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a b s t r a c t 

In this paper, the robust recursive filtering problem is investigated for a class of uncertain stochastic dis- 

crete time-varying spatial-temporal systems with an event-based communication mechanism. The system 

under consideration includes a set of sensors located at specified points where each sensor can only re- 

ceive the measurement output from the system at corresponding position. In order to reduce the com- 

munication cost, an event-triggered mechanism is utilized to decide when a certain measurement output 

should be transmitted from sensors to the centralized filter. By re-organizing the state variables, the un- 

certain spatial-temporal system is first transformed into an ordinary uncertain difference dynamic system. 

The aim of this paper is to design a filter such that, for all possible parameter uncertainties, the filtering 

error covariance is guaranteed to have an upper bound which is then minimized at each time-instant 

under the event-triggered mechanism. By using the matrix derivation approach, the desired filter gain is 

obtained in terms of the solution to certain Riccati-like difference equations. Finally, a numerical example 

is employed to demonstrate the effectiveness of the filtering scheme proposed. 

© 2017 Elsevier B.V. All rights reserved. 
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. Introduction 

The past few decades have witnessed constant research inter-

sts on various aspects of spatial-temporal systems (STSs) that are

apable of modeling many practical situations such as chemical

ngineering, molecular biology and population dynamic systems,

ee e.g., [6,11,27,28,38] . Filtering has long been one of the funda-

ental problems in signal processing, communications and control

pplication [1,8,13,17,30,37,43] . For STSs, filtering problem appears

o be especially important since, in most engineering practice, it

s of great importance to know/estimate the state information in

he prescribed region based only on possibly partial measurement

utputs. Therefore, the filtering problem of STSs has recently re-

eived increasing research attention and some results have been

eported in the literature. For example, in [2] , the robust H ∞ 

filter

as been designed for linear stochastic partial differential systems

nd the corresponding problem has been studied in [3] for non-

inear stochastic partial differential systems where the random ex-

ernal disturbance and measurement noise in the spatial-temporal

omain have been taken into account. Recently, in [40] , the re-
∗ Corresponding author. 

E-mail addresses: Zidong.Wang@brunel.ac.uk (Z. Wang), Bo.Shen@dhu.edu.cn (B. 
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iable H ∞ 

filtering problem has been investigated for a class of

tochastic spatial-temporal systems and a reliable H ∞ 

filter has

een designed in presence of sensor saturations and failures. It is

oted that almost all existing results have been concerned with

ime-invariant systems. However, in the real world, the systems are

ikely to be time-varying since the system parameters often fluctu-

te due to the complex environments such as changes of the oper-

ting point, aging of components and constant changes of system

ynamics in their structure. Therefore, it is of practical significance

o develop a recursive filtering approach for time-varying spatial-

emporal systems. 

In practical engineering, parameter uncertainties are inevitable

ainly because of the modeling errors and external disturbances.

f the robustness issue against such uncertainties is not taken

nto appropriate consideration, it would be difficult to guarantee

he desired filtering performance by employing conventional fil-

ering approaches. Therefore, in the past decade, many researchers

ave attempted to develop robust techniques to deal with the ef-

ects resulting from parameter uncertainties, and there has been

 rich body of results available in existing literature. For exam-

le, in [15,20] , the polytopic-type uncertainties (where uncertain

arameters reside in a polytope) have been well investigated and

he corresponding robust controllers/filters have been designed. In

35,41] , norm-bounded uncertainties (where uncertain parameters

https://doi.org/10.1016/j.sigpro.2017.11.011
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are bounded by certain norms) have been dealt with and a num-

ber of robust analysis/design approaches have been proposed. It

should be pointed out that, in the framework of time-varying dis-

crete spatial-temporal systems, the parameter uncertainties have

not been properly investigated yet, and this constitutes the first

motivation of this paper is to develop robust filtering approach for

uncertain discrete time-varying spatial-temporal systems. 

It is worth mentioning that, in almost all the existing results

on the spatial-temporal systems, the filter/controller design prob-

lem has been studied based on the time-triggered communication

mechanism for the purpose of easy implementation. However, this

transmission schedule may lead to many unnecessary informa-

tion exchanges, thereby wasting considerable communication re-

source. In order to avoid such a disadvantage of the traditional

time-triggered schemes, the event-triggered strategy has recently

been proposed, by which the transmission is executed only if cer-

tain triggering condition is met. Event-triggered strategy is capable

of reducing redundant signal transmissions in an effective way and

hence saving the communication cost [9,36] . In the past few years,

the event-based control/filtering problems have stirred a great deal

of research interest, and many excellent results have been reported

in the literature, see e.g. [5,7,10,12,14,18,22,24,26,31,32,42,48] . For

example, in [5] , the event-triggered leader-follower tracking con-

trol problem has been studied for multi-agent systems with gen-

eral linear dynamics, where the event triggering rules can guaran-

tee bounded tracking errors. The event-triggered H ∞ 

filtering prob-

lem has been addressed for networked Markovian jump system

in [39] , in which the time-delay modelling method has been em-

ployed to describe the event-triggered scheme. 

Encouraged by the discussions made so far, it seems a natural

idea to consider the event-triggered filtering problem for uncertain

time-varying spatial-temporal systems, which is of both theoretical

importance and practical significance. Nevertheless, this appears to

be a challenging task with two major issues identified as follows:

1) for the spatial-temporal systems, does there exist a valid robust

event-triggered filter with a guaranteed upper bound on the filter-

ing error variance? and 2) if such a filter exists, how can we design

the (locally) optimal one such that certain upper bound on the fil-

tering error covariance is minimized? It is, therefore, the second

motivation of this paper to offer satisfactory answers to these two

questions. 

In this paper, the event-triggered robust recursive filtering

problem is addressed for a class of uncertain stochastic discrete

time-varying spatial-temporal systems. The system under consider-

ation, which evolves over both time and space in a given discrete

rectangular region, is subject to time-varying parameter uncertain-

ties. Some sensors are located in specified points whose measure-

ment outputs are used for the state estimation. For the purpose of

saving communication cost, the event-based communication mech-

anism is adopted to determine when sensors should transmit cer-

tain information to the filter. By using the vector re-organization

approach, the spatial-temporal system is represented by an equiva-

lent ordinary difference dynamic system, based on which an upper

bound for the filtering error covariance is first obtained in form of

Riccati-like difference equations. Then, the desired robust recursive

filter is designed such that the obtained upper bound is minimized

at each time-instant. Finally, an illustrative example is presented to

show the effectiveness of the filtering scheme proposed. 

The main contributions of this paper can be briefly stated as fol-

lows: 1) the addressed recursive filtering problem for the spatial-

temporal systems is new, where the impacts from both the space and

the time to the filtering performance are extensively explored; 2) the

parameter uncertainties are taken into account from the perspective

of the engineering practice; and 3) the event-triggered communication

mechanism is introduced to decide if the measurement output should

be transmitted to the filter. 
Notation In this paper, we denote R 

n and R 

n ×m , respectively, as

he n dimensional Euclidean space and the set of all n × m real ma-

rices. The notations X ≥ Y and X > Y , where X and Y are real sym-

etric matrices, represent that X − Y is positive semi-definite and

ositive definite. diag{ ���} stands for a block-diagonal matrix. N 

+ 

ndicates the positive integer set. M 

T means the transpose of the

atrix M . I n denotes the identity matrix of n × n dimension. E { x }
eans the expectation of the stochastic variable x . ‖ x ‖ denotes the

uclidean norm of a vector x . In symmetric block matrices, “∗” is

sed to denote a term induced by symmetry. 

. Problem formulation 

In this paper, we consider the following class of uncertain

tochastic time-varying discrete spatial-temporal systems: 

 m,n (k + 1) = (κ(k ) + �κ(k )) { x m +1 ,n (k ) + x m −1 ,n (k ) 

+ x m,n +1 (k ) + x m,n −1 (k ) − 4 x m,n (k ) } 
+ (A (k ) + �A (k )) { x m +1 ,n (k ) + x m,n +1 (k ) 

− 2 x m,n (k ) } + (B (k ) + �B (k )) x m,n (k ) 

+ G (k ) w m,n (k ) (1)

here the location ( m , n ) is the crossing point of m th row and

 th column in the discrete rectangular region that is given as

 

0 , 1 , 2 , . . . , M } × { 0 , 1 , 2 , . . . , N } . At the location ( m , n ), x m,n (k ) ∈
 

n x is the state vector and w m,n (k ) ∈ R 

n w is a zero-mean Gaus-

ian white noise sequence. κ( k ), A ( k ), B ( k ) and G ( k ) are known real

ime-varying matrices with appropriate dimensions. 

Matrices �κ( k ), �A ( k ) and �B ( k ) represent parameter uncer-

ainties of the following form: 

�κ(k ) �A (k ) �B (k ) 
]

= �(k ) E(k ) 
[
Q 1 (k ) Q 2 (k ) Q 3 (k ) 

]
(2)

here �( k ), Q 1 ( k ), Q 2 ( k ) and Q 3 ( k ) are known real time-varying

atrices with appropriate dimensions, and E ( k ) is an unknown

atrix satisfying E ( k ) E ( k ) T ≤ I . 

emark 1. It should be mentioned that, the underlying systems

1) can be regarded as the discrete-space version of continuous-

patial temporal systems. Specifically, in systems (1) , the first and

econd terms are originally from the discretization of the second

nd first orders continuous partial derivatives, respectively. 

The i th sensor measurement output model is described as fol-

ows: 

 m i ,n i (k ) = C m i ,n i (k ) x m i ,n i (k ) + D m i ,n i (k ) v m i ,n i (k ) , 

i = 1 , 2 , · · · , l (3)

here y m i ,n i (k ) ∈ R 

n y is the measurement output received by the

ensor at the location ( m i , n i ), and v m i ,n i (k ) ∈ R 

n v stands for the

equence of measurement noises. C m i ,n i (k ) and D m i ,n i (k ) are known

eal time-varying matrices with appropriate dimensions. 

ssumption 1. w m,n (k ) and v m i ,n i (k ) are mutually uncorre-

ated zero-mean Gaussian white-noise sequences with covariances

 m , n ( k ) > 0 and R m i ,n i (k ) > 0 , respectively. 

ssumption 2. The initial states x m , n (0) are uncorrelated with

oth w m,n (k ) and v m i ,n i (k ) , which have the means x 0 m,n and covari-

nces U 

0 
m,n . 

ssumption 3. On the boundary, the values of states satisfy the

irichlet boundary condition, i.e., x m,n (k ) = 0 for m = 0 , M or n =
 , N . 

To describe the event-triggering mechanism, we introduce the

ransmission instants for the i th sensor ( i = 1 , 2 , · · · , l), which can
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e represented as 0 ≤ s i 
0 

≤ s i 
1 

≤ s i 
2 
· · · , and s i 

t i +1 
satisfies 

s i t i +1 � min 

{
k ∈ N | k > s i t i , f m i ,n i (e m i ,n i (k ) , δm i ,n i ) > 0 

}
here e m i ,n i (k ) and event generator functions f m i ,n i : R 

n y × R → R

re defined in the following form: 

 m i ,n i (k ) � y m i ,n i (s i t i ) − y m i ,n i (k ) , 

f m i ,n i (e m i ,n i (k ) , δm i ,n i ) � e T m i ,n i 
(k ) e m i ,n i (k ) − δm i ,n i 

ith constants δm i ,n i > 0 . 

Before proceeding further, let’s define an index H = { h = n (M +
) + m + 1 | m = 0 , n = 0 , 1 , · · · , N or m = M, n = 0 , 1 , · · · , N or m =
 , 1 , · · · , M, n = 0 or m = 0 , 1 , · · · , M, n = N} . Denoting h = n (M +
) + m + 1 and L = (M + 1)(N + 1) and setting x h (k ) = x m,n (k ) , we

an reorganize all state variables as follows: 

 (k ) � 

[
x T 0 , 0 (k ) . . . x T m, 0 (k ) . . . x T M, 0 (k ) . . . x T m,n (k ) 

. . . x T 0 ,N (k ) . . . x T m,N (k ) . . . x T M,N (k ) 
]T 

, 

= 

[
x T 1 (k ) x T 2 (k ) x T 3 (k ) . . . x T L −1 (k ) x T L (k ) 

]T 
. 

n the similar way, we can define w h (k ) , U h (0) and S h ( k ) from

 m,n (k ) , U 

0 
m,n and S m , n ( k ), respectively. 

With the notations defined previously, the spatial-temporal sys-

ems (1) can be rewritten by the following augmented system 

x (k + 1) = ( ̄A (k ) + �Ā (k )) x (k ) + Ḡ (k ) w (k ) (4) 

here 

T 1 � 

[
T T 11 T T 12 . . . T T 1 L 

]T 
, Ḡ (k ) � I L � G (k ) , 

T 2 � 

[
T T 21 T T 22 . . . T T 2 L 

]T 
, �̄(k ) � I L � �(k ) , 

Ā (k ) � (I L � κ(k )) T 1 + (I L � A (k ) ) T 2 + I L � B (k ) , 

�Ā (k ) � (I L � �(k ))(I L � E(k ))[(I L � Q 1 (k ) ) T 1 
+(I L � Q 2 (k ) ) T 2 + I L � Q 3 (k ) ] , 

Q̄ (k ) � (I L � Q 1 (k ) ) T 1 + (I L � Q 2 (k ) ) T 2 + I L � Q 3 (k ) , 

w (k ) � 

[
w 1 (k ) T w 2 (k ) 

T 
. . . w L (k ) 

T 
]T 

, 

Ū (0) � diag { U 1 (0) , U 2 (0) , . . . , U L (0) } , 
S̄ (k ) � diag { S 1 (k ) , S 2 (k ) , . . . , S L (k ) } , 
Ē (k ) � I L � E(k ) . 

T 1 h = ⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

[ 

h −M−2 ︷ ︸︸ ︷ 
0 . . . 0 I n 

M−1 ︷ ︸︸ ︷ 
0 . . . 0 I n − 4 I n I n 

M−1 ︷ ︸︸ ︷ 
0 . . . 0 I n 

L −h −M−1 ︷ ︸︸ ︷ 
0 . . . 0 ︸ ︷︷ ︸ 

L 

] , 

h / ∈ H , 

0 , h ∈ H , 

 2 h = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

[ 

h −1 ︷ ︸︸ ︷ 
0 . . . 0 −2 I n I n 

M−1 ︷ ︸︸ ︷ 
0 . . . 0 I n 

L −h −M−1 ︷ ︸︸ ︷ 
0 . . . 0 ︸ ︷︷ ︸ 

L 

] , 

h / ∈ H , 

0 , h ∈ H . 

For the convenience of expression, the measurements from

 sensors y ( k ), the measurement signals based on event-trigger

echanism y t ( k ) (for s i t i 
≤ k < s i 

t i +1 
with i = 1 , 2 , · · · , l), the mea-

urement noises v (k ) , the covariance R̄ (k ) and the difference e ( k )

re organized as 

y (k ) � [ y T m 1 ,n 1 
(k ) y T m 2 ,n 2 

(k ) . . . y T m l ,n l 
(k )] T , 

y t (k ) � [ y T m 1 ,n 1 
(s 1 t 1 

) y T m 2 ,n 2 
(s 2 t 2 

) . . . y T m l ,n l 
(s l t l )] T , 

v (k ) � [ v T m 1 ,n 1 
(k ) v T m 2 ,n 2 

(k ) . . . v T m l ,n l 
(k )] T , 

R̄ (k ) � diag { R m 1 ,n 1 (k ) , R m 2 ,n 2 (k ) , . . . , R m l ,n l (k ) } , 
e (k ) � y t (k ) − y (k ) . 
Subsequently, by defining j i = n i (M + 1) + m i + 1 and the fol-

owing auxiliary matrices for i = 1 , 2 , . . . , l

C i (k ) � [ 

j i −1 ︷ ︸︸ ︷ 
0 . . . 0 C m i ,n i (k ) 0 . . . 0 ︸ ︷︷ ︸ 

L 

] , 

he sensor measurement model (3) can be transformed the follow-

ng augmented form 

 (k ) = C̄ (k ) x (k ) + D̄ (k ) v (k ) (5)

here 

C̄ (k ) � [ C T 1 (k ) C T 2 (k ) . . . C T 
l 
(k )] T , 

D̄ (k ) � diag { D m 1 ,n 1 (k ) , D m 2 ,n 2 (k ) , . . . , D m l ,n l (k ) } . 
The event-based filter structure is constructed as follows: 

ˆ 
 (k + 1) = F (k ) ̂  x (k ) + K(k )(y t (k ) − C̄ ̂  x (k )) (6)

here ˆ x (k ) ∈ R 

n x L is the state estimate, and F ( k ) and K ( k ) are the

arameter matrices to be determined. The estimate of initial state

ˆ  (0) ∈ R 

n x L is selected as ˆ x (0) = E { x (0) } . 
By letting ˜ x (k ) � 

[
x T (k ) ˆ x T (k ) 

]T 
, it follows from (4) –(6)

hat 

˜ 
 (k + 1) = ( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) ̃  x (k ) + 

˜ K (k ) e (k ) 

+ 

˜ G (k ) w (k ) + 

˜ D (k ) v (k ) (7) 

here 

˜ A (k ) � 

[
Ā (k ) 0 

K(k ) ̄C (k ) F (k ) − K(k ) ̄C (k ) 

]
, 

˜ �(k ) � 

[
�̄(k ) 

0 

]
, ˜ Q (k ) � 

[
Q̄ (k ) 0 

]
, 

˜ K (k ) � 

[
0 

K(k ) 

]
, ˜ G (k ) � 

[
Ḡ (k ) 

0 

]
, 

˜ D (k ) � 

[
0 

K(k ) ̄D (k ) 

]
. 

In this paper, our aim is to parameterize the filter gains F ( k ) and

 ( k ) in the filter (6) so as to the filtering error covariance P (k ) �
 { (x (k ) − ˆ x (k ))(x (k ) − ˆ x (k )) T } has an upper bounded and such an

pper bound is minimized at each instant. 

. Main results 

In this section, an upper bound for the filtering error covariance

 ( k ) is first expressed in terms of the Riccati-like difference equa-

ions. Based on the aforementioned upper bound condition, the al-

orithm of the solution for the desired filter parameters F ( k ) and

 ( k ) are then given. 

Before proceeding, we introduce the following lemmas that will

e in the proof of our main results. 

emma 1. [44] Let the matrices A , H , E and F (FF T ≤ I) with compat-

ble dimensions be given, X be a symmetric positive definite matrix,

nd β > 0 be an arbitrary positive constant such that β−1 I − E XE T >

 . Then, the inequality holds as follows: 

(A + HF E) X (A + HF E) T 

≤ A (X 

−1 − βE T E) −1 A 

T + β−1 H H 

T . 

emma 2. [22] For 0 ≤ k ≤ N , suppose that X = X T ≥ 0 , Y = Y T ≥ 0

nd h k (·) : R 

n ×n → R 

n ×n . If 

 k (X ) ≤ h k (Y ) , ∀ X ≤ Y 
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Table 1 

The filter design algorithm. 

Step 1 Give positive scalars α, δm i ,n i ( i = 1 , 2 , . . . , l) 

and β(0) satisfying (10) , and set the initial 

conditions as ˆ x (0) = E { x (0) } and 


(0) = E { ̃ x (0) ̃ x T (0) } ; 
Step 2 For the sampling instant k , calculate the filter 

parameter matrices F ( k ) and K ( k ) from (14) 

and (15) , respectively; 

Step 3 Compute the state estimate ˆ x (k + 1) from the 

filter structure (6) and 
(k + 1) obtained 

from the Riccati-like difference equation (9) , 

and set k = k + 1 and a positive scalar 

β(k + 1) satisfying (10) ; 

Step 4 If k < N , then go to Step 2, else go to Step 5; 

Step 5 Stop. 

f  
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e  
then the solutions W (k + 1) and M(k + 1) to the following difference

equations 

W (k + 1) = h k (W (k )) , M(k + 1) ≤ h k (M(k )) , 
M(0) = W (0) 

satisfy 

M(k + 1) ≤ W (k + 1) . 

Lemma 3. [34] For 0 ≤ k ≤ N , suppose that X = X T ≥ 0 , Y = Y T ≥ 0 ,

h k (·) = h T 
k 
(·) : R 

n ×n → R 

n ×n and g k (·) = g T 
k 
(·) : R 

n ×n → R 

n ×n . If 

h k (X ) ≤ h k (Y ) , ∀ X ≤ Y, 

h k (Y ) ≤ g k (Y ) , 

then the solutions W (k + 1) and M(k + 1) to the following difference

equations 

W (k + 1) = h k (W (k )) , M(k + 1) = g k (M(k )) , 
M(0) = W (0) > 0 

satisfy W (k + 1) ≤ M(k + 1) . 

Lemma 4. Let A , B , C and D be given matrices of appropriate dimen-

sions with A , D and D 

−1 + CA 

−1 B being invertible, then 

(A + BDC) −1 = A 

−1 − A 

−1 B (D 

−1 + CA 

−1 B ) −1 CA 

−1 . 

Now, we introduce the binary variables γ j ( k ) for j = 1 , 2 , · · · , l

as follows: γ j (k ) = 0 when the event generator conditions are sat-

isfied at the time k for sensor j , while γ j (k ) = 1 when there is no

event-triggered. Furthermore, we denote 

˜ γ (k ) � diag { γ1 (k ) I n y , γ2 (k ) I n y , . . . , γl (k ) I n y } , 
γ̄ (k ) � I n y l − ˜ γ (k ) . (8)

In the following theorem, an upper bound is obtained for the

filtering error covariance P ( k ). 

Theorem 1. Let positive scalars α, λ � 

∑ l 
i =1 δm i ,n i , β( k ) and the

filter gains F ( k ), K ( k ) be given. If there exists a set of real-valued

matrices 
(k ) = 
T (k ) ≥ 0 ( 0 ≤ k ≤ N − 1 ) satisfying the following

Riccati-like difference equation (9) under the constraint (10) and the

initial condition (11) : 


(k + 1) 

� (1 + α) ̃  A (k )(
−1 (k ) − β(k ) ̃  Q 

T (k ) ̃  Q (k )) −1 ˜ A 

T (k ) 

+ (1 + α) β−1 (k ) ̃  �(k ) ̃  �T (k ) + λ(1 + α−1 ) ̃  K (k ) ̃  K 

T (k ) 

+ 

˜ D (k )( ̄γ (k ) ̄R (k ) ̄γ (k ) − ˜ γ (k ) ̄R (k ) ̃  γ (k )) ̃  D 

T (k ) 

+ 

˜ G (k ) ̄S (k ) ̃  G 

T (k ) 

� g k (
(k )) , (9)

β−1 (k ) I − ˜ Q (k )
(k ) ̃  Q 

T (k ) > 0 , (10)


(0) � E { ̃  x (0) ̃  x T (0) } , (11)

then we obtain 

P (k ) ≤ �(k ) � [ I − I ] 
(k ) [ I − I ] 
T 
. (12)

Proof. See the Appendix A . �

Having obtained an upper bound of filtering error covariance,

we are now in a position to deal with the design problem of the

filter gains F ( k ) and K ( k ). For the convenience of design, the matri-

ces 
( k ) are rewritten as the following form 


(k ) = 

[

11 (k ) 
12 (k ) 

T 

12 (k ) 
22 (k ) 

]
. 

Now, according to the results obtained above, we are going to

minimize the upper bound �(k + 1) in Theorem 1 and obtain the
ollowing theorem by designing the desired filter gains F ( k ) and

 ( k ). 

heorem 2. Let positive scalars α, λ � 

∑ l 
i =1 δm i ,n i and β( k ) be given.

or 0 ≤ k ≤ N − 1 , Assume that the matrices 
( k ) are the solution

o (9) subject to (10) and (11) , and the real-valued matrices �1 ( k ),

2 ( k ), �3 ( k ) and �4 ( k ) satisfy the following conditions 

1 (k ) � 
12 (k ) − 
22 (k ) − (
11 (k ) − 
T 
12 (k )) ̄Q 

T (k ) 

× (β−1 (k ) I − Q̄ (k )
11 (k ) Q̄ 

T (k )) −1 Q̄ (k )
12 (k ) , 

2 (k ) � 
T 
12 (k ) ̄Q 

T (k )(β−1 (k ) I − Q̄ (k )
11 (k ) ̄Q 

T (k )) −1 

× Q̄ (k )
12 (k ) − 
22 (k ) , 

3 (k ) � 
11 (k ) − 
T 
12 (k ) − 
12 (k ) + 
22 (k ) 

+ (
11 (k ) − 
T 
12 (k )) ̄Q 

T (k ) 

× (β−1 (k ) I − Q̄ (k )
11 (k ) Q̄ 

T (k )) −1 

× Q̄ (k )(
11 (k ) − 
12 (k )) , 

4 (k ) � 
22 (k ) − 
T 
12 (k ) − 
T 

12 (k ) ̄Q 

T (k ) 

× (β−1 (k ) I − Q̄ (k )
11 (k ) Q̄ 

T (k )) −1 

× Q̄ (k )(
11 (k ) − 
12 (k )) . (13)

hen, the filter gains F ( k ) and K ( k ) that minimize the upper bound

(k + 1) at each iteration are given as follows: 

 (k ) = ̄A (k ) + ( ̄A (k ) − K(k ) ̄C (k ))�1 (k )�−1 
2 (k ) , (14)

(k ) = (1 + α) ̄A (k )(�3 (k ) + �1 (k )�−1 
2 (k )�4 (k )) 

× C̄ T (k )
−1 (k ) (15)

here 

(k ) � (1 + α) ̄C (k )(�3 (k ) + �1 (k )�−1 
2 (k )�4 (k )) ̄C T (k ) 

+ D̄ (k )( ̄γ (k ) ̄R (k ) ̄γ (k ) − ˜ γ (k ) ̄R (k ) ̃  γ (k )) ̄D 

T (k ) 

+ λ(1 + α−1 ) . 

roof. See the Appendix B . �

Until now, we have derived an upper bound for the filtering er-

or covariance, and the filter gains F ( k ) and K ( k ) given in (14) and

15) minimize such an upper bound on the filtering error covari-

nce at each iteration. The addressed filter design process can be

ummarised in the following Table 1 . 

emark 2. In Theorems 1 and 2 , an upper bound is constructed

nd the robust recursive filter is designed to minimize such an

pper bound for systems (1) with an event-based communication

echanism. Intuitively, the increase of the threshold δm i ,n i (and

herefore λ) would lead to less transmission frequency for more

nergy-saving, but this is likely to result in a larger upper bound
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Fig. 1. State x 1 m,n (k ) and its estimation ˆ x 1 m,n (k ) . 

Fig. 2. State x 2 m,n (k ) and its estimation ˆ x 2 m,n (k ) . 

Fig. 3. Error variance of x 1 m,n (k ) and its upper bound. 
f the filtering error covariance. Clearly, there are trade-offs be-

ween the energy-saving in the event triggered scheme and the

pper bound expressed in terms of the solution to Riccati-like dif-

erence equations. 

emark 3. In Theorems 1 and 2 , we have solved the event-

riggered filtering problem for a class of uncertain time-varying

patial-temporal systems by solving certain constrained Riccati-like

ecursive equations, in which all the information about the sys-

ems (i.e. system parameters from both space and time, bounds

n the parameter uncertainties, thresholds on the event-triggers)

ave been reflected. For the addressed spatial-temporal systems,

e have obtained the existence conditions for the desired robust

vent-triggered filter with a guaranteed upper bound on the fil-

ering error variance, and then we have designed the (locally) op-

imal filter gain to minimize such upper bound at each iteration.

omparing to the existing literature, the distinctive novelties lie

ainly in the consideration of spatial-temporal systems as well as

he event-triggering scheme in the robust filter design. 

. An illustrative example 

In this section, we provide a numerical simulation example to

alidate the filtering algorithm proposed in this paper. 

Given the region [0, 3] × [0, 3], the parameters of the underly-

ng systems (1) with the sensor measurement model (3) are set as

ollows: 

(k ) = 

[
0 . 02 + 0 . 01 cos (k ) 0 . 002 

0 0 . 01 

]
, G (k ) = 

[
1 

1 

]
, 

 (k ) = 

[
0 . 02 0 . 01 

0 . 02 0 . 01 + 0 . 01 sin (k ) 

]
, �(k ) = 

[
1 

1 

]
, 

 (k ) = 

[
0 . 02 + 0 . 01 sin (k ) 0 

0 . 01 0 . 03 

]
, 

 m 1 ,n 1 (k ) = C 1 , 1 (k ) = [ 0 . 9 + 0 . 1 cos (k ) 0 . 8 ] , 

 m 2 ,n 2 (k ) = C 2 , 1 (k ) = [ 0 . 7 1 + sin (k ) ] , 

 m 3 ,n 3 (k ) = C 1 , 2 (k ) = [ 0 . 6 + 0 . 1 sin (k ) 0 . 9 ] , 

 m 4 ,n 4 (k ) = C 2 , 2 (k ) = [ 1 . 2 0 . 9 + 0 . 1 cos (k ) ] , 

 m 1 ,n 1 (k ) = D 1 , 1 (k ) = 1 , D m 2 ,n 2 (k ) = D 2 , 1 (k ) = 1 . 5 , 

 m 3 ,n 3 (k ) = D 1 , 2 (k ) = 2 , D m 4 ,n 4 (k ) = D 2 , 2 (k ) = 1 , 

 1 (k ) = [ 0 . 01 cos (k ) 0 . 02 ] , 

 2 (k ) = [ 0 . 01 0 . 05 sin (k ) ] , 

 3 (k ) = [ 0 . 02 cos (k ) 0 . 01 ] . 

The event generator function parameters δm 1 ,n 1 , δm 2 ,n 2 , δm 3 ,n 3 

nd δm 4 ,n 4 are taken as 0.1, 0.11, 0.12 and 0.08, respectively. α is se-

ected as 1. With the above parameters, the Riccati-like difference

quation (9) is solved by using the Matlab software and, according

o Theorem 2 , the desired filter gains F ( k ) and K ( k ) can be obtained

teratively. 

In the simulation, the covariances for w m,n (k ) and v m i ,n i (k ) are

elected as S m,n (k ) = 0 . 1 and R m i ,n i (k ) = 0 . 1 , the boundary con-

ition is given as x 0 , 0 (k ) = x 0 , 3 (k ) = x 3 , 0 (k ) = x 3 , 3 (k ) = 0 and the

nitial covariances at the inner points are chosen as U 

0 
1 , 1 

= U 

0 
1 , 2 

=
 

0 
2 , 1 

= U 

0 
2 , 2 

= diag { 0 . 1 , 0 . 1 } . 
The simulation results are shown in Figs. 1 –5 . Figs. 1 -

 depict the state trajectories and their estimates, which

re written as x m,n (k ) = 

[
x 1 m,n (k ) x 2 m,n (k ) 

]T 
and ˆ x m,n (k ) =

ˆ x 1 m,n (k ) ˆ x 2 m,n (k ) 
]T 

. Figs. 3 - 4 show an upper bound of the er-

or covariance matrix for the state at the different positions. The

riggering instants of each sensor node can be seen in Fig. 5 . The

imulation results have illustrated the feasibility of the proposed

lter in this paper. 
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Fig. 4. Error variance of x 2 m,n (k ) and its upper bound. 

Fig. 5. Triggering instants of each sensor node i . 
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5. Conclusion 

In this paper, the robust recursive filtering problem has been

studied for a class of uncertain stochastic time-varying discrete

spatial-temporal systems. The event-triggered mechanism has been

taken into consideration to save communication energy cost. Based

on the triggering information measured by sensor nodes, the de-

sired robust recursive filtering scheme has been designed accord-

ing to the solution of Riccati-like difference equations. Such a fil-

ter has guaranteed the bounded filtering error covariance and an

upper bound is minimized at each iteration. Finally, the filtering

performance of the proposed filtering scheme has been shown via

a numerical example. Future research topics would include the

extension of the main results to more complicated systems, see

[4,16,19,21,23,25,29,33,45–47] . 
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ppendix A 

To prove Theorem 1 , for the covariance matrix ˜ 
(k ) �
 { ̃ x (k ) ̃ x T (k ) } , we have the following equation that governs its evo-

ution: 

˜ (k + 1) = E { ̃  x (k + 1) ̃  x T (k + 1) } 
= ( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) E { ̃  x (k ) ̃  x T (k ) } 
× ( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) T + 

˜ K (k ) E { e (k ) e T (k ) } ̃  K 

T (k ) 

+ 

˜ G (k ) E { w (k ) w 

T (k ) } ̃  G 

T (k ) + 

˜ D (k ) E { v (k ) v T (k ) } ̃  D 

T (k ) 

+ �1 k + �T 
1 k + �2 k + �T 

2 k + �3 k + �T 
3 k + �4 k + �T 

4 k 

+ �5 k + �T 
5 k + �6 k + �T 

6 k (16)

here 

1 k � ( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) E { ̃  x (k ) e T (k ) } ̃  K 

T (k ) , 

2 k � ( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) E { ̃  x (k ) w 

T (k ) } ̃  G 

T (k ) , 

3 k � ( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) E { ̃  x (k ) v T (k ) } ̃  D 

T (k ) , 

4 k � 

˜ K (k ) E { e (k ) w 

T (k ) } ̃  G 

T (k ) , 

5 k � 

˜ K (k ) E { e (k ) v T (k ) } ̃  D 

T (k ) , 

6 k � 

˜ G (k ) E { w (k ) v T (k ) } ̃  D 

T (k ) . (17)

From the following facts 

 { ̃  x (k ) w 

T (k ) } = 0 , E { ̃  x (k ) v T (k ) } = 0 , 

 { e (k ) w 

T (k ) } = 0 , E { w (k ) v T (k ) } = 0 , (18)

t can be easily derived that �2 k = 0 , �3 k = 0 , �4 k = 0 , �6 k = 0 . It

hould be mentioned that, we need to further calculate the expec-

ations of some cross terms in �1 k and �5 k which are non-zero. 

Based on the elementary inequality 

(α1 / 2 M − α−1 / 2 N)(α1 / 2 M − α−1 / 2 N) T ≥ 0 

here M and N are matrices with compatible dimensions, it can

e easily known from (17) that 

1 k + �T 
1 k ≤α( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) E { ̃  x (k ) ̃  x T (k ) } 
× ( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) T 

+ α−1 ˜ K (k ) E { e (k ) e T (k ) } ̃  K 

T (k ) . (19)

On the other hand, it is not difficult to see that the following

nequality 

 

T (k ) e (k ) ≤ λ

s always true. Then, by using the properties of matrix operations,

e obtain 

 (k ) e T (k ) ≤ ‖ e (k ) ‖ 

2 I = e T (k ) e (k ) I ≤ λI, 

nd hence 

 { e (k ) e T (k ) } ≤ λI. (20)

According to 

 (k ) = y t (k ) − y (k ) = y t (k ) − ( ̄C (k ) x (k ) + D̄ (k ) v (k )) , 

e have 

 { e (k ) v T (k ) } = E { (y t (k ) − ( ̄C (k ) x (k ) + D̄ (k ) v (k ))) v T (k ) } 
= − D̄ (k ) ̃  γ (k ) E { v (k ) v T (k ) } . (21)

By noting ˜ K (k ) ̄D (k ) = 

˜ D (k ) and (21) , it is easily known that 

5 k + �T 
5 k = ̃

 D (k ) ̄γ (k ) E { v (k ) v T (k ) } ̄γ (k ) ̃  D 

T (k ) 

https://doi.org/10.13039/501100001809
https://doi.org/10.13039/100005156
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− ˜ D (k ) ̃  γ (k ) E { v (k ) v T (k ) } ̃  γ (k ) ̃  D 

T (k ) 

− ˜ D (k ) E { v (k ) v T (k ) } ̃  D 

T (k ) . (22) 

urthermore, it follows from (18) –(20), (22) and the facts of

 { w (k ) w 

T (k ) } = S̄ (k ) and E { v (k ) v T (k ) } = R̄ (k ) that 

˜ (k + 1) ≤ (1 + α)( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) E { ̃  x (k ) ̃  x T (k ) } 
× ( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) T + 

˜ G (k ) E { w (k ) w 

T (k ) } ̃  G 

T (k ) 

+ λ(1 + α−1 ) ̃  K (k ) ̃  K 

T (k ) + 

˜ D (k )( ̄γ (k ) E { v (k ) v T (k ) } ̄γ (k ) 

− ˜ γ (k ) E { v (k ) v T (k ) } ̃  γ (k )) ̃  D 

T (k ) 

= (1 + α)( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) ̃  
(k ) 

× ( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) T 

+ 

˜ D (k )( ̄γ (k ) ̄R (k ) ̄γ (k ) − ˜ γ (k ) ̄R (k ) ̃  γ (k )) ̃  D 

T (k ) 

+ λ(1 + α−1 ) ̃  K (k ) ̃  K 

T (k ) + 

˜ G (k ) ̄S (k ) ̃  G 

T (k ) (23) 

Now, we denote 
̄(k ) (with the initial condition 

˜ 
(0) = 
̄(0) )

nd the function h k ( ̄
(k )) as follows: 

¯ (k + 1) � h k ( ̄
(k )) 

� (1 + α)( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) ̄
(k ) 

× ( ̃  A (k ) + 

˜ �(k ) ̄E (k ) ̃  Q (k )) T 

+ 

˜ D (k )( ̄γ (k ) ̄R (k ) ̄γ (k ) − ˜ γ (k ) ̄R (k ) ̃  γ (k )) ̃  D 

T (k ) 

+ λ(1 + α−1 ) ̃  K (k ) ̃  K 

T (k ) + 

˜ G (k ) ̄S (k ) ̃  G 

T (k ) , 

hen we derive from Lemma 2 that 

˜ (k + 1) ≤ 
̄(k + 1) . (24) 

Subsequently, we consider the fact that 
( k ) satisfies 
(0) =
¯ (0) and 
(k + 1) = g k (
(k )) . By using (10) and Lemma 1 , it can

e easily checked that functions h k ( · ) and g k ( · ) satisfy the condi-

ions in Lemma 3 , which implies 

¯ (k + 1) ≤ 
(k + 1) . (25) 

Finally, by considering (24) and (25) , we can induce that 

 (k ) = E { (x (k ) − ˆ x (k ))(x (k ) − ˆ x (k )) T } 
= [ I − I ] ̃  
(k ) [ I − I ] 

T ≤ [ I − I ] ̄
(k ) [ I − I ] 
T 

≤ [ I − I ] 
(k ) [ I − I ] 
T = �(k ) . 

herefore, the proof of Theorem 1 is now complete. 

In the following, we will prove Theorem 2 . From (9) , it is known

hat 

(k + 1) = [ I − I ] 
(k + 1) [ I − I ] 
T 

= 
11 (k ) − 
T 
12 (k ) − 
12 (k ) + 
22 (k ) 

= (1 + α) β−1 (k ) ̄�(k ) ̄�T (k ) + λ(1 + α−1 ) K (k ) K 

T (k ) 

+ K(k ) ̄D (k )( ̄γ (k ) ̄R (k ) ̄γ (k ) − ˜ γ (k ) ̄R (k ) ̃  γ (k )) ̄D 

T (k ) K 

T (k ) 

+ (1 + α) 
[
Ā (k ) − K (k ) ̄C (k ) K (k ) ̄C (k ) − F (k ) 

]
×(
−1 (k ) − β(k ) ̃  Q 

T (k ) ̃  Q (k )) −1 

×
[
Ā (k ) − K (k ) ̄C (k ) K (k ) ̄C (k ) − F (k ) 

]T 

+ ̄G (k ) ̄S (k ) ̄G 

T (k ) . (26) 

In order to determine optimal filter parameters F ( k ) and K ( k )

hat minimize �(k + 1) , we take the partial derivative of (26) with

espect to F ( k ) and K ( k ), respectively, and it follows that 

(1 + α) 
[
Ā (k ) − K (k ) ̄C (k ) K (k ) ̄C (k ) − F (k ) 

]
× (
−1 (k ) − β(k ) ̃  Q 

T (k ) ̃  Q (k )) −1 [ 0 − I ] 
T = 0 , (27) 

nd 

 K(k ) ̄D (k )( ̄γ (k ) ̄R (k ) ̄γ (k ) − ˜ γ (k ) ̄R (k ) ̃  γ (k )) ̄D 

T (k ) 
+ 2(1 + α) 
[
Ā (k ) − K (k ) ̄C (k ) K (k ) ̄C (k ) − F (k ) 

]
× (
−1 (k ) − β(k ) ̃  Q 

T (k ) ̃  Q (k )) −1 
[
−C̄ (k ) C̄ (k ) 

]T 

+ 2 λ(1 + α−1 ) K(k ) = 0 . (28) 

By using Lemma 4 , it is easily seen that 

(
−1 (k ) − β(k ) ̃  Q 

T (k ) ̃  Q (k )) −1 

= 
(k ) ̃  Q 

T (k )(β−1 (k ) I − ˜ Q (k )
(k ) ̃  Q 

T (k )) −1 

× ˜ Q (k )
(k ) + 
(k ) . (29) 

On the other hand, we have 

Ā (k ) − K (k ) ̄C (k ) K (k ) ̄C (k ) − F (k ) 
]

= 

[
Ā (k ) − K (k ) ̄C (k ) K (k ) ̄C (k ) − Ā (k ) + Ā (k ) − F (k ) 

]
= ( ̄A (k ) − K(k ) ̄C (k )) [ I − I ] 

+ ( ̄A (k ) − F (k )) [ 0 I ] . (30) 

hen, by noting (27), (29), (30) and the facts that 

1 (k ) = 
12 (k ) − 
22 (k ) − (
11 (k ) − 
T 
12 (k )) ̄Q 

T (k ) 

× (β−1 (k ) I − Q̄ (k )
11 (k ) ̄Q 

T (k )) −1 

× Q̄ (k )
12 (k ) , 

= [ I − I ] (
−1 (k ) − β(k ) ̃  Q 

T (k ) ̃  Q (k )) −1 [ 0 − I ] 
T 

2 (k ) = 
T 
12 (k ) ̄Q 

T (k )(β−1 (k ) I − Q̄ (k )
11 (k ) ̄Q 

T (k )) −1 

× Q̄ (k )
12 (k ) − 
22 (k ) 

= [ 0 I ] (
−1 (k ) − β(k ) ̃  Q 

T (k ) ̃  Q (k )) −1 [ 0 − I ] 
T 
, 

he optimal filter parameter F ( k ) is determined as follows: 

 (k ) = Ā (k ) + ( ̄A (k ) − K(k ) ̄C (k ))�1 (k )�−1 
2 (k ) . (31)

Next, our task is to derive another optimal filter parameter K ( k ).

t follows from (13) that 

3 (k ) = 
11 (k ) − 
T 
12 (k ) − 
12 (k ) + 
22 (k ) 

+ (
11 (k ) − 
T 
12 (k )) ̄Q 

T (k ) 

× (β−1 (k ) I − Q̄ (k )
11 (k ) ̄Q 

T (k )) −1 

× Q̄ (k )(
11 (k ) − 
12 (k )) 

= [ I − I ] (
−1 (k ) − β(k ) ̃  Q 

T (k ) ̃  Q (k )) −1 [ I − I ] 
T 
, 

4 (k ) = 
22 (k ) − 
T 
12 (k ) − 
T 

12 (k ) ̄Q 

T (k ) 

× (β−1 (k ) I − Q̄ (k )
11 (k ) ̄Q 

T (k )) −1 

× Q̄ (k )(
11 (k ) − 
12 (k )) 

= [ 0 − I ] (
−1 (k ) − β(k ) ̃  Q 

T (k ) ̃  Q (k )) −1 

× [ I − I ] 
T 
. (32) 

hen, by noting (31) and (32) , we have 

Ā (k ) −K(k ) ̄C (k ) K(k ) ̄C (k ) − F (k ) 
]

× (
−1 (k ) − β(k ) ̃  Q 

T (k ) ̃  Q (k )) −1 [ I − I ] 
T 

= ( ̄A (k ) − K(k ) ̄C (k ))�3 (k ) − ( ̄A (k ) − F (k ))�4 (k ) 

= −[ ̄A (k ) − ( ̄A (k ) + ( ̄A (k ) − K(k ) ̄C (k ))�1 (k )�−1 
2 (k ))] 

× �4 (k ) + ( ̄A (k ) − K(k ) ̄C (k ))�3 (k ) 

= ( ̄A (k ) − K(k ) ̄C (k ))(�3 (k ) + �1 (k )�−1 
2 (k )�4 (k )) . (33) 

Finally, substituting (33) to (28) , the optimal filter parameter

 ( k ) is given by 

(k ) = (1 + α) ̄A (k )(�3 (k ) + �1 (k )�−1 
2 (k )�4 (k )) 

× C̄ T (k )
−1 (k ) , (34) 

hich ends the proof. 
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