (24)

By definition of 4, we have

2 _ Yy Po(t) 1
|!w1\13|!L2(13>—/0 <—y ) (/0 1_tdt> dys/o ?UO \gbo(t)\dt) dy.

Using Lemma 1 this yields

1151172,y < Clldolza ), (25)
and with (24)
WV1’H1/2(T) <C(1l+ logp)l/zHcmoHLa(h) =C(1+ logp)l/QHf‘% ”L2(11)- (26)
To bound the edge component of u we use (9) and obtain

’7111‘?{1/2(7“) < HaIIH?ZII/Q(T7I2U[3) < C(l + logp)HﬁhH%?(Il)' (27)

Therefore we have the intermediate result

3 3
i Byagry < €O+ 108 (3 N o, + 3 Nl ) (2%)
=1 =1

13



Recalling that ¢ is orthogonal on (0, 1) to any edge function and using the relation (¢o, ¢g )r2(0,1) =

2(p+1) ||gZ)0HL2 0.1) (see [23]) one easily deduces that

5 5 . 5 . 5 5 /
law Nz = v + v, + 2y and (i e + 18130, + lin Za,) - (29)

are equivalent norms. Analogous equivalencies hold on the edges I, and I3.
It follows from (28) that

|ﬂw|§{1/z(T) <C(+ Ing)HaWH%Q(aT) =C(1+ IOgP)HUH%?(aT), (30)
and using Lemma 2 we find
|aW|§{1/2(T) <O+ 10gp)2||U||§{1/2(T). (31)

To bound |F|g1/2(q) we use (30):

|f|§{1/2(T) =[1- iwlﬁpm(:r) < 2|1|§{1/2(T) + 2|1:W1|§{1/2(T) <C(1+ 10gp)||1||%2(aT)- (32)
Now the assertion of the lemma follows by combining (31) and (32) with Lemma 3. O
Lemma 6. For a wire basket function uy there holds

luw L2z < Clluw |l L2(o1)-

Proof. By the definition of uy we get

luw 727y < C <ZHUVHL2(T +lew 1227y + IF 1122 uWT>

=1 i=1

By Lemma 1 there holds

it = [ [ (2 ([ )
1 1
4/0 /x(ah(t,o)fdtdx

Cllaan 1 Z2(z,)-

IN

IN

Simﬂarly, with 77,\/1 = C1 (1/11 — 1/)3) =C (E%(ﬁo - E3(¢1‘13 - ¢0)) we get
v 122y < €& (1113 + sl 3ry ) < Cllin 22 qryumy

Analogous estimates hold for the other vertex and edge functions.

14



Proceeding as in the proof of Lemma 5 (see after (28)) we therefore get
law 122y < Cllaw |22 (or) = Cllullzzor)- (33)

Analogously we find )
Y 22y < C L2 0m)

and therefore
1F G2y = 1T = TV 1 Z2ipy < ClILIZ20p) + CIHY 172y < C. (34)

From Lemma 3 we know that

Uiy < Cllullizgor) = Clluwlliz(or)-

Combining this with (33) and (34) finishes the proof. O

4 Proof of the main result

In this section we prove our main result, Theorem 3. In Theorem 4 and Theorem 5 we consider
the bilinear forms corresponding to the additive Schwarz operator Py, and Theorem 6 deals with
Pp.

Theorem 4. There exists a positive constant C, independent of h and p, such that for any
w=uw +>.rur, €S} there holds

(1 + 1ng)3 Zl ||u - UWZH%Q(WZ) + Zl Hufz H%UQ(Fi) <C (1 + 1ng)4|u|§{1/2(p)- (35)

Proof. Let I'; be an arbitrary triangle with boundary W; and diameter h. Then, using a trans-
formation to the reference triangle 7' and Lemma 2 we obtain

e = 2w,y < C hllo = Tw[F2(omy < Ch(1+log D)ol oy

) (36)
< C(]- + 1ng)|u|Hl/2(pi)a

see, e.g., [13]. Here v denotes the linearly transformed function u. Therefore,

n

(1+10gp)® > llu— 1w 72w,y < C(L+1ogp)* D |ulfjuop,y < C(L+1ogp) ulfys -
=1 =1

It remains to bound the norms of the interior components of u. On the reference triangle T" we
have ur = (v — uw)|r. By Lemma 5 there holds

|UW|§{1/2(T) <O+ Ing)QHUH?{l/?(T)’
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and Lemmas 6 and 2 yield
|y < Clluw [a(ory < €L+ logp)lull 22
Therefore,
HUWH%rIN(T) = HUWH%Q(T) + ‘UW‘%ﬂN(T) <C(1+ Ing)QHUH?qlN(T)-
Using Lemma 4 and the triangle inequality we obtain

o= s gy < O Loz )? (o + sz
<C(1+ 10gp)4|]uH§{1/2(T).
Since the wire basket functions contain the constants we thus have for any ¢ € R

lu = IVl o gy = e = IV (wt O G2

4 9 (37)
< C(1+logp)*|lu+ CHH1/2(T)-
By a quotient space argument we conclude that
|lu — IWuH%IW(T) <C(1+ logp)4]u\§{1/2(T).
Since the norm in H'/2(T') scales like the semi-norm in H'/?(T') this proves
e s ngry < 1+ logp) o e, (38)
and summing over all elements this finishes the proof of this theorem. O

Theorem 5. There exists a positive constant C, independent of h and p, such that for any
u=uw + Y i ur, €S} there holds

Hquqlm(F) <C ((1 + Ing)B Z ”u - ﬂWz”%Q(W,) + Z ”uri”fqlﬂ(l‘i)) :

i=1 i=1

Proof. We extend our basis functions in a discrete harmonic way into the interior of a tetrahe-
dron, see Bica [6] for details. We consider a reference tetrahedron Q.. with 7" as one of its sides
and maintain the notation for the basis functions on €,.;.

Let u = uw + Y i, ur, € S} be given. We remark that there holds (see von Petersdorff [24])

lull% 2y < € (uuwuzl/gm 3 - uwuiﬂ/%n)) (39)
=1
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with (u — uw)|r, = ur,. Therefore we only have to prove

n
”UW”%ﬂm(F) <C (1 + Ing)g Z Hu - HVViH%Q(Wi)'
i=1

Consider a three dimensional domain €2 such that I' C Q). We decompose € into tetrahedra £2;
such that the trace of this mesh is compatible with the mesh on I'. For an arbitrary extension
Uw of uy with Uy = 0 on 9Q \ T' there holds

HUWH%UQ(F) < ClUwlinay = C Y [Uwilin - (40)

Now we consider the reference tetrahedron 2.,y and the reference triangle T' C 9€..r. We
extend the wire basket component uy defined on 9T onto .. by using Theorem 2 and the
discrete harmonic extension. Similarly as in the proof Theorem 2 (see [14] for details) there
holds

luw || grro @y < C (1 + log p)"/*||uw || o)

In the same way we extend uy, onto the other sides of €2,.¢. Then we get a continuous function
on 082¢¢. For the discrete harmonic extension from the faces of the tetrahedron into the interior
there holds

10w a0y < Clluwll /200, ,)- (41)

This follows from the minimising property of the discrete harmonic extension and the extension
theorem of Munoz-Sola [18, Theorem 1]. Using Lemma 10 (see the appendix) it follows that

’UW’%I(QW” < C(1 +logp)’|luw |12 or)-
All the extension operators used reproduce constant functions and therefore we get for any ¢ € R
|UW|%{1(QM) = [Uw + C|§{1(Qref) < C (1 +logp)*|luw + CH%Q(aT)-
Transforming this result to an arbitrary element we get
Uw, 51, < C (1+log p)*|luw, + cll72or,)-

Together with (40) this yields

luw |51/ < € (1 1ogp)3ggﬂgz lu—= cllF2p,y = C (1 +1logp)® Y llu—Tw, 720, (42)

7

which was left to be proved. O

Theorem 6. There exist positive constants Cy, C1, independent of h and p, such that for any
u=uw + Yy i ur, € Sy there holds

n
Co ||u||%rl/2(p) < ||UWH%(1/2(F) + Z HUIEH%UQ(H) <Ci(1+ Ing)4||u||§§1/2(F)-
i=1

17



Proof. The first inequality has already been proved by (39).
It remains to prove the second inequality. The bound

ZHUF HH1/2(I‘ C (1 +logp) Z|U|Hl/2(p C(1+logp) ||u||H1/2 )

is an immediate consequence of Theorem 4.
From inequality (42) we know that there holds

n

2 3 : 2
||UW||g1/2(F) < C(l + logp) Zl cllIgI‘{ HUW - CiHLQ(afz’)
1=
and by (36) we get
: 2 2
cuelﬂg flu — C||L2(ari) <O+ 1ng)|u|H1/2(I‘i)‘

Since u = uy on 9T'; the latter two estimates imply

n

HUWH%II/%F) S C (1 + 10gp)4 Z ‘u’?'{l/Q(Fi) S C (1 + lng)4HUH%1/2(F).
=1

This finishes the proof of the theorem. U

Proof of Theorem 3. The assertions are direct consequences of the previous theorems by
noting that there holds

a(u,u) = (Du,u)r = |[ulf; = ||ull?

Hl/Q(F) H1/2(F )

for any u € H'/?(I') with support on I'; C T, see (2). O

5 Numerical results

In this section we present some numerical experiments to confirm our theoretical results about
the behaviour of the condition number of the preconditioned boundary element matrix.

First we comment on the implementation of the preconditioner. When ordering the basis func-
tions of the boundary element space appropriately the preconditioning matrix has a block diag-
onal form

Sy 0 0 0
0 S, 0 0
0 0 . 0
0 0 0 S,

Here, Sy is the discretisation of the bilinear form by involving the wire basket functions and
Sr, discretises the energy bilinear form involving interior functions defined on I';, cf. (15), (16),

S =
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d
(17). For the calculation of the bilinear form ay we remark that the mean value ay, = %
w;

of u on W; minimises |[u — ¢;||z2(w,) With respect to ¢; and therefore

1 2
min [[u — ¢l 22y = v — w220 :/ (u(t)— uds) dt
L2(W;) L2(W;) Wi ‘M/Z’ Wi

c; €ER
1 2
2
= u” dt — / 1-uds> ,
/W. W] < W,

see also [23]. The first term of the right-hand side above is calculated by using the mass matrix
M@ for the wire basket functions on Wi;. Furthermore, there holds |W;| = fW, 1-1ds =

ZOT A ) - Here, 219 contains the coefficients for the constant function 1 on I';. With this
notation we can also write

. . . A
/ 1-uds =Z0TMOg = <M(Z)g(2)) i,
W.

where 4 contains the coefficients of u for the basis in use, and

1-ud 2— OP O 2_ =T (7 r(i) Ai) @ =)\ 7T -
</W- v 8> _<<M z ) U> =u (M Z >(M Z > 1.

Thus, locally on one element we obtain

| ()50 . (36 HNT
_ s (@ (MUZD) (MUZY)
Sw. = (1+logp) (M e ay=r

To calculate the preconditioning block Sy we sum over all the elements.

For our model problem we choose the domain I' = (—1/2,1/2)? x {0} and use uniform triangular
meshes. We do not specify any right-hand side function f in (1) since we only report on the
spectral behaviour of the stiffness matrix. For smooth right-hand side functions f the hp-version
with quasi-uniform meshes converges like O(h'/?p~1) in the energy norm, see [4, 5].

In Figure 5 the condition numbers of the Galerkin matrix with preconditioner are plotted. Here
we consider only the wire basket preconditioner, i.e. the additive Schwarz operator Py, based
upon the bilinear form ay defined by (16). In the plot we also give the curve of (1+logp)*, and
the numerical results behave similarly in the given range of p (p = 1,...,6). Exact numbers are
given in Table 1 together with the condition numbers of the un-preconditioned stiffness matrix.
We also give the iteration numbers of the conjugate gradient method needed for fixed precision.
As expected the iteration numbers increase only moderately when one of the preconditioners is
used and grow substantially without preconditioner.

In Figure 6 we present condition numbers of the preconditioned matrix Py for the h-version and
different polynomial degrees. The results confirm the asymptotic independence of the condition
numbers on h.
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p | DOF | cond(w/o) | niter || cond(pre, L?) | niter || cond(pre, H'/2) | niter
1 1 || 0.100E+01 1 0.100E4-01 1 0.100E+-01 1
2 9 || 0.781E+01 6 0.561E4-01 7 0.100E+-01 1
3 25 || 0.734E+02 29 0.443E4-02 18 0.547E4-01 11
4 49 || 0.739E4-03 100 0.745E4-02 34 0.796E4-01 17
) 81 || 0.102E4-05 | 315 0.112E4-03 44 0.103E4-02 22
6 121 || 0.189E406 | 993 0.150E4-03 56 0.124E4-02 27

Table 1: Condition numbers and iteration numbers for the p-version without and with precon-
ditioning (using the L2- and the energy bilinear form).

1000

with prec. ——
(1+log p)*4 -------

condition number

polynomial degree

Figure 5: Condition number of the preconditioned Galerkin matrix, p-version.

A Additional technical results

For the convenience of the reader we repeat some of the results and proofs of Bica [6] who deals
with wire basket preconditioners for the p-version of the finite element method on tetrahedral
meshes. In fact, at several places he uses an unknown factor N(p) stemming from an unproved
extension theorem. Here we use the extension theorem from [14] to fill this gap.

We denote by .. the reference tetrahedron

Qres i ={(,9,2); 0<2,y,2 <1, a+y+2< 1}
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Figure 6: Condition number of the preconditioned Galerkin matrix, h-version.

and define for integer p
PP(Qrep) = span{a'y’2*; 0 <i+j+k < p}.
Before dealing with results from [6] we collect three technical lemmas needed below.

Lemma 7. [25] Let u € PP(0,1). Then

< 2p? max |u(z)|.

d
— u(x) na

max
dx

[0.1]

Lemma 8. [2, Theorem 6.2] Let u € PP(0,1). Then,
HU’H%OO(O,I) <C(1+ Ing)”uH?ql/%og)-

Lemma 9. [23, Lemma 5.3] Let I be any line segment in the closure of the reference tetrahedron
Qrer and let u € PP(Qheyr). Then,

”UH%W) <C(1+ logp)”UH?ql(Qref)-

If uyy is the average of u over the wire basket W, then,

Hu — HW”%Q([) < C(l + logp)‘uﬁfl(ﬂref.)
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Now let us turn to the theory of finite elements. The wire basket decomposition used in [6] is
the three-dimensional analogue of our decomposition obtained by discrete harmonic extensions
of basis functions onto the reference tetrahedron. The corresponding wire basket interpolation
operators in three dimensions will be again denoted by I and I". Here, in this section, W
denotes the wire basket of the reference tetrahedron. As in the two-dimensional setting we define
F :=1—1"1 on the boundary of the reference element. But now F has four components, each
associated with one of the faces and vanishing on the other faces, F = Zizl Fi. Note that by
definition of the basis functions Fj, is discrete harmonic.

The next lemma is needed for the proof of Theorem 5 and its proof is based on the two lemmas
that follow.

Lemma 10. (Compare [6, Lemma 4.16]) Setting Uy = IV u there holds
|UW|%{1(QM) <c(1 +10@219)3||u||%2(w) Vu € PP(Qrey)

Proof. Let Fy, k =1,...,4, denote the faces of Q,.;. Since Wy=T"u+ Zizl Upr, Fr we get

4
’IWU@{l(Qref S 5 (‘IWU,%II(Qref) + ZH%Fk’fk‘él(Qref)> ’
k=1

By Lemma 11 there holds
’fwu’?ﬁ(ﬂref) <C(1+ logp)HuH%z(W).
Using the discrete harmonicity of F and combining Lemma 4 with (32) and (34) we obtain
’fk‘%{l(gref) S C (1 + lng)g

Together with

9 <f8Fk u

2
) < Cllulagn,

Upp, =
b\ Jor !
we get
4
’IWU‘%l(Qref) < C ((1 +1og p)|ull 72y + > w1+ logp>3>
k=1
< C(1+logp)?|[ullF2 -

Lemma 11. (Compare [6, Lemma 4.15])

Vg, ) < C (Ut logp)llulfagyy Vu € PP(Quep)
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Proof. Using the estimates for the vertex and edge functions in Lemma 12, and noting that
L?(W)-inner products between different wire basket components are negligible (see (29)), we
get

4

6
‘Iwuﬁfl(gref) S C Z "ELVl ’%I(Qref) - Z ’ﬁEJ ’%I(Qref)
i=1 j=1

(1 +logp) ZHUWHH(W +ZHUE HL2

<c( +10gp)HIWuHL2(W):C( +10gp)HUHL2(W)-
O

Lemma 12. (Compare [6, Lemmas 4.11, 4.12]) Let ®y and ®g be a vertex function and an
edge function, respectively. There holds

12V |0, ) < C (1 +1ogp) 2Py |l 2w

and
[®ellH @) < COA+ log p)/?[[® 2| 2wy

Proof. This follows by using the property of discrete harmonic extensions, cf. (41), and Theo-
rem 2. U
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