
Chapter 6
Thermo-mechanical Validation
The further aim of this research is to include material non-linearity within a FV framework,enabling the simulation of complex industrial processes involving not only solid mechanicalbehaviour, but also other complex physical behaviour such as heat transfer, solidi�cationand 
uid dynamics. A case in point is the casting of metals, which involves a wide varietyof physical behaviour including that previously described.The original FV framework upon which this research is based was restricted to two di-mensional analyses and was developed as the engineering software UIFS (UnstructuredIntegrated Fluids and Solids) at the University of Greenwich [42, 20, 22, 26, 25]. The inclu-sion of material non-linearity within this framework to improve the simulation of a metalcasting process is described by Taylor et al [89].The FV framework has now been extended to the three dimensional engineering softwareframework PHYSICA [24], also developed at the University of Greenwich. The inclusionof material non-linearity within this framework will be described in this Chapter as it alsoapplies generally to the two dimensional case.The implementation and the methods employed in the heat transfer, solidi�cation and 
uid
ow algorithms are those developed at the University of Greenwich by Chow et al [20, 25].They will not be described in detail in this thesis as they are the results of prior research.119



CHAPTER 6. THERMO-MECHANICAL VALIDATION 120Though it is important to note that for heat transfer, solidi�cation and 
uid 
ow algorithmsthat exist within PHYSICA at present, a cell-centred FVM as discussed in Chapter 1 isemployed.6.1 Conservation equationsThe additional equilibrium equations governing the conservation of heat transfer and 
uid
ow in three dimensions are described as follows:For momentum @�U@t +r(�VU) = r:(�rU)� @p@x + SU ;@�V@t +r(�VV ) = r:(�rV )� @p@y + SV ;@�W@t +r(�VW ) = r:(�rW )� @p@z + SW ; (6.1)for continuity @�@t +r:(�V) = 0; (6.2)and for energy @�h@t +r(�Vh) = r:�kcrh�+ Sh: (6.3)Where V = (U; V;W ) is the 
uid velocity vector, p is the pressure, h is the enthalpy and�; �; c and k are the material density, viscosity, speci�c heat and thermal conductivity,respectively.The source terms SU ; SV ; SW and Sh contain the additional source terms necessary for themodelling of the solidi�cation process.For momentum these sources are; buoyancy, to characterize the natural convection of themolten material as it cools and Darcy, to terminate the velocity components as the material



CHAPTER 6. THERMO-MECHANICAL VALIDATION 121solidi�es. For the energy equation the latent heat source, ST , depicts the energy releaseduring the phase change. If the speci�c heat c is constant, the relationship between enthalpyh and temperature T simpli�es to h = cTwhich upon substitution in equation 6.3 provides@�T@t +r(�VT ) = r:�kcrT�+ Shc : (6.4)In this manner, temperature is chosen as the dependent variable of the energy equation toemphasise the thermo-mechanical coupling via the temperature �eld.6.2 Thermo-mechanical couplingThe coupling between the thermal and the mechanical analysis is mainly unidirectionalvia the temperature �eld. The coupling can occur at an incremental or iterative level, forstrongly coupled systems iterative coupling is a necessity. For thermo-mechanical problemsinvolving large plastic strains considerable heat loss can occur as described in section 2.1.1.2,the coupling is then bidirectional and can be performed at an iterative level [99]. Only smallstrain problems are considered in this research and the heat loss due to plastic straining canbe neglected without any reasonable loss of accuracy. For small strain thermo-mechanicalproblems which have relatively weak coupling, incremental coupling is possible. At anincremental level the thermal analysis is performed over a suitable number of time stepsand then the mechanical analysis is performed, this staggered approach is then continuallyrepeated for the complete analysis.It is important to note that the application of the thermal load in an incremental fashion isessential to capture the path dependent non-linear material behaviour. The geometry mayor may not be updated with regard to the thermal analysis, for some problems involvingsmall strains little accuracy is lost by not updating the geometry. Hence, in some cases thethermal and mechanical analysis can be performed separately. For complex applications,such as the die casting of metals, the geometry must be updated with regard to the thermalanalysis in order to model the forming of gaps between the cast and mould as deformation
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Figure 6.1: Incremental thermo-mechanical coupling within the FV framework.occurs [12, 67, 42, 68, 63]. The coupling is now bidirectional and for this reason a completethermo-mechanical coupling of the temperature �eld and geometry as illustrated in Figure6.1 is provided within the FV framework PHYSICA [24]. This is equivalent to the originalcoupling method as employed by Cross et al [26] in the engineering software UIFS.6.2.1 Test case 1: Quenching of a steel slabThis test case involves the quenching of a large steel plate and the consequential residualstress. If interest is restricted to the regions away from the edges of the plate, a plate ofin�nite extent can be assumed. For a plate of in�nite extent, the heat conduction analysisassociated with a convective cooling boundary condition at the surfaces is one dimensionaland a thermal gradient exists in one direction only, through the thickness of the plate.The heat 
ux due to the convective cooling isq = hc(T � TA);



CHAPTER 6. THERMO-MECHANICAL VALIDATION 123where hc is the heat transfer coe�cient and TA is the ambient temperature of the surround-ing 
uid. The material properties associated with the thermal analysis are described inTable 6.1. � k c hc TA7832 kgm�3 58.8 W=(mK) 600 J=(kgK) 193.1 W=(m2K) 70 �CTable 6.1: Material properties associated with the thermal analysis.The plate consists of an elastic/perfectly plastic material with a temperature dependentyield stress, as described in Table 6.2. It should be noted that the time dependent stressesare large enough to cause plastic deformation and hence residual stresses will remain afterthe plate has cooled. The remaining material properties associated with the mechanicalTemperature (�C) 70.0 121.0 1121.0Yield stress (MPa) 248.2 248.2 24.82Table 6.2: Temperature dependent yield stress.analysis are described in Table 6.3. The plate is initially at a very high uniform temperatureTi = 1038�C, close to the melting point of the material. The plate then cools to the ambienttemperature associated with the convective boundary condition.6.2.1.1 Reference solutionThe reference solution is obtained from a semi-analytical method, where an elasto-plasticbehaviour with a Von-Mises yield criterion is assumed for the mechanical analysis [62]. Thegoverning di�erential equations are manipulated in such a way that a numerical step-by-E � � 
 H2:068 � 105MPa 0.3 1:35 � 10�5 =K 1:0 � 10�4 =s 0MPaTable 6.3: Material properties associated with the mechanical analysis.



CHAPTER 6. THERMO-MECHANICAL VALIDATION 124step procedure can be performed with regard to time, where the temperature, stress andlocation of the plastic regions at time t+�t are computed from values at time t. An explicit�nite di�erence technique is employed with regard to temperature, but an implicit �nitedi�erence technique is employed with regard to the solid mechanics [62].6.2.1.2 Numerical analysisThe numerical analysis is performed in three dimensions using the engineering softwarePHYSICA [24]. One of the meshes employed in the analysis is illustrated in Figure 6.2 andconsists of 40 TLH elements. With regard to the mechanical and thermal analysis withinthe FV framework, it is important to note that mesh elements are conceptually di�erentat present. With regard to the thermal analysis the cell-centred FVM employed allows an
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Figure 6.2: Quenching of an in�nite steel plate.arbitrary polygon to be employed as an element in the mesh, thus any element selected fora mechanical analysis is compatible with the thermal analysis [24, 20]. Thus allowing the



CHAPTER 6. THERMO-MECHANICAL VALIDATION 125simulation of complex geometries with irregular meshes. Though it is important to note thatany non-orthogonality and non-conjuctionality present can introduce mesh e�ects into thethermal analysis [24]. Methods have been developed to overcome these di�culties [24, 20].Such problems involving complex geometries will be modelled in the following chapter.For the mechanical analysis a state of generalized plane strain is assumed [58], such that�xy = �yz = �zx = 0;�xx = �zz;�yy = 0:This is achieved using constraint equations as described in Appendix E. The nodes on thefree faces in the x and z planes, as illustrated in Figure 6.2, are constrained to translatewith the same displacement in the x and z directions, respectively. This is achieved byassigning a master degree of freedom to slave degrees of freedom on the relevant faces. Thetransient thermal analysis is performed with a gradually increasing time step. The mechan-ical analysis is performed at every ten time steps of the thermal analysis and in this way thethermal load is applied in an incremental fashion, which captures the path dependent me-chanical behaviour. It is important to note that the elasto-visco-plastic analysis convergesto a steady state solution during each mechanical analysis and is equivalent to an inviscidelasto-plastic solution [105].Additionally, a numerical reference solution is available using the FE engineering softwareLUSAS [36]. This problem is described in the LUSAS veri�cation manual [36] and is avail-able as an example case. In LUSAS the numerical analysis is performed using a two dimen-sional axisymmetric approximation and the mesh consists of ten bi-quadratic quadrilateralelements [36]. The results obtained using LUSAS are illustrated in Figure 6.6.6.2.1.3 Discussion of numerical resultsThe transient behaviour of the mechanical analysis is illustrated in Figure 6.3. The transientstress and plastic strain behaviour at the core, mid-point and surface of the plate areillustrated in Figures 6.3.1 and 6.3.3.
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Figure 6.3: Transient behaviour of stress and plastic strain during quenching.From the stress behaviour it is possible to observe the stress reversal phenomenon associatedwith the quenching problem. Initially the stress at the surface is tensile, but at the end ofthe analysis the residual stress is compressive, the opposite is true for the core. From theplastic strain behaviour it is possible to observe a mid-point region which is permanentlyelastic and does not undergo any plastic straining during the quenching. The residualstresses are illustrated in Figure 6.3.2 and the associated plastic strains are illustrated inFigure 6.3.4.The numerical analysis was performed with PHYSICA using a �ne mesh involving 40 TLHelements as illustrated in Figure 6.2 and a coarser mesh involving 9 TLH elements. Theresults from the coarse mesh are illustrated in Figure 6.4 and compare well with the referencesolution and the numerical analysis performed in LUSAS, which is illustrated in Figure 6.6.Though it is important to note, that to capture the purely elastic behaviour in the mid-
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Figure 6.4: Residual stress after quenching (coarse mesh).point region a �ner mesh is required. This is illustrated in Figure 6.5, where the residualstresses are much closer to those of the reference solution.In closure, it should be noted that for this problem the heat transfer coe�cient hc associatedwith the convective boundary condition is constant and was selected to resemble quenchingin air. Further research has been performed on quenching in liquids such as water and tem-perature dependent heat transfer coe�cients have been employed [58]. Also the Leidenfrostphenomenon can be included, which accounts for the formation of vapour blankets aroundthe quenched component, severely e�ecting the cooling rate [40, 39]. Finally, for metals suchas steels, crystal transformations can occur during the quenching process which will thencontribute to the total strains. Such phenomena has been studied elsewhere, extensively,and is noted in this research as a point of interest [1].
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Figure 6.5: Residual stress after quenching (�ne mesh).
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Figure 6.6: Residual stress after quenching.



CHAPTER 6. THERMO-MECHANICAL VALIDATION 1296.2.2 Test case 2: Solidi�cation of a steel slabThis validation problem is an extension of the previous problem. In this case the slab isinitially liquid and is assumed to solidify by heat conduction only. The heat conductionanalysis is simpli�ed by assuming a �xed temperature at the surface. This validation prob-lem has been studied by a number of researchers employing a variety of commercial FEsoftware [95, 60].The geometrical approximation of an in�nite slab as described in Figure 6.2 can also beassumed in the modelling of the continuous casting of steel [60]. Where the geometryrepresents a slice of the cross-section of a casting strand. In this case the dimensions of theproblem are length, 8mm and widths, 1mm and the mesh consists of 40 TLH elements. Thethermal boundary conditions and material properties can be modi�ed to represent di�erenttypes of steel under various cooling conditions [60].6.2.2.1 Analytical solutionA commonly referenced analytical solution is available for this problem [98]. The ana-lytically derived equations will be stated here for completeness. With regard to the onedimensional thermal analysis the position of the solidi�cation front at any time t isxs = 2�skt�c ; (6.5)where the constant � is the solution of the following equation:1e�2 Erf(�) � Tl � Tse�2 Ts (1� Erf(�)) = h�p�cTo (6.6)and the temperatures Ts, Tl and To denote the solidus, liquidus and initial temperature dropat the surface, respectively [17]. The error function Erf(�) is de�ned in Appendix A and h isthe latent heat per unit mass. Initially at time t = 0, the slab is at the liquidus temperatureand the temperature at the surface is dropped to Ts = 1300�C and kept constant thereafter.Using the material properties as described in Table 6.4, equation 6.6 can be solved for �, inthis case using the commercial software MATHEMATICA [102].



CHAPTER 6. THERMO-MECHANICAL VALIDATION 130Ts Tl To h c1468 �C 1525 �C 168 �C 2:72 � 105 J=Kg 700 J=(KgK)Table 6.4: Material properties associated with the solidi�cation analysis.With regard to the theoretical mechanical analysis an assumption of similarity is em-ployed [98], which assumes that the stress solution and hence ratio of the elastic and plasticregions is independent of time. This coincides with temperature distribution which is alsoindependent of time when the equations are cast in a normalized fashion [98].From the theoretical analysis the following simultaneous equations with respect to s and tare obtained: 2 (1�m) ses2 = �1�mes2 � �1 + e��2� m+ 1+met2s� t ;2 (1�m) ses2 p� = 2mErf(�) + (1�m) Erf(s)� (1 +m) Erf(t)log( st ) :Where m = (1� �)Yo�EToand the ratio of the elastic and plastic regions are de�ned by the variables s and t. It isimportant to note that the yield stress is assumed to vary linearly, decreasing from Yo atthe surface temperature to zero at the solidus temperature.� Yo � E0:35 20MPa 2:0 � 10�5 =K 4:0� 104MPaTable 6.5: Material properties associated with the mechanical analysis.Substituting the material properties as described in Table 6.5 into the above simultaneousequations and solving for s and t using MATHEMATICA [102], the following values can beobtained: s = 0:218068; t = 0:0830676:The stress distribution is described by the following three equations [98]:�(x) = m �1� Erf(�x)Erf(�) � for s0 < x < 1; (6.7)
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Figure 6.7: Stress distribution after 10s of solidi�cation.�(x) = m �1� Erf(s)Erf(�)�+ Erf(s)� Erf(�x)Erf(�) �2 (1�m) s log( s� x)es2 p�Erf(�) for t0 < x < s0; (6.8)�(x) = m �Erf(�x)Erf(�) � 1� for 0 < x < t0: (6.9)Where s0 = �s and t0 = �t. Equations 6.7, 6.8 and 6.9 represent the normalised stressdistribution, such that the solidi�cation front is at x = 1 and the surface is at x = 0. Thenon-normalized stress distribution can be obtained and is employed as the reference solutionin Figure 6.7. Equation 6.7 describes the stress distribution in the compressive plasticrange, equation 6.8 describes the stress distribution in the elastic range and equation 6.9describes the stress distribution in the tensile plastic range [98]. In the theoretical analysis,only the stresses in the growing elastic/perfectly plastic solidi�ed portion of the slab areconsidered. The stresses in the liquid region are considered zero.
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Figure 6.8: Comparison of stress distributions with regard to solidi�cation fronts.6.2.2.2 Numerical procedure for solidi�cationThe solidi�cation is assumed to occur by heat conduction only. The problem is then sim-pli�ed considerably, which allowed a theoretical analysis to be performed. With regard tothe numerical analysis performed using PHYSICA, a number of correction methods for theliquid fraction update are available [22]. For this problem the default method of Vollerand Prakash is employed [79]. This technique is a source based method with regard tosolidi�cation. Which casts the problem in a non-linear form, but furnishes a more robustalgorithmic approach [97].6.2.2.3 Numerical procedure for liquid regionsIn order to consider the deformation of both liquid and solid regions in the mechanicalanalysis, a special procedure is required for liquid regions. The procedure adopted forthis validation problem is that described by Tszeng and Kobayashi [95]. Other procedures



CHAPTER 6. THERMO-MECHANICAL VALIDATION 133exist, such as that described by Kristiansson [60], but these methods involve prescribingzero displacements to nodes that exist within liquid regions and can fail to account forhydrostatic pressure acting along the solidi�cation front [95].In the procedure adopted here, at temperatures greater than the coherence temperature(which is assumed to be equal to the liquidus temperature in this case), a Poisson's ratio veryclose to 0.5 is arti�cially assigned. Hence, making the liquid phase close to incompressiblefor mechanical loads. In order to avoid singularity occurring in the coe�cient matrix, avalue close to zero is assigned to the Young's modulus. This is equivalent to assigning zerosti�ness to liquid regions. In this fashion, values of Poisson's ratio and Young's moduluscan be chosen to suppress the deviatoric stress component, whilst allowing a volumetric (ormetallostatic) component to exist [95].6.2.2.4 Numerical analysisThe numerical analysis was performed using PHYSICA and the stress distribution after 10sis illustrated in Figures 6.7 and 6.8. The stress distribution of the theoretical solution ismatched to that of the numerical solution with regard to the solidi�cation front in Figure 6.7.In Figure 6.8 the position of the solidi�cation front is calculated using equation 6.5, whichassumes a semi-in�nite body with regard to the thermal analysis. For the numerical analysisa symmetry condition is assumed at the core of the body with regard to the thermal analysis,this will e�ect the temperature distribution and hence the prediction of the solidi�cationfront in the body, causing disagreement between the theoretical and numerical solution.This is clearly illustrated in Figure 6.8.In this validation problem the hydrostatic pressure is negligible and the stresses in the liquidregion are zero as illustrated in Figures 6.7 and 6.8.



CHAPTER 6. THERMO-MECHANICAL VALIDATION 1346.3 ClosureIn this Chapter, the procedures employed to obtain numerical solutions for non-linear,thermo-mechanical problems have been described. The procedures have been validatedagainst a number of test cases involving simple geometries and unidirectional coupling withregard to the thermo-mechanical analysis. In the following Chapter, the procedures will bevalidated and veri�ed against a number of test cases involving more complex geometry andcomplete coupling with regard to the thermo-mechanical analysis.


